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Series introduction

Cambridge International AS & A Level Mathematics can be a life-changing course. On the one hand, itis a
facilitating subject: there are many university courses that either require an A Level or equivalent qualification in
mathematics or prefer applicants who have it. On the other hand, it will help you to learn to think more precisely
and logically, while also encouraging creativity. Doing mathematics can be like doing art: just as an artist needs to
master her tools (use of the paintbrush, for example) and understand theoretical ideas (perspective, colour wheels
and so on), so does a mathematician (using tools such as algebra and calculus, which you will learn about in this
course). But this is only the technical side: the joy in art comes through creativity, when the artist uses her tools

to express ideas in novel ways. Mathematics is very similar: the tools are needed, but the deep joy in the subject
comes through solving problems.

You might wonder what a mathematical ‘problem’ is. This is a very good question, and many people have offered
different answers. You might like to write down your own thoughts on this question, and reflect on how they
change as you progress through this course. One possible idea is that a mathematical problem is a mathematical
question that you do not immediately know how to answer. (If you do know how to answer it immediately, then
we might call it an ‘exercise’ instead.) Such a problem will take time to answer: you may have to try different
approaches, using different tools or ideas, on your own or with others, until you finally discover a way into it. This
may take minutes, hours, days or weeks to achieve, and your sense of achievement may well grow with the effort it
has taken.

In addition to the mathematical tools that you will learn in this course, the problem-solving skills that you

will develop will also help you throughout life, whatever you end up doing. It is very common to be faced with
problems, be it in science, engineering, mathematics, accountancy, law or beyond, and having the confidence to
systematically work your way through them will be very useful.

This series of Cambridge International AS & A Level Mathematics coursebooks, written for the Cambridge
Assessment International Education syllabus for examination from 2020, will support you both to learn the
mathematics required for these examinations and to develop your mathematical problem-solving skills. The new
examinations may well include more unfamiliar questions than in the past, and having these skills will allow you
to approach such questions with curiosity and confidence.

In addition to problem solving, there are two other key concepts that Cambridge Assessment International
Education have introduced in this syllabus: namely communication and mathematical modelling. These appear
in various forms throughout the coursebooks.

Communication in speech, writing and drawing lies at the heart of what it is to be human, and this is no less

true in mathematics. While there is a temptation to think of mathematics as only existing in a dry, written form
in textbooks, nothing could be further from the truth: mathematical communication comes in many forms, and
discussing mathematical ideas with colleagues is a major part of every mathematician’s working life. As you study
this course, you will work on many problems. Exploring them or struggling with them together with a classmate
will help you both to develop your understanding and thinking, as well as improving your (mathematical)
communication skills. And being able to convince someone that your reasoning is correct, initially verbally and
then in writing, forms the heart of the mathematical skill of ‘proof”.
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Series introduction

Mathematical modelling is where mathematics meets the ‘real world’. There are many situations where people need
to make predictions or to understand what is happening in the world, and mathematics frequently provides tools
to assist with this. Mathematicians will look at the real world situation and attempt to capture the key aspects

of it in the form of equations, thereby building a model of reality. They will use this model to make predictions,
and where possible test these against reality. If necessary, they will then attempt to improve the model in order

to make better predictions. Examples include weather prediction and climate change modelling, forensic science
(to understand what happened at an accident or crime scene), modelling population change in the human, animal
and plant kingdoms, modelling aircraft and ship behaviour, modelling financial markets and many others. In this
course, we will be developing tools which are vital for modelling many of these situations.

To support you in your learning, these coursebooks have a variety of new features, for example:

B Explore activities: These activities are designed to offer problems for classroom use. They require thought and
deliberation: some introduce a new idea, others will extend your thinking, while others can support consolidation.
The activities are often best approached by working in small groups and then sharing your ideas with each other
and the class, as they are not generally routine in nature. This is one of the ways in which you can develop problem-
solving skills and confidence in handling unfamiliar questions.

B Questions labelled as Q, m or @: These are questions with a particular emphasis on ‘Proof”’, ‘Modelling’ or
‘Problem solving’. They are designed to support you in preparing for the new style of examination. They may or
may not be harder than other questions in the exercise.

B The language of the explanatory sections makes much more use of the words ‘we’, “‘us’ and ‘our’ than in previous
coursebooks. This language invites and encourages you to be an active participant rather than an observer, simply
following instructions (‘you do this, then you do that’). It is also the way that professional mathematicians usually
write about mathematics. The new examinations may well present you with unfamiliar questions, and if you are
used to being active in your mathematics, you will stand a better chance of being able to successfully handle such
challenges.

At various points in the books, there are also web links to relevant Underground Mathematics resources,

which can be found on the free undergroundmathematics.org website. Underground Mathematics has the aim

of producing engaging, rich materials for all students of Cambridge International AS & A Level Mathematics
and similar qualifications. These high-quality resources have the potential to simultaneously develop your
mathematical thinking skills and your fluency in techniques, so we do encourage you to make good use of them.

We wish you every success as you embark on this course.

Julian Gilbey
London, 2018

Past exam paper questions throughout are reproduced by permission of Cambridge Assessment International Education.
Cambridge Assessment International Education bears no responsibility for the example answers to questions taken from its
past question papers which are contained in this publication.

The questions, example answers, marks awarded and|or comments that appear in this book were written by the author(s). In
examination, the way marks would be awarded to answers like these may be different.
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How to use this book

viii

Throughout this book you will notice particular features that are designed to help your learning.

This section provides a brief overview of these features.

This book covers both Pure Mathematics 2 and Pure Mathematics 3. One topic (5.5 The trapezium rule) is

only covered in Pure Mathematics 2 and this section is marked with the icon
covered in Pure Mathematics 3 and these are marked with the icon

list and in the relevant sections of the book.

In this chapter you will learn how to:

m formulate a simple statement involving a rate of change as a differential equation

m find, by integration, a general form of solution for a first order differential equation in which the
variables are separable

use an initial condition to find a particular solution

interpret the solution of a differential equation in the context of a problem being modelled by the

equation. f

Learning objectives indicate the important
concepts within each chapter and help you to
navigate through the coursebook.

@ KEY POINT 8.4

The formula for integration by parts:

b
jtlad,\le\ J.»d‘d,\

N
Key point boxes contain a
summary of the most important
methods, facts and formulae.

double angle formulae w

Key terms are important terms in the topic that you
are learning. They are highlighted in orange bold. The
glossary contains clear definitions of these key terms.

EXPLORE 6.1

Anil is trying to find the roots of f(x) = ‘ tan x| =0 between 0 and 27 radians.

He states:

f(3.1)> 0 and f(3.2) > 0. There is no change of sign so there is no root of \tanx| =0
between 3.1 and 3.2.

Mika states:
y= \tan x\ and it meets the x-axis where x = n radians so Anil has made a
calculation error.

Discuss Anil and Mika’s statements. k

Explore boxes contain enrichment activities for extension
work. These activities promote group-work and peer-
to-peer discussion, and are intended to deepen your
understanding of a concept. (Answers to the Explore
questions are provided in the Teacher’s Resource.)

.Chapters 7-11 are only
. The icons appear in the Contents

PREREQUISITE KNOWLEDGE

‘What you should be able to do

‘Where it comes from Check your skills

IGCSE"/ O Level Mathematics | Perform long division on numbers | 1 Using long division, calculate:
and find the remainder where a 4998 =14
necessary.

b 10287 +27
¢ 4283+32

IGCSE / O Level Mathematics | Sketch straight-line graphs. 2 Sketch the graph of y = 2x - 5.

A

Prerequisite knowledge exercises identify prior learning
that you need to have covered before starting the chapter.
Try the questions to identify any areas that you need to
review before continuing with the chapter.

WORKED EXAMPLE 1.3

Solve |x + 3] +]x + 5| = 10.
Answer
[x+3|+]x+5]=10 Subtract | x + 5| from both sides.

|x+3]=10-|x+5 Split the equation into two parts.

N\

Worked examples provide step-by-step approaches to
answering questions. The left side shows a fully worked
solution, while the right side contains a commentary
explaining each step in the working.

Solving trigonometric inequalities is not in the
Cambridge syllabus. You should, however, have the
skills necessary to tackle these more challenging
questions. -

Tip boxes contain helpful
guidance about calculating
or checking your answers.
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How to use this book

@ FAST FORWARD

You need to have studied the skills in Chapter 8 before
attempting questions 13 and 14.

You might need to look
back at Chapter 3
before attempting

question 11.
LN
\
Rewind and Fast forward boxes direct you to related Throughout each chapter there are multiple exercises
learning. Rewind boxes refer to earlier learning, in case containing practice questions. The questions are coded:

you need to revise a topic. Fast forward boxes refer to
topics that you will cover at a later stage, in case you
would like to extend your study.

These questions focus on problem-solving.
These questions focus on proofs.

These questions focus on modelling.

9 DID YOU KNOW?

The relationship between the Fibonacci numbers and the golden ratio
produces the golden spiral.

You should not use a calculator for these questions.

@006

These questions are taken from past
examination papers.

This can be seen in many natural settings, one of which is the spiralling
pattern of the petals in a rose flower.

From a tight centre, petals flow outward in a spiral, growing wider and
larger as they do so. Nature has made the best use of an incredible
structure. This perfect arrangement of petals is why the small, compact

e e b e - The End-of-chapter review contains exam-style questions
covering all topics in the chapter. You can use this to check
your understanding of the topics you have covered. The
number of marks gives an indication of how long you should
be spending on the question. You should spend more time
on questions with higher mark allocations; questions with
only one or two marks should not need you to spend time

\ doing complicated calculations or writing long explanations.

Did you know? boxes contain interesting facts showing
how Mathematics relates to the wider world.

Checklist of learning and understanding

Integration formulae

B r— ot em Lo
1 1 1
o [Lav—mlx|+e [ g ax=Lmfaxso|+e
3 J sinx dx = —cosx + ¢ J sin(ax + b) dx = —% cos(ax +b) + ¢ 1 Expand (1-2x)™* in ascending powers of x, up to and including the term in x?, simplifying the coefficients. [4]
\ @ 2 Expand 31— (6x) in ascending powers of x up to and including the term in x>, simplifying the coefficients. [4]
Cambridge I ional A Level Math ics 9709 Paper 31 QI June 2011
. .
3
At th een d Of €a Ch Cha pter th ereisa CheCklISt Of @ 3 Expand (2 x)(1+2x) 2 in ascending powers of x, up to and including the term in x,
. . . . simplifying the coefficients. 14]
learning and understanding. The checklist contains a
Cambridge International A Level Mathematics 9709 Paper 31 Q2 November 2016
summa ry Of th eco ncepts that were Covered n the Ch a pte r. @ 4 Expand (114;32,\* ) in ascending powers of x up to and including the term in x2, simplifying the coefficients. [4]
X
You can use this to quickly check that you have covered Cambridge International A Level Mathemarics 9709 Paper 31 02 June 2013
th ema | n to p | CS. 5 Expand \ﬁ in ascending powers of x, up to and including the term in x, simplifying the coefficients. [4]

0O —

Extension material
b d “This exercise is for Pure Mathematics 3 students only.
goes eyo n 1 Relative to the origin O, the position vectors of the points A and B are given by
the syllabus. Itis - ’Z]Mdazm
. . . . 3 2
hlghllghted by a red Web l'lnk bOXeS contain a2 Find a vector equation of the linc AB. Bl
“I’]e 1o the left Of llﬂ kS to Useful resources b Theline AB is perpendicular to the line Z with vector equation:
the text. on the internet. [ i}ﬂ{]
-3 9

Try the Equation or identity?(II) resource on the

Cross-topic review exercises appear after
several chapters, and cover topics from across
the preceding chapters.

Underground Mathematics website
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Algebra

In this chapter you will learn how to:

understand the meaning of | x | sketch the graph of y = | ax + b| and use relations such as

|a| =|b| © a* =b* and |x—a|<b & a—b<x<a+b in the course of solving equations
and inequalities

divide a polynomial, of degree not exceeding 4, by a linear or quadratic polynomial, and identify
the quotient and remainder (which may be zero)

use the factor theorem and the remainder theorem.
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PREREQUISITE KNOWLEDGE

Where it comes from What you should be able to do Check your skills
IGCSE®/ O Level Mathematics | Perform long division on numbers | 1 Using long division, calculate:
and find the remainder where a 4998 =14
necessary.
b 10287 +27
c 4283+132
IGCSE / O Level Mathematics | Sketch straight-line graphs. 2 Sketch the graph of y = 2x — 5.

Why do we need to study algebra?

You have previously learnt the general formula, x =

—b + /b = dac
2a
equations. Versions of this formula were known and used by the Babylonians nearly

, for solving quadratic

4000 years ago.

&) WEB LINK

It took until the 16th century for mathematicians to discover formulae for solving cubic

equations, ax? + bx? + cx +d = 0, and quartic equations, ax* + bx> + cx? + dx + e = 0. Explore the Polynomials

(These formulae are very complicated and there is insufficient space to include them here and rational functions

but you might wish to research them on the internet.) station on the
Underground

Mathematicians then spent many years trying to discover a general formula for Mathematics website.

solving quintic equations, ax® + bx* + ¢x® + dx?> + ex + f = 0. Eventually, in 1824, a
mathematician managed to prove that no general formula for this exists.

In this chapter you will develop skills for factorising and solving cubic and quartic
equations. These types of equations have various applications in the real world. For
example, cubic equations are used in thermodynamics and fluid mechanics to model the
pressure/volume/temperature behaviour of gases and fluids.

You will also learn about a new type of function, called the modulus function.

1.1 The modulus function

The modulus of a number is the magnitude of the number without a sign attached.
The modulus of 3 is written | 3 |
|3| =3 and |—3| =3.

It is important to note that the modulus of any number (positive or negative) is always a
positive number.

The modulus of a number is also called the absolute value.

The modulus of x, written as | X |, is defined as:

B xif x=0
|x|— —xif x<0
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Chapter 1: Algebra

EXPLORE 1.1

You are given these eight statements:

1 |a+b|=|a|+|5]
2 |a=b]=[a|-[5]

3 Jab]| =]a| ]3|

4 %=|a|+|b|,ifb¢0

5 |af’ =a?

6 |a|" = a", where nis a positive integer
7 |a+b|<|a|+|b|

8 [a—b|<|a—c|+|c—b|

You must decide whether a statement is

C Always true ) ( Sometimes true ) ( Never true )

* If you think that a statement is either always true or never true, you must give a clear explanation to justify

your ansSwer.

* If you think that a statement is sometimes true you must give an example of when it is true and an example
of when it is not true.

The statement |x| = k,where k=0, means that x = k or x = —k.
This property is used to solve equations that involve modulus functions.
If you are solving equations of the form | ax + b| = k, you can solve the equations using

ax+b=k and ax+b=-k

If you are solving harder equations of the form | ax + b| = ¢x + d, you can solve the
equations using

ax+b=cx+d and ax+b=—(cx+d)

When solving these more complicated equations you must always check that your answers
: s : @ FAST FORWARD
satisfy the original equation.

You will see why it is
necessary to check your
answers when you learn
how to sketch graphs
of modulus functions
in Section 1.2.
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WORKED EXAMPLE 1.1

Solve:
a |2x-1]|=3 b |x—4|=2x+1
Answer
a |2x-1]|=3
2x—1=3 or 2x-1=-3
2x =4 2x = -2
x=2 x=-1
CHECK: [2x2-1| =3V and [2x(-)-1]| =3/
The solutionis: x = -1 or x =2

b |x—4]=2x+1
x—4=2x+1 or x—-4=-2x+1)
x=-5 3x=3
x=1

CHECK: |-5-4|=2x(-5)+1x and |1-4|=2x1+1V

- The solution is: x = 1
EXPLORE 1.2

Using |a|2 = a® you can write a> —b? as |a|2 —|b|2.

Using the difference of two squares you can now write:
2 _p2 _
a*=0* =(|a] =[]} (Ja] +]5])
Using the previous statement, explain how these three important results can be obtained:

(The symbol < means ‘is equivalent to’.)
Jal=lp] o =5
© |a|>|p| & a* > p?

© a|<|b| & @ <bif b#0.

Worked example 1.2 shows you how to solve equations of the form |cx + d| = | ex+ f |

0)

To solve equations of the form |cx +d | = | ex+ f | we can use the rule:

|a|=|b| < a? =b?
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Chapter 1: Algebra

WORKED EXAMPLE 1.2

Solve the equation | 3x + 4| = | x+5 |

Answer
Method 1
|3x +4| =|x+5]

3x+4=x+5o0r3x+4=—(x+5)
2x =1 or 4x =-9

\'_l Y_—g

x=5 x=-7
CHECK: [3x~+4|=|=+5| v.[3x|=-2|+4/=|-2+5| v

2 2 4

. 1 9
Solution is: X:E or x:_z
Method 2

|3X+4|: X+5| USC|a|:|b|<:>a2:b2.

(Bx +4)* = (x +5)?
9x% +24x +16 = x2 +10x + 25

8x2+14x-9=0 Factorise.
(2x —1)(4x+9) = 0

X=— 0r X =-—

2

WORKED EXAMPLE 1.3

Solve |x + 3| +|x+5| =10.

Ao

Answer

|x+3|+|x+5]=10 Subtract | x + 5| from both sides.
|x+3|=10-|x+5| Split the equation into two parts.
X+3=10—|x+5] ----------- (1)
x+3=|x+5[-10 ----------- @)

Using equation (1):

T+ x+|x+5[=0

| X+ 5| =7-Xx Split this equation into two parts.
x+5=7-x or x+5=—(7-x)
2x =2 or 0=-12 0 = —12 is false.
x=1

Copyright Material - Review Only - Not for Redistribution
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Using equation (2):
| X+ 5| =x+13 Split this equation into two parts.
x+5=x+13o0or x+5=—-(x+13)
0=28 or 2x=-18 0 = 8 is false.
x=-9
The solutionis x =1 or x = -9.
1 Solve.
a |4x-3|=7 b [1-2x|=5 3’“5‘2‘:4
d £+2‘=3 x*t2_2xi_, fo|2x+7]=3x
3 3 S
2 Solve.
2x +1 3x-1 x+2
x—-2 x+5‘ ‘ x—3‘
d [3x-5|=x+1 e x+|x+4| =38 f 8—|l-2x|=x

3 Solve.
- a |2x+1]=|x] b |3-2x|=|3x| ¢ [2x-5|=]1-x|

d |3x+5]=|1+2x]| e |x-5]=2]x+1| f 32x—l|=’%x—3‘
4 Solve.
a |x?-2|=7 b |5-x*|=3-x ¢ |x?+2x|=x+2
d |x2—3|=2x+1 e |2x2—5x‘=4—x f |x2—7x+6|=6—x
5 Solve the simultaneous equations.
a x+2y=8 b 3x+y=0
|x+2|+y=6 y=|2x% -5

6 Solve the equation 5|x— 1|2 +9|x— 1| -2=0.

7 a Solve the equation x? - 5|x|+6=0.
b Use graphing software to draw the graph of y = x> — 5 | x| +6.
¢ Name the equation of the line of symmetry of the curve.

8 Solve the equation |2x + 1| +|2x - 1| =3.

@ 9 Solvetheequation|3x—2y—11|+21/31—8x+5y=0.
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1.2 Graphs of y =|f(x)| where f(x) is linear A
Consider drawing the graph of y = | X | y=H
First draw the line y = x. \ > >
0
Then reflect, in the x-axis, the part of the line that is below the x-axis.
WORKED EXAMPLE 1.4
Sketch the graph of y = ‘ % x — 1|, showing the points where the graph meets the axes.
Use your graph to express % x —1| in an alternative form.
Answer
. 1
First sketch the graph of y = 5% 1. YA
1
1 N I
The line has gradient 5 and a y-intercept of —1. ! | 2" |
You then reflect in the x-axis the part of the line that is below the x-axis. 1
1
The graph shows that | = X — 1| can be written as: = >
2 \0 e 2 X
Lett ifx=2 -
1 2
‘E o 1‘ - (1
—(—x—ljifx<2
2
In Worked example 1.1, we found that there were two roots, x = —1 and x = 2, to the VA y=px 1]
equation |2x - 1| =3. \ 4 /
These can also be found graphically by finding the x-coordinates of the points of > y=3
intersection of the graphs of y = | 2x — 1| and y =3 as shown. T
1
TTo 1 3 1%
14
Also in Worked example 1.1, we found that there was only one root, YA i
x = 1, to the equation | x — 4| = 2x + 1. 61 o
This root can be found graphically by finding the x-coordinates of \5\ p= -4
the points of intersection of the graphs of y = | X - 4| and 4
y =2x+1 asshown.
3-
2
/
By B T S R S S T B e
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1 Sketch the graphs of each of the following functions showing the coordinates of the points where the graph
meets the axes. Express each function in an alternative form.

a y=|x+2| b y=|3-x] c y:‘S—%x
2 a Complete the table of values for y=|x—3|+2.

0 1 2 3 4 5 6
5 3

b Drawthegraphofy:|x—3|+2 for 0= x<6.

¢ Describe the transformation that maps the graph of y = | x| onto the graph of y = |x - 3| + 2.

3 Describe fully the transformation (or combination of transformations) that maps the graph of y = | x| onto
each of these functions.

a y=|x+1|+2 b y=|x—5|—2 d y=2—|x|
d y=[2x|-3 e y=1-|x+2| f y=5-2|x|
4 Sketch the graphs of each of the functions in question 3. For each graph, state the coordinates of the vertex.

5 f(x)=|5-2x|+3 for 2<x=<8
Find the range of function f.
- 6 a Sketch the graph of y =2 | X - 2| +1 for -2 < x < 6, showing the coordinates of the vertex and the
y-intercept.
b On the same diagram, sketch the graph of y = x + 2.

¢ Use your graph to solve the equation 2 | X - 2| +1=x+2.

7 a Sketch the graph of y = | X — 2| for =3 < x < 6, showing the coordinates of the vertex and the y-intercept.
b On the same diagram, sketch the graph of y = | 1-2x |

¢ Use your graph to solve the equation | X — 2| = | 1-2x |

8 a Sketch the graphof y=|x+1|+|x-1]|.

b Use your graph to solve the equation | X+ 1| + | X — 1| =4,

1.3 Solving modulus inequalities

Two useful properties that can be used when solving modulus inequalities are:
la|<be -b<a<b and |a|=bea<-b or a=b

The following examples illustrate the different methods that can be used when solving
modulus inequalities.
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WORKED EXAMPLE 1.5

Solve |2x—5| < 3.

Answer
Method 1: Using algebra
|2x-5|<3
-3<2x-5<3
2<2x<8
I<x<4

Method 2: Using a graph YA

5-
The graphs of y = | 2x — 5| and y = 3 intersect at the points 4 and B.
4-
2x -5 if x=2] . =3

|2x—5|: A B
—(2x-5)if x <21 2

At A4, the line y = —(2x — 5) intersects the line y = 3. H

-(2x-5)=3 — T T >

2x+5=3 ~1-
2x =2

x=1

At B, the line y = 2x — 5 intersects the line y = 3.
2x-5=3
2x =8
x=4
To solve the inequality |2x - 5| < 3 you must find where the graph of the function y = | 2x — 5| is below the graph
of y=3.

Hence, 1 < x < 4.

WORKED EXAMPLE 1.6

Solve the inequality |2x —1| =|3 - x|.

Answer

Method 1: Using algebra

|2x-1|=[3-x| Use |a| =|b| & a®> = b
2x-1?>=03-x)
4x> —4x+1=9 - 6x + x?
3x2+2x-8=0 Factorise.
Bx-4)(x+2)=0
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. 4
Critical values are —2 and 3
A
Hence, x<-2or x = 3 + +

Method 2: Using a graph

The graphs of y = | 2x —1
the points 4 and B.

and y = | 3- ,\‘| intersect at

2x-1 ifx=
|2x-1] =

= 0| —

—Q2x-1)if x <

J,\'fS if x=3

|3_'\*| = |_\'_3| :1_(y\»_3)il‘.\’<3

At A, the line y = —(2x — 1) intersects the line y = —(x — 3).
2x-1=x-3
x=-2
At B, the line y = 2x — 1 intersects the line y = —(x — 3).
2x—-1=—-(x-13)
3x =4
x=2
3

To solve the inequality |2,\' - 1| = | 3- ,\‘| you must find where
the graph of the function y = | 2x — 1| is above the graph

of y= | 3- \|

Hence, x<-2orx=

W |

o J

e
>

y=lx -1

W A U O 0 0=
r e A A A

/G

10

The graphs of y =|x - 1| and y = 2|x - 4| are shown on the grid.
Write down the solution to the inequality | X — 1| >2 | x—4 |

2 a On the same axes, sketch the graphs of y =|2x - 1| and y = 4—|x— 1|.
b Solve the inequality |2x - 1| >4 - | X - 1|.

Copyright Material - Review Only - Not for Redistribution




Chapter 1: Algebra

3 Solve. (You may use either an algebraic method or a graphical method.)
a [2x+1]<3 b [2-x|<4 ¢ [3x-2|=7

4 Solve. (You may use either an algebraic method or a graphical method.)

a |[2x-5|<x-2 b |3+x|>4-2x ¢ |x-7|-2x<4
5 Solve. (You may use either an algebraic method or a graphical method.)

a |x+4|<|2x| b |2x-5>]3-x] ¢ |3x-2|<|1-3x]

d |x-1|>2|x-4 e 3|3-x|=[2x-1] f|3x-5|<2|2-x]

6 Solve |2x+1|+|2x-1|>5.

1.4 Division of polynomials

A polynomial is an expression of the form
ax"+a n—1 n-2 2 1
n n—1X +da, »X + ...+ axT+ax +a
where:

® Xxisa variable

nis a non-negative integer

the coefficients a,, a,_, a,-2, ..., a4, a;, a are constants
a, 1s called the leading coefficient and «,, # 0

ay 1s called the constant term.

The highest power of x in the polynomial is called the degree of the polynomial.

For example, 5x* — 6x? + 2x — 6 is a polynomial of degree 3.

In this section you will learn how to use long division to divide a polynomial by another
polynomial. Alternative methods are possible, this is shown in Worked example 1.10.

9 DID YOU KNOW?

Polynomial functions can be used to predict the mass of an animal
from its length. N

i

WORKED EXAMPLE 1.7

Divide x* + 2x?> —=11x+ 6 by x —2.

Answer
Step 1:
2
3 —*2 Divide the first term of the polynomial by x:
x=2)x} +2x2 —1lx +6 3. . .2
5 = o = 5
X3 = 2x?

Multiply (x — 2) by x%: x*(x = 2) = x> — 2x?.

4x* —11x
Subtract: (x3 +2x?) — (x3 — 2x?) = 4x2.

Bring down the —11x from the next column.
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Step 2: Repeat the process

x>+ 4x . 5 A2
. 2)'\‘3 Tl —1lx+ 6 Divide 4x~ by x: 4x”~ = x = 4x.

X3 —2x2 Multiply (x — 2) by 4x: 4x(x —2) = 4x> — 8x.
4x? — 1lx Subtract: (4x? — 11x) — (4x> — 8x) = —3x.
4x? — 8x
B Bring down the 6 from the next column.

- 3x+6

Step 3: Repeat the process

x>+ 4x -3
x=2)x% +2x7 —11x +6
X3 —2x?
4x2 — 11x Divide —3x by x: —3x + x = -3.
4x? - 8x Multiply (x — 2) by =3: =3(x —2) = —3x + 6.
—3x
vro Subtract: (=3x + 6) — (=3x + 6) = 0.
-3x+6

0

Hence, (x> +2x2 —1lx+6) = (x = 2) = x2 + 4x - 3.

Each part in the calculation in Worked example 1.7 has a special name:
(P +2x2 —1x+6) + (x —2) = (x> +4x - 3)
4 + +
dividend divisor quotient

There was no remainder in this calculation so we say that x — 2 is a factor of x> + 2x% — 11x + 6.

WORKED EXAMPLE 1.8

Find the remainder when 2x* — x + 52 is divided by x + 3.

Answer

There is no x% term in 2x> — x + 52 so we write it as 2x> + 0x% — x + 52.

Step 1:
2x? . 3 . 3. =942
. 3)2“\‘3 0 — 12 Divide the first term of the polynomial by x: 2x° = x = 2x°.
233 + 62 Multiply (x + 3) by 2x?: 2x?(x + 3) = 2x3 + 6x°.
—6x? — X Subtract: (2x3 + 0x2) — (2x7 + 6x2) = —6x2.

Bring down the —x from the next column.
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Step 2: Repeat the process

2x*— 6x
X 43207 +0x2 - x+52 Divide —6x2 by x: —6x2 + x = —6x.
3 2
2‘;6*2 Multiply (x + 3) by —6x: —6x(x + 3) = —6x2 — 18x.
- 6x°— x
652 — x) — (=652 — —
6x? — 18 Subtract: (—6x° — x) — (—6x° — 18x) = 17x.
17x + 52 Bring down the 52 from the next column.

Step 3: Repeat the process

2x2— 6x+17
X+ 3)2x3 +0x2— x+52
2x3 + 6x2
—6x> - X
— 6x2 — 18x Divide 17x by x: 17x + x = 17.
17x + 52 Multiply (x + 3) by 17: 17(x + 3) = 17x + 51.
17'”51 Subtract: (17x +52) — (17x + 51) = 1.

The remainder is 1.

The calculation in Worked example 1.8 can be written as:

23 —x+52) = (x+3)x 2x2 —6x +17) + 1
+ 1 1 t

dividend divisor  quotient remainder

The division algorithm for polynomials is:

dividend = divisor X quotient + remainder

1 Simplify each of the following.

a (XFP+5x2+5x-2)+(x+2) b (x3-8x?+22x-21)+(x-3)
c BxX*-7x?+6x-2)+(x-1) d 2x =3x2+8x+5)+(2x+1)
e (5x*-13x*+10x-8)+(2-x) f (6x*+13x—19)+(1-x)
2 Find the quotient and remainder for each of the following.
DID YOU KNOW?
a (XFP+2x2+5x—4)+(x+1) b (6x3+7x*-6)+(x-2)
The number 1729 is the
c B +x?-2x+D)+(2x-1) d 2x3-9x2-9)+(3-x) smallest number that
e (X*+5x2-3x-D=(x*+2x+1) fooGx*=2x2-13x+8)=(x*+1) can be expressed as the
. . . sum of two cubes in
3 Use algebraic division to show these two important factorisations. two different ways.

a x -y’ =(x-p)xT+xy+)?) b x*+)° =(x+y)x?—xy+)?)
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4 a Use algebraic division to show that x — 2 is a factor of 2x3 + 7x? — 43x + 42.
b Hence, factorise 2x> + 7x> — 43x + 42 completely.

5 a Usealgebraic division to show that 2x + 1 is a factor of 12x* + 16x> — 3x — 4.
b Hence, solve the equation 12x> + 16x> —3x — 4 = 0.

6 a Use algebraic division to show that x + 1 is a factor of x* — x? +2x + 4.

3ox?2+2x+4=0.

—b £ \b* — dac

2a

b Hence, show that there is only one real root for the equation x

7 The general formula for solving the quadratic equation ax”> + bx +¢ =0 is x =

There is a general formula for solving a cubic equation. Find out more about this formula and use it to solve
2x3 —5x2 - 28x+15=0.

1.5 The factor theorem
In Worked example 1.7 you found that x* +2x? —11x + 6 is exactly divisible by x — 2.

(P +2x2 —1lx+6) = (x—=2)=x>+4x -3
This can also be written as:
X 4+2x2 = 1lx+6 = (x =2)(x*> +4x-3)
If a polynomial P(x) divides exactly by a linear factor x — ¢ to give the polynomial Q(x), then
P(x) = (x = ¢) Q(x)

Substituting x = ¢ into this formula gives P(c) = 0. This is known as the factor theorem.

0)

‘ If for a polynomial P(x), P(c) = 0 then x — ¢ is a factor of P(x).

For example, when x = 2,
B2 —1x+6=02)P +22)P2 - 112)+6=8+8-22+6=0
Therefore (x —2) isa factor of x* +2x? —11x + 6.

The factor theorem can be extended to:

If for a polynomial P(x), P ( L j = 0 then ax — b is a factor of P(x).

a

For example, when x = %,

2y 2V 2 8 8
3x3 —2x2 -3 +2=3(—) —2(—) —3(—j+2=————2+2=0
T 3 3 3 979

Hence 3x — 2 isa factor of 3x3 —2x% — 3x + 2.
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WORKED EXAMPLE 1.9

Use the factor theorem to show that x — 3 is a factor of x3 + 2x2 — 16x + 3.

Answer

Let f(x) = x> +2x2 —16x + 3
f(3) = (3)° +2(3)> - 16(3) + 3
=27+18-48+3
=0

Hence x — 3 is a factor of x> +2x% —16x + 3.

If f(3) = 0, then (x — 3) is a factor.

EXPLORE 1.3

(A X +xr-3x+1 ) (B 2x3 +7x2 +x =10 ) ( C 3x3+7x2-4 )

(D 6x3+x2—17x+10) (E 6x4+x3—8x2—x+2) ( F 3x3+x2-10x-38 )

Discuss with your classmates which of the expressions have:

1 x -1 asafactor

2 x+2 asafactor

3 2x -1 asafactor.

WORKED EXAMPLE 1.10

a Given that 3x2 + 5x — 2 isa factor of 3x3 + 17x% + ax + b, find the value of « and the value of b.

b Hence, factorise the polynomial completely.

Answer
a Let f(x)=3x>+17x> + ax + b.
Factorising 3x? + 5x — 2 gives (3x — 1)(x + 2).
Hence, 3x — 1 and x + 2 are also factors of f(x).

Using the factor theorem, f(%j =0 and f(-2) = 0.

1 . 1y 1Y 1
fl - |=0gives3| = | +17| = | +a| = |+b=0
3 3 3 3
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f(-2) = 0 gives 3(-2)° +17(=2)> + a(-2)+b =0
24+68-2a+b=0
2a-b=44 ------------- (2)

(D +3x((2) gives 7a =126
a=18

Substituting in (2) gives b = 8.

Hence, a =18 and b = 8.

b Method 1: Using long division

x+4
3x2 + 5x — 2)3.\43 +17x2 +18x — 8

3x3 4+ 5x% — 2x

12x2 +20x — 8
12x2 +20x -8
0

Hence, 3x% +17x2 +18x -8 = (3x2 + 5x —2)(x + 4)
=Bx-D(x+2)(x+4)
Method 2: Equating coefficients

If 3x2 +5x—2 isafactor, 3x> +17x% + 18x — 8 can be written as

303 +17x% +18x =8 = (3x2 + 5x = 2)(ex + d)

T~

coefficient of x> is 3,s0 ¢ =1 since 3x1=23 constant term is -8, so d = 4 since -2 x 4 = -8

Hence, 3x° +17x% +18x -8 = 3x — D)(x + 2)(x + 4)

WORKED EXAMPLE 1.11

Solve x3 + 4x2 —19x + 14 = 0.

Answer

Let f(x) = x>+ 4x% —19x + 14.

The positive and negative factors of 14 are 1, £2, £7 and +14.
f(1) = (1) +4(1)> =19(1) + 14 = 0, so x —1 is a factor of f(x).

The other factors of f(x) can be found by any of the following methods.
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Method 1: Trial and error

f(2) = (2)* +4(2)> =19(2) +14 = 0, s0 x —2 is a factor of f(x)

f(=7) = (-7)> +4(=7)> =19(-7) + 14 = 0, s0 x+7 is a factor of f(x).
Hence, f(x) = (x = D(x=2)(x+7).

Method 2: Long division

X2 +5x—14
x— 1)x3 +4x2 —19x + 14
X3 — x2
5x2 — 19x
5x%2 — 5x
— l4x +14
— ldx +14
0

Hence, f(x) = (x —1)(x?+5x —14)
=(x-D(x=2)(x+7)

Method 3: Equating coefficients

Since x —1 isa factor, x> + 4x% — 19x + 14 can be written as:

X2+ 4x? —19x +14 = (x = 1)(ax> + bx +¢)

coefficient of x3is 1,50 a =1 since I x 1 =1 constant term is 14, so ¢ = —14 since -1 x —14 =14

X3+ 4x? —19x + 14 = (x = 1)(x? + bx — 14)
Equating the coefficients of x? gives 4 = —1+5b,s0 b = 5.

Hence, f(x) = (x - 1)(x* +5x —14)
=(x-D(x=2)(x+7)

The solutions of the equation X +4x2-19x+14=0 are: x=1, x=2 and x =-7.

1 Use the factor theorem to show that x + 1 is a factor of x* — 3x3 — 4x2 + 5x + 5.

2 Use the factor theorem to show that 2x — 5 is a factor of 2x3 — 7x% + 9x — 10.
3 Given that x +4 isa factor of x* + ax? — 29x + 12, find the value of a.

Given that x — 3 is a factor of x* + ax? + bx — 30, express a in terms of b.

060 60

5 Given that 2x + x — 1 isa factor of 2x3 — x> + ax + b, find the value of ¢ and the value of b.
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@ 6 Giventhat x —3 and 2x + 1 are factors of 2x> + px> + 2¢ — Dx + ¢:
a Find the value of p and the value of ¢.

b Explain why x + 2 is also a factor of the expression.
7 Itis given that x +a is a factor of x* + 4x? + 7ax + 4a. Find the possible values of a.

@ 8 a Itisgiventhat x +1 isa common factor of x>+ px+¢ and x* + (1— p)x? +19x - 2¢.
Find the value of p and the value of ¢.

b When p and ¢ have these values, factorise x* + px +¢ and x* + (1 - p)x> +19x — 2¢g completely.

@ 9 Giventhat x —1 and x+2 are factors of x* — x* + px? - llx + ¢:

a Find the value of p and the value of ¢.

4

b When p and ¢ have these values, factorise x* — x> + px?> —11x + ¢ completely.

10 Solve.
a x*-5x2-4x+20=0 b x?+5x2-17x-21=0
c 2x3-5x>-13x+30=0 d 3x*+17x>+18x-8=0
e x*+2x7-7x?-8x+12=0 foo2xt -1 +12x2+x-4=0

o 11 You are given that the equation x> + ax? + bx + ¢ = 0 has three real roots and that these roots are
consecutive terms in an arithmetic progression. Show that 2a* + 27¢ = 9ab.

@ 12 Find the set of values for k for which the equation 3x* + 4x* = 12x? + k = 0 has four real roots.

1.6 The remainder theorem
Consider f(x) = 2x% —5x? = 2x +12.

Substituting x = 2 in the polynomial gives f(2) = 2(2)° — 5(2)> = 2(2) + 12 = 4.
When 2x* —5x? — 2x + 12 is divided by x — 2, there is a remainder:

2x2— x— 4
x—2)2x3 —5x2—2x+12

2x3 — 4x?
- x?-2x
- X2 +2x
—4x+12
—4x+ 8
4

The remainder is 4. This is the same value as f(2).
f(x) = 2x* — 5x? — 2x + 12 can be written as:
f(x)=(x-2)2x*—x—-4)+4

In general:

If a polynomial P(x) is divided by x — ¢ to give the polynomial Q(x) and a remainder R, then:
P(x) = (x-¢)Q(x)+ R
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Substituting x = ¢ into this formula gives P(c) = R.

This leads to the remainder theorem.

The remainder theorem:

If a polynomial P(x) is divided by x — ¢, the remainder is P(¢).

The remainder theorem can be extended to:

If a polynomial P(x) is divided by ax — b, the remainder is P ( L )

a

WORKED EXAMPLE 1.12

Use the factor theorem to find the remainder when 4x3 — 2x? + 5x — 8 is divided by x + 1.

Answer

Let f(x) = 4x> —2x% +5x -8

Remainder = f(-1)
=4(=1)° = 2(=1)*> +5(-1) -8
=—4-2-5-8
=-19

WORKED EXAMPLE 1.13

f(x) = 6x° + ax> + bx — 4

When f(x) is divided by x — 1, the remainder is 3.
When f(x) is divided by 3x + 2, the remainder is —2.

Find the value of @ and the value of b.

Answer
f(x) = 6x> +ax?> + bx — 4
When f(x) is divided by x —1 the remainder is 3, hence (1) = 3.

6(1)° +a(1)> +b(1) -4 =3
a+b=1------------ 1)

When f(x) is divided by 3x + 2 the remainder is —2, hence f[— % ) =-2.
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(-3 f-3] o300

20 -3b =17 ------------ 2)

2 x (1) - (2) gives 5h = —15
b=-3

Substituting b = =3 in equation (1) gives a = 4.

a=4 and b =-3.

1 Find the remainder when:
a 6x3+3x?—5x+2 isdivided by x -1
b x3+x?-1Ix+12 isdivided by x +4
¢ x*+2x%-5x2 - 2x+8 isdivided by x +1

d 4x? - x?>-18x+1 isdivided by 2x -1

2 a When x*—3x? +ax -7 isdivided by x + 2, the remainder is —=37. Find the value of a.

- b When 9x3 + bx — 5 is divided by 3x + 2, the remainder is —13. Find the value of b.
20

3 f(x)=x*+ax?+bx-5
f(x) has a factor of x —1 and leaves a remainder of —6 when divided by x + 1.
Find the value of a and the value of b.
4 The polynomial 3x? + ax? + bx + 8, where a and b are constants, is denoted by f(x). It is given that x +2 is

a factor of f(x), and that when f(x) is divided by x —1 the remainder is 15. Find the value of ¢ and the
value of b.

5 The function f(x) = ax® + 7x* + bx — 8, where a and b are constants, is such that 2x + 1 is a factor. The
remainder when f(x) is divided by x +1 is 7.
a Find the value of a and the value of b.
b Factorise f(x) completely.

6 The polynomial x* + 6x> + px — 3 leaves a remainder of R when divided by x +1 and a remainder of —10R
when divided by x — 3.
a Find the value of p.
b Hence find the remainder when the expression is divided by x — 2.

7 The polynomial x* + ax? + bx + 2, where a and b are constants, is denoted by f(x). It is given that x -2 isa
factor of f(x), and that when f(x) is divided by x + 1 the remainder is 21.
a Find the value of ¢ and the value of 5.

b Solve the equation f(x) = 0, giving the roots in exact form.
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Chapter 1: Algebra

8 The polynomial 2x3 + ax? + bx + ¢ is denoted by f(x). The roots of f(x) = 0 are -1, 2 and k.
When f(x) is divided by x — I, the remainder is 6.

a Find the value of k.
b Find the remainder when f(x) is divided by x + 2.

@D 9 P(x)=2x+4x? +6x3 +...+100x"
Find the remainder when P(x) is divided by (x —1).

@ 10 P(x)=3(x+D(x+2)(x+3)+a(x+D)(x+2)+b(x+ 1) +c

It is given that when P(x) is divided by each of x +1,x+2 and x + 3 the remainders are —2,2 and
10, respectively. Find the value of «a, the value of b and the value of c.

Checklist of learning and understanding

The modulus function

® The modulus function | xl is defined by:
xif x=0
x| =4 .
—xif x <0

The division algorithm for polynomials

e Pkx) = D(x) x Qx) + R
+ 4+ + 4+

dividend = divisor x quotient + remainder

The factor theorem

@ If for a polynomial P(x), P(¢) = 0 then x — ¢ is a factor of P(x).

. b .

@ If for a polynomial P(x), P (—) = 0 then ax — b is a factor of P(x).
a

The remainder theorem

® If a polynomial P(x) is divided by x — ¢, the remainder is P(¢).

. S . . b
® If a polynomial P(x) is divided by ax — b, the remainder is P (— )
a




END-OF-CHAPTER REVIEW EXERCISE 1
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a Hh W N =

10

11

12

13

14

Solve the equation |2x - 3| = | S5x + 1|.

Solve the inequality |5x - 3| =7,

Solve the inequality |2x - 3| <|2 - x|.

Solve the equation |x2 - 14| =11

The polynomial ax?® —13x? — 41x — 2a, where a is a constant, is denoted by p(x).
a Given that (x —4) is a factor of p(x), find the value of a.

b When « has this value, factorise p(x) completely.

The polynomial 6x* —23x? — 38x + 15 is denoted by f(x).

a Show that (x —5) is a factor of f(x) and hence factorise f(x) completely.

b Write down the roots of f(| x|) =0.

The polynomial x> — 5x% + ax + b is denoted by f(x). It is given that (x + 2) is a factor of f(x) and that
when f(x) is divided by (x — 1) the remainder is —6. Find the value of ¢ and the value of b.

The polynomial x* —5x2 + 7x — 3 is denoted by p(x).

a Find the quotient and remainder when p(x) is divided by (x> - 2x —1).
b Use the factor theorem to show that (x — 3) is a factor of p(x).

The polynomial 4x* + 4x* — 7x? — 4x + 8 is denoted by p(x).

a Find the quotient and remainder when p(x) is divided by (x> —1).

b Hence solve the equation 4x* +4x3 —7x2 —4x +3 = 0.

The polynomial x* — 48x? — 21x — 2 is denoted by f(x).

a Find the value of the constant k for which f(x) = (x? + kx + 2)(x*> — kx — 1).
b Hence solve the equation f(x) = 0. Give your answers in exact form.
The polynomial 2x* + 3x> — 12x? — 7x + a is denoted by p(x).

a Given that (2x —1) is a factor of p(x), find the value of a.

b When « has this value, verify that (x + 3) is also a factor of p(x) and hence factorise p(x)
completely.

The polynomial 3x3 + ax? — 36x + 20 is denoted by p(x).

a Given that (x —2) is a factor of p(x), find the value of a.

b When « has this value, solve the equation p(x) = 0.

The polynomial 2x* + 5x> — 7x + 11 is denoted by f(x).

a Find the remainder when f(x) is divided by (x —2).

b Find the quotient and remainder when f(x) is divided by (x> — 4x + 2).

The polynomial ax?® + bx? — x +12 is denoted by p(x).

a Given that (x —3) and (x + 1) are factors of p(x), find the value of ¢ and the value of b.

b When a and b take these values, find the other linear factor of p(x).
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The polynomial 6x> + x> + ax — 10, where « is a constant, is denoted by P(x). It is given that when
P(x)is divided by (x + 2) the remainder is —12.

a Find the value of @ and hence verify that (2x + 1) is a factor of P(x). 131
b When « has this value, solve the equation P(x) = 0. (4]

The polynomial 2x* + ax? + bx + 6 is denoted by p(x).
a Given that (x +2) and (x —3) are factors of p(x), find the value of ¢ and the value of b. [4]

b When a and b take these values, factorise p(x) completely. 131
The polynomials P(x) and Q(x) are defined as:

P(x)=x*+ax’>+b and Q(x)= x> +bx*> +a.
It is given that (x —2) is a factor of P(x) and that when Q(x) is divided by (x + 1) the remainder is —15.

a Find the value of a and the value of 5. [5]

b When a and b take these values, find the least possible value of P(x) — Q(x) as x varies. 12]

The polynomial 5x3 —13x? +17x — 7 is denoted by p(x).
a Find the quotient when p(x) is divided by (x — 1), and show that the remainder is 2. [4]

b  Hence show that the polynomial 5x3 —13x% +17x — 9 has exactly one real root. 131

The polynomial 4x* + kx? — 65x + 18 is denoted by f(x).

a Given that (x +2) is a factor of f(x), find the value of k. 12]
b When k has this value, solve the equation f(x) = 0. [4]
¢ Write down the roots of f(x?) = 0. 1

The polynomial 2x* — 5x? + ax + b, where a and b are constants, is denoted by f(x). It is given that when
f(x)is divided by (x + 2) the remainder is 8 and that when f(x) is divided by (x —1) the remainder is 50.

a Find the value of a and the value of 5. I5]

b When a and b have these values, find the quotient and remainder when f(x) is divided by x> —x +2. [3]

The polynomial 2x* —9x? + ax + b, where a and b are constants, is denoted by f(x). It is given that (x +2)isa
factor of f(x), and that when f(x) is divided by (x +1) the remainder is 30.

a Find the value of a and the value of 5. I5]

b When a and b have these values, solve the equation f(x) = 0. [4]

The polynomial x* + 3x? + 4x + 2 is denoted by f(x).
i Find the quotient and remainder when f(x) is divided by x> + x — 1. 4]

ii  Use the factor theorem to show that (x + 1) is a factor of f(x). 2]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q4 June 2010
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@ 23 The polynomial 4x® + ax? + 9x + 9, where « is a constant, is denoted by p(x). It is given that when p(x) is
divided by (2x —1) the remainder is 10.

i  Find the value of @ and hence verify that (x — 3) is a factor of p(x). [3]

i When « has this value, solve the equation p(x) = 0. [4]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q5 November 2011

@ 24 The polynomial ax?® — 5x? + bx + 9, where a and b are constants, is denoted by p(x). It is given that (2x + 3)
is a factor of p(x), and that when p(x) is divided by (x + 1) the remainder is 8.

i  Find the values of ¢ and b. I5]

i When « and b have these values, factorise p(x) completely. [3]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q4 June 2013
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In this chapter you will learn how to:

understand the relationship between logarithms and indices, and use the laws of logarithms
(excluding change of base)

understand the definition and properties of e* and In x, including their relationship as inverse
functions and their graphs

use logarithms to solve equations and inequalities in which the unknown appears in indices

use logarithms to transform a given relationship to linear form, and hence determine unknown
constants by considering the gradient and/or intercept.
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PREREQUISITE KNOWLEDGE

Where it comes from What you should be able to do Check your skills
IGCSE / O Level Mathematics Use and interpret positive, 1 Evaluate.
negative, fractional and zero a 52
indices. ,
b 83
c 7°
2 Solve 32¥ = 2.
IGCSE / O Level Mathematics Use the rules of indices. 3 Simplify.
a 3x*x 2 x%
3
b 2 x% +2x72
5
)
C —_—
3

What is a logarithm?

At IGCSE / O Level we learnt how to solve some simple exponential equations. For
example, 32¥ = 2 can be solved by first writing 32 as a power of 2. In this chapter we will
learn how to solve more difficult exponential equations such as ¢* = b where there is no
obvious way of writing the numbers ¢ and b in index form with the same base number.
In order to be able to do this we will first learn about a new type of function called the
logarithmic function. A logarithmic function is the inverse of an exponential function.

At IGCSE / O Level we learnt about exponential growth and decay and its applications

to numerous real-life problems such as investments and population sizes. Logarithmic
functions also have real-life applications such as the amount of energy released during an
earthquake (the Richter scale). One of the most fascinating occurrences of logarithms in
nature is that of the logarithmic spiral that can be observed in a nautilus shell. We also see
logarithmic spiral shapes in spiral galaxies, and in plants such as sunflowers.

2.1 Logarithms to base 10

Consider the exponential function f(x) = 10*.

To solve the equation 10* = 6, we could make an estimate by noting that 10° = 1 and
10! = 10, hence 0 < x < 1. We could then try values of x between 0 and I to find a more
accurate value for x.

The graph of y = 10* could also be used to give a more accurate value for x when 10* = 6.

YA

=107
101 !
8 /
6
!
H 1
2 |
_— X >

| T T
0.5 o 0.5 0.78 1 x
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You will encounter
logarithmic functions
again when studying
calculus in Chapters 4,
5and 8.

Explore the Exponentials
and logarithms station
on the Underground
Mathematics website.




Chapter 2: Logarithmic and exponential functions

From the graph, x = 0.78.

There is, however, a function that gives the value of x directly:

If 10 = 6 then x = log6. Q

log; 6 is read as ‘log6 to base 10”.

log;o 6 can also be

log is short for logarithm. written as log 6 or 1g6.
On a calculator, for logs to the base 10, we use the or key.
Soif 10* =

then x =log;6

x = 0.778 to 3significant figures.

@ KEY POINT 2.1

The rule for base 10 is:

If y =10* then x = logjy y

This rule can be described in words as:
log;o y is the power that 10 must be raised to in order to obtain y.

For example, log;,100 =2 since 100 = 107,

y =10* and y = logjy x are inverse functions.

We say that y = 10" < x = logj, .

This is read as: y = 10" is equivalent to saying that x = log y.

EXPLORE 2.1

1 Discuss with your classmates why each of these two statements is true.

(loglolox:xforxeR) (1010g10x=xforx>0)

2 a Discuss with your classmates why each of these two statements is true.

10g10 10=1 lOglol =0

b Discuss what the missing numbers should be in this table of values, giving
reasons for your answers.
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WORKED EXAMPLE 2.1

a Convert 10* = 58 to logarithmic form.

b Solve 10¥ = 58 giving your answer correct to 3 significant figures.

Answer
a Method 1
10¥ =58

Step 1: Identify the base and index —— base = 10, index = x

Step 2: Start to write in log form ——> x = log;, ? In log form the index is
always on its own and

. the base goes at the
Step 3: Complete the log form —> x =logo58 base of the logarithm.

10 = 58 & x = log;y 58

Method 2
10 = 58
log)o10* = log;58 Take logs to base 10 of both sides.
X = lOgl()Sg Use loglo 10* = x.
b 10 =58
X = lOglOSS
x =1.76

WORKED EXAMPLE 2.2

a Convert logjyx = 3.5 to exponential form.

b Solve log;y x = 3.5 giving your answer correct to 3 significant figures.

Answer
a Method 1

logm x=3.5

Step 1: Identify the base and index —> base = 10, index = 3.5

Step 2: Start to write in exponential form —» 1032 =2 In log form the index is

always on its own.
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Step 3: Complete the exponential form ——> x =103
loglox =35 x= 103‘5
Method 2
log;o x = 3.5 Write each side as an exponent
of 10.
1010g,U X _ 1035
x =10%3 Use 10080 ¥ = .
b IOgl(‘, x=3.5
Y = 103.5
x = 3160
Find the value of:
a log;n10000 b log;,0.0001 ¢ log;,1000/10.
Answer
a log;,10000 = log;,10* Write 10000 as a power of 10, 10000 = 10%.
—4
b log,0.0001 = log;, 10~ Write 0.0001 as a power of 10, 0.0001 = 107
=4
¢ log;o 100010 = log;, 1033 Write 1000+/10 as a power of 10.
=99 100010 = 10° x 10°5 = 10°%,

1 Convert from exponential form to logarithmic form.

a 102 =100 b 10* =200 ¢ 10* =0.05

2 Solve each of these equations, giving your answers correct to 3 significant figures.

a 10" =52 b 10* =250 ¢ 10 =048

3 Convert from logarithmic form to exponential form.

a log10000 =4 b logyx=12 ¢ logyx=-0.6

4 Solve each of these equations, giving your answers correct to 3 significant figures.

a 10g10 x =1.88 b loglo x =2.76 C 10g10 x=-14
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/) 5 Without using a calculator, find the value of:

a log, 100 b log, 0.0001 ¢ logo(10410)
Try the See the
100
d log 310 e logo(1003/10 f lo (—) power resource on
glo( ) glo( ) g0 ~/1000 the Underground
6 Given that the function f is defined as f : x — 10* —3 for x € R, find an Mathematics website.

expression for f~!(x).

@ 7 Given that p and ¢ are positive and that 4(log;, p)*> + 2(log;o ¢)* = 9, find the
greatest possible value of p.

2.2 Logarithms to base a

In the last section you learnt about logarithms to the base of 10.

The same principles can be applied to define logarithms in other bases.

If y=a"* then x = log, y

log,a =1 log,1 =0

log, a* = x alogy = x

The conditions for log, x to be defined are:

@ a>0and a=#1
e x>0

We say that y = a* & x = log, ».

WORKED EXAMPLE 2.4

Convert 5° = 125 to logarithmic form.

Answer

Method 1

5 =125

Step 1: Identify the base and index — base =5, index =3

Step 2: Start to write in log form — 3=logs? In log form the index is
. always on its own and

Step 3: Complete the log form — 3 =logs125 the base goes at the

53 =125 & 3 =logs 125 base of the logarithm.

Method 2

5 =125
logs 5° = logs 125 Take logs to base 5 of both sides.
3 = logs 125 Use logs5* = x.
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WORKED EXAMPLE 2.5

Convert logz x = 2.5 to exponential form.

Answer
Method 1
logz x = 2.5
Step 1: Identify the base and index — base = 3, index = 2.5
Step 2: Start to write in exponential form — > 3% =7 Q
Step 3: Complete the exponential form —> 325 = x
55 In log form the index is
logyx =25 3 =x

always on its own.

Method 2
logz x = 2.5 Write each side as an exponent of 3.
310g1 x =325 Use 310g3 R

x = 3%

WORKED EXAMPLE 2.6

Find the value of:
a logy16 b log3%
Answer
a log, 16 = log, 2* Write 16 as a power of 2, 16 = 2%,
=4
1 o .1 1 o
b logs 3= logs 3 Write 5 as a power of 3, 3= 3
=-2
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WORKED EXAMPLE 2.7

3
Simplify logx( ﬂj .
X

Answer

U - 3
10%\[ ol log\,( X ) Write ﬂ as a power of x.
- X

1 Convert from exponential form to logarithmic form.

1 1
2:2 2421 =S 1 2—10:_
a > 5 b 6 c 3 3 d 024
e 8 =15 f xV=6 g a’"=c h x¥ =7
2  Convert from logarithmic form to exponential form.
a log,8=3 b log;81=4 ¢ loggl=0 d 10g164:%
e 10g32=% f log,y=4 g log,1=0 h log,5=y
3 Solve.
a logy,x=3 b logzx=2 ¢ loggx=0 d log,49 =2
4 Solve.
a logz(x+5)=2 b log,(3x-1)=5 ¢ log,(7-2x)=0
5 Find the value of:
a logy27 b logs36 ¢ log,2 d log,0.125
1 NG ¥7Y
e log{E) f log5(5J§) g log{Tj h log{T)
6 Simplify.
a log,x3 b log,Jx c logx( x2\/§) d log, L4
X
1Y e X x2 }
e IOg«‘(Fj f logX( X ) g IOgX(ﬁ) h log(([ﬁ)

7 Given that the function fis defined as f: x — 1+ logy,(x —3) forx e R, x > 3,
find an expression for f~!(x).

Solve.
a log,(logs x) =-1

b logs23>" = x?
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O - (om20) (ogd (omd (o) (los)

Without using a calculator, arrange these logarithms in ascending order. Try the Logarithm
Add some more logarithms of your own in the correct position in your ordered list. lattice resource on
the Underground

Mathematics website.

EXPLORE 2.2

1 Prya and Hamish are asked what they think log;q12 + log;y 4 simplifies to.

Prya says that: logip 12 +10g1p 4 =log.o(12 + 4) =logp 16
Hamish says that: log,, 12 +logp 4 =log0(12 X 4) =log,, 4&

Use a calculator to see who is correct and check that their rule works for other
pairs of numbers.

2 Can you predict what log;q12 — log;p4 simplifies to?

Use a calculator to check that you have predicted correctly and check for other
pairs of numbers.

2.3 The laws of logarithms

If x and y are both positive and ¢ >0 and « # 1, then the following laws of logarithms can
be used.

Multiplication law Division law Power law
log,(xy) = log, x +log, y log, [ i) = log, x —log, y log,(x)" = m log, x
Proofs:
Multiplication law Division law Power law
log,(xy) x log,(x)™
= loga(a 02, X % %% y) — loga( (alog“ X)m )
_ log, x +log, y log, x
= log,(a ) _ loga( alog . ) = log, (a™ 108 *)
= IOgax+10gay a = mlogax

— IOga(GIOg" x - log, y)

= log, x —log, y

Using the power law, loga(l) =log, x7!
X

= —log, x
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Another useful rule to remember:

loga(l) = —log, x
x

WORKED EXAMPLE 2.8

Use the laws of logarithms to simplify these expressions.
a log,3+1log,5 b log;8—logy4 ¢ 2logs2+logs3
Answer
a log,3+1log,5 b log;8—logs4 ¢ 2logs2+logs3
= log,(3x5) =10g3(§j = logs 2% + logs 3
= log, 15 4 = logs(4 % 3)
= log; 2 =logs12

WORKED EXAMPLE 2.9

Given that logy p = x and log, ¢ = y, express in terms of x and/or y
5 2 64
a log, p° —logsq b logs/p +5logs3q c logy — |.
P
Answer
5 5 64
a logy p° —logsq” b log,/p +5logs3q ¢ logy ?
=5logy p—2logsq 1 5
© = —logy p + = log, - 3 _
—5x -2y 7 0g4 p 3 08449 log,4° —logy p
1 5 =3-x
=—Xx+=y
2 3°

1 Write as a single logarithm.
a log,7+log,11 b logs20 —logs4 ¢ 3logs2 —logs4
d 2log;8—5log;2 e 1+2log3 f 2-logy2

2 Write as a single logarithm, then simplify your answer.

a log,40 —1log,5 b logs20 + loge 5 ¢ log, 60 —1log,5

Copyright Material - Review Only - Not for Redistribution



Chapter 2: Logarithmic and exponential functions

3 Simplify.
a 3log52+%10g536—10g512 b %log38+%log318—1
. . logs 8
4 Express 8 and 0.25 as powers of 2 and hence simplify ———.
logs 0.25
5 Simplify.
log, 27 b log; 128 c log; 25 logs 1000
log, 3 logs 16 log; 0.04 logs0.01

6 Given that logg y = logg(x — 2) — 2 logg x, express y in terms of x.
7 Given that logs(z — 1) — logsz z = 1+ 3 logs y, express z in terms of y.

8 Given that y = logs x, find in terms of y:

a x b logs(25x) C logs(%) d log,125
9 Given that x = logy p and y = log, ¢, express in terms of x and/or y:

a logy(64p) b 10g4(§)

< g d logy p* —logs(4q)

10 Given that log, x = 7 and log, y = 4, find the value of:

X Jx Y
a log,| = b log,| Y5 c log,(x*y d lo a(—)
g [yj g ( 7 j g (¥*Vy) S| 3%
@ u
—log, 5 log; 2 — log, 5

2log, 5 — 3 log; 2 WEB LINK

Try the Summing to

The number in the rectangle on the side of the triangle is the sum of the numbers one and the Factorial

at the adjacent vertices. Jragments resources
on the Underground

For example, x + y = — log, 5. Mathematics website.

Find the value of x, the value of y and the value of z.

2.4 Solving logarithmic equations

We have already learnt how to solve simple logarithmic equations. In this section we will
learn how to solve more complicated equations.

Since log, x only exists for x >0 and for ¢ >0 and « # 1, it is essential when solving
equations involving logs that all roots are checked in the original equation.
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WORKED EXAMPLE 2.10

Solve:
a 2logg(x+2)=logg(2x+19) b 4log,2-log,4=2
Answer
a 2logg(x+2)=1logg(2x+19) Use the power law.
logs(x +2)* = logg(2x +19) Use equality of logarithms.
(x+2)2 =2x+19 Expand brackets.

X2 +4x+4=2x+19
x2+2x-15=0
(x=3)(x+5)=0

x=3o0orx=-5
Check when x = 3: 2logg(x +2) = 2logg 5 = logg 25 is defined
logg(2x +19) = logg 25 is defined.
So x = 3 is a solution, since both sides of the equation are defined and equivalent in value.
Check when x = =5: 2logg(x + 2) = 2logg(—3) is not defined.

So x = =5 is not a solution of the original equation.

Hence, the solutionis x = 3

b 4log,2-log,4=2 Use the power law.
log, 2% —log, 2> =2 Use the division law.
log, 242 =7
log, 2% =2
log,4=2 Convert to exponential form.
x> =4
x=12
Since logarithms only exist for positive bases, x = —2 is not a solution.
Check when x = 2: 4log,2 —log, 4 =4—-21log,2
=4-2
=2

So x = 2 satisfies the original equation.

Hence, the solutionis x = 2
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1 Solve.
a logsx+logs3 =logs30 b log;4x —log;2 =log;7
¢ logy(2-x)+1og,9=21log,8 d logjo(x —4) =2logyy 5+ log, 2
2 Solve.
a logip(2x+9)—-logy5=1 b log;2x—logy(x—-1)=2
¢ logy(5-2x)=3+logy(x+1) d logs(2x—3)+2logs2 =1+ logs(3 —2x)
3 Solve.
a log, x +logy(x —1) =log, 20 b logs(x —2)+logs(x —5) = logs4x
¢ 2logzx—logz(x—2)=2 d 3+2log, x =1log,(3-10x)
4 Solve.
a log,40-1log,5=1 b log,36+1log,4=2
¢ log,25-21log,3=2 d 2log,32=3+2log, 4
5 Solve.
a (logx)>-8log, x+15=0 b (logy x)> —log;p(x?) =3
¢ (logsx)* +logs(x*) =10 d 4(log, x)*> =2 logy(x?) =3

@ 6 Solve the simultaneous equations.

a xy=281 b 4% =2
log,y=3 3logig y = logjy x + logyo 2
¢ logy(x—y)=2logyx d logjpx =2logy
logs(x+y+9)=0 log;o(2x —17y) =2

~

@ 7 Given that log;o(x?y) = 4 and loglo(x—j = 18, find the value of log;; x and of log y.

<
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2.5 Solving exponential equations

At IGCSE / O Level you learnt how to solve exponential equations whose terms could
be converted to the same base. In this section you will learn how to solve exponential
equations whose terms cannot be converted to the same base.

WORKED EXAMPLE 2.11

Solve, giving your answers correct to 3 significant figures.

a 52+l —7 b 32 — 4¥+5
Answer
a 52+ =7 Take logs to base 10 of both sides.
log 5>**! = log7 Use the power rule.
2x+1)log5 =1log7 Expand the brackets.
2xlog5 + log5 = log7 Rearrange to find x.

~_log7—1log5
- 2log5

x = 0.105 to 3 significant figures.

b 32% = 43+ Take logs to base 10 of both sides.
log3** = log4** Use the power rule.
2xlog3 = (x+5)log4 Expand the brackets.
2xlog3 = xlog4 + Slog4 Collect x terms on one side.
x(2log3 —log4) = Slog4 Divide both sides by (2log3 — log4).
Slog4

a 2log3 —log4

x = 8.55 to 3significant figures.

WORKED EXAMPLE 2.12

Solve the equation 2(3?%) + 7(3%) = 15, giving your answers correct to 3 significant figures.

Answer
23*)+7(3%)-15=0 Use the substitution y = 3*.
2y2+7y-15=0 Factorise.

Qy-3)y+5=0
y=15o0ory=-5

When y =1.5
3¥=1.5 Take logs of both sides.
xlog3 =logl.5
v=10815 360
log3
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When y = -5

3¥=-5 There are no solutions to this equation since 3*
is always positive.

Hence, the solution is x = 0.369 to 3 significant figures.

1 Solve, giving your answers correct to 3 significant figures.
a 5°=18 b 2¥=35 c 3¥¥=38 d 2% =25
e 32%5 — 20 f o3 =g+l g 5 = 74 h  41-3r — 3x-2
P2 =205%) | 4 =703 k 2% =3(5") L 52%7)=4(3"")
2 a Showthat 2¥*! + 6(2¥7!) = 12 canbe writtenas 2(2%) + 3(2%) = 12.

b Hence solve the equation 2**' + 6(2*~") = 12, giving your answer correct to
3 significant figures.

3 Solve, giving your answers correct to 3 significant figures.
a 2x+2 + 0% = 22 b 3x+1 — 3x—1 + 32 c 2x+1 + 5(2x—1) — 24
d 5%+5 =5 e =4 -4 f 3 -237%)=5

4 Use the substitution y = 2% to solve the equation 2>* + 32 = 12(2%).

5 Solve, giving your answers correct to 3 significant figures.
a 5-55%+6=0 b 22" +5=6x2"
c ¥ =6x3"+7 d 4% +27 =12(4%)
6 Use the substitution u = 2* to solve the equation 2%* — 5(2**1) + 24 = 0.
7 Solve, giving your answers correct to 3 significant figures.
a 22¥-2v1_35=90 b 3% 3% =10
c 25" -5 =16 d 42 =17(4%)-15
8 Solve, giving your answers correct to 3 significant figures.
a 4°+2-12=0 b 316%)-10(4)+3=0
c 4 +15=42"") d 2(9%)=3"+27
9 Foreach of the following equations find the value of X correct to 3significant figures.
a =7 b 7 =(27) g c 42 =3
10 Solve the equation x>° = 20x'?°, giving your answers in exact form.

11 Solve, giving your answers correct to 3 significant figures.
a |4 -8|=2 b [2(3*)-4|=8
c 3f2v-s5|=2¢ |3% +4| =]3* -9
e |52%)+3| =52 -10] |22 +1] =|2* +12]
g 32|-“|=6(3|x|)+16

> = o

41| =5(2|x|)+14
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@ 12 Given that 2%*! x 327 = 8% x 3%2* find the value of:
a 6" b x

Try the To log or not
to log? resource on
the Underground
Mathematics website.

@ 13 Solve the equation 8(8*! — 1) = 7(4* — 2¥*1).

2.6 Solving exponential inequalities

To solve inequalities such as 2* >3 we take the logarithm of both sides of the inequality.
We can take logarithms to any base but care must be taken with the inequality symbol
when doing so.

e If the base of the logarithm is greater than 1 then the inequality symbol remains the same.

e If the base of the logarithm is between 0 and 1 then the inequality symbol must be
reversed.

This is because y = log, x is an increasing function if ¢ >1 and it is a decreasing
function when 0 <a <1.

Hence, when taking logarithms to base 10 of both sides of an inequality the inequality
symbol is unchanged.

It is also important to remember that if we divide both sides of an inequality by a negative
number then the inequality symbol must be reversed.

n WORKED EXAMPLE 2.13

Solve the inequality 0.6 < 0.7, giving your answer in terms of base 10 logarithms.
Answer
0.6 <0.7 Take logs to base 10 of both sides, inequality
symbol is unchanged.
log 0.6 <log 0.7 Use the power rule for logs.
x log 0.6 <log 0.7 Divide both sides by log;, 0.6.
log 0.7 . . . . .
x> log 0.6 is negative so the inequality symbol is
log 0.6
reversed.
x > 0.698 (correct to 3 significant figures)
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WORKED EXAMPLE 2.14

Solve the inequality 4 x 3%*~! > 5, giving your answer in terms of base 10 logarithms.

Answer
4x 3> 1>5 Divide both sides by 4.
32l > % Take logs to base 10 of both sides and use the
5 power rule.
(2x - 1) log3 > lOgZ Expand brackets.
(210g3) x —log3> log% Rearrange.
5
log 1 + log3
x> — implify.
X 2log3 Simplify.
15
log
x> 4
log9

1 Solve the inequalities, giving your answer in terms of base 10 logarithms.

a 2¥<5 b 5=7 C (%) >3 d 0.8*<0.3

2 Solve the inequalities, giving your answer in terms of base 10 logarithms.

3—x
a 8<10 b 3%%>20 c 2x5<3 d 7><(§] >4

6
3 Solve 5% >2¥ giving your answer in terms of logarithms. 15
log( — )
2

You are given that log;y4 = 0.60206 correct to 5 decimal places and that
100206 <2,

0 4 Prove that the solution to the inequality 3> x 2!73¥ =5 is x =

Vallee

ul

In this question you are not allowed to use a calculator.

a Find the number of digits in the number 4!%,

b Find the first digit in the number 4!%.
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2.7 Natural logarithms

There is another type of logarithm to a special base called e.
The number e is an irrational number and e = 2.718.

The function y = e* is called the natural exponential function.
Logarithms to the base of e are called natural logarithms.

In x is used to represent log, x.

If y=e* then x=Iny

y "
A y =" P
/
/
/
Sy=x
/
/
/
7
/1 ,/ y=In x
/ x
/,O !
/
/

The curve y = Inx is the reflection of y = e* in the line y = x.
y=Inx and y=e¢" areinverse functions.
All the rules of logarithms that we have learnt so far also apply for natural logarithms.

We say that y = e* < x = log, y.

0 DID YOU KNOW?

The Scottish mathematician John Napier (1550—1617) is credited with
the discovery of logarithms. His original studies involved logarithms to

the base of l
e

The number e is also known as Euler’s number. It is named after Leonhard Euler (1707-1783), who
devised the following formula for calculating the value of e:
1 1 1 1 1

e=1+-+ + + + +...
I 1x2 1x2x3 1x2x3x4 1x2x3x4x5
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important number in
Mathematics as it has
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in Chapters 4 and 5.
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1 Use a calculator to evaluate correct to 3 significant figures:

a ¢ b 27 c 8 d e

2 Use a calculator to evaluate correct to 3 significant figures:

a In3 b Inl4 c In0.9 d In0.15

3 Without using a calculator, find the value of:
1 1

a eh? b eElng c Seh¢ d eilni
4 Solve.
a " =5 b Ine* =15 c =64 d e =3

5 Solve, giving your answers correct to 3 significant figures.

a e =18 b e* =25 c etl=38 d 3 =16

6 Solve, giving your answers in terms of natural logarithms.

a e =13 b ¥ =7 S d 2™ =4
7 Solve, giving your answers in terms of natural logarithms.

a e*>10 b e*2<35 ¢ Sxer«l
8 Solve, giving your answers correct to 3 significant figures.

a Inx=35 b Inx=-4 c In(x-2)=6 d InQ2x+1)=-2
9 Solve, giving your answers correct to 3 significant figures.

a In3-x?)=2Inx b 2In(x+2)-Inx =In2x-1)

¢ 2In(x+1)=In(2x+3) d In2x+1)=2Ilnx+In5

e In(x+2)-Inx=1 f InQ+x*)=1+2Inx

10 Express y in terms of x for each of these equations.

a 2ln(y+D)-Iny=In(x+y) b In(y+2)-lny=1+2Inx

11 Solve, giving your answers in exact form.
a e +2e"-15=0 b e -5 +6=0

c 6e>-13e*-5=0 d e -2le*=4
12 Given that the function fis defined as f : x > 5¢* +2 for x € R, find an expression for f~!(x).

13 Solve 2In(3 —e?¥) = 1, giving your answer correct to 3 significant figures.

® 60

14 Solve the simultaneous equations, giving your answers in exact form.

a 2lnx+Ilny=1+In5 b &34 = 2e2¥Y
Inl0x—Iny=2+1n2 e2X+y — geX+by

@ 15 Solve In(2x +1) <In(x + 4).
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2.8 Transforming a relationship to linear form

When we collect experimental data for two variables we often wish to find a
mathematical relationship connecting the variables. When the data plots on a graph lie
on a straight line the relationship can be easily found using the equation y = mx + ¢,
where m is the gradient and c is the y-intercept. It is more common, however, for the
data plots to lie on a curve.

Logarithms can be used to convert some curves into straight lines.

This is the case for relationships of the form y = kx" and y = k(a*) where k, a and n are
constants.

Logarithms to any base can be used but it is more usual to use those that are most commonly
available on calculators, which are natural logarithms or logarithms to the base 10.

WORKED EXAMPLE 2.15

Convert y = ae”, where a and b are constants, into the form Y = mX + c.

Answer

y = ([C/)'\'

Taking natural logarithms of both sides gives:
Iny = In(ae?)
Iny =1Ina+Ine”
Iny =Ina+ bx

Iny =bx+Ina

Now compare Iny = bx +Ina with ¥ = mX + ¢:

:/7+lna
Tttt 1

Y =m X + ¢

bx

The non-linear equation y = ae” becomes the linear equation:

Y =mX +c¢,where Y =Ilny, X =x, m=>b and ¢ = Ina

It is important to note:

® The variables X and Y in Y = mX + ¢ must contain only the original variables x and y.
(They must not contain the unknown constants ¢ and b.)

e The constants m and ¢ must contain only the original unknown constants ¢ and b. (They
must not contain the variables x and y.)

The variables x and y satisfy the equation y = a (e‘bxz), where a and b are Iny A

constants. The graph of Iny against x? is a straight line passing through the (055, 0.84

points (0.55, 0.84) and (1.72, 0.26) as shown in the diagram. 25089 026

Find the value of @ and the value of b correct to 2 decimal places. (172020
5
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Answer

y=axeh

Taking natural logarithms of both sides gives:
Iny = In(a x ™)
Iny =1Ina+Ine?
Iny =Ina - bx?

Iny=-bx? +1na

Now compare Iny = —b x*> + Ina with ¥ = mX + c:
= -b(x?) + Ina
B P

Y =m X + ¢

Gradient = m = 0.26-0.84 = -0.4957 ...
1.72 -0.55 DID YOU KNOW?

= b =0.50 to 2 decimal places When one variahle on
Using Y =mX +c¢, X =0.55, Y =0.84 and m = -0.4957 ... a graph is a log but the
0.84 = —0.4957 ... x 0.55+ ¢ other variable is not a
c=1.1126... log, it is called a semi-
~na=1.1126... log graph. When both
q = el1126... variables on a graph

) are logs, it is called a
Hence a = 3.04 and b = 0.50 to 2 decimal places. loglog graph.

WORKED EXAMPLE 2.17
5 10 20 40 80
2593 | 1596 | 983 | 605 372

The table shows experimental values of the variables x and y.

a By plotting a suitable straight-line graph, show that x and y are related by the equation y = k X x”", where
k and n are constants.

b Use your graph to estimate the value of k£ and the value of n.

Answer

a y=kxx" Take natural logarithms of both sides.
- N
Iny = In(k > x7) Use the multiplication law.

Iny =Ink +Inx"

Iny=nlnx+Ink Use the power law.
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Now compare Iny = nlnx + Ink with ¥ = mX + ¢:
Iny))=n(nx)+Ink

Tt 1

Y =m X+ ¢

Hence the graph of Iny against Inx needs to be drawn where:
e gradient=n

e intercept on vertical axis = Ink

Table of values is

1.61 | 2.30 | 3.00 | 3.69 | 4.38
7.86 | 7.38 | 6.89 [ 6.41 | 5.92

Iny
10 7

T > Inx

The points form an approximate straight line, so x and y are related by the
equation y = k x x".

5.92 -7.86
438 -1.61
In k& = intercept on vertical axis

b n = gradient = =~ —(.70 to 2 significant figures.

Ink=9
k =¢°
k = 8100 to 2 significant figures.

The distributions of a diverse range of natural and man-made
phenomena approximately follow the power law y = ax”. These
include the size of craters on the moon, avalanches, species
extinction, body mass, income and populations of cities.
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1 Given that ¢ and b are constants, use logarithms to change each of these non-linear equations into the form
Y = mX + c. State what the variables X and Y and the constants m and ¢ represent. (Note: there might be
more than one method to do this.)

a y=e&t b y=102" c y=a(x") d y=ab)
Ge a=e" f x? =38 g xa’=b h  y=a(e™)
2 The variables x and y satisfy the equation y = a X x", where ¢ and n are Iny

constants. The graph of Iny against Inx is a straight line passing through A

the points (0.31, 4.02) and (1.83, 3.22) as shown in the diagram. Find the value

0.31, 4.02
of a and the value of n correct to 2 significant figures. \(\)£S3 3.22)

> Inx

3 The variables x and y satisfy the equation y = k x ¢"*~2), where k and n
are constants. The graph of Iny against x is a straight line passing through
the points (1, 1.84) and (7, 4.33) as shown in the diagram. Find the value of k (7,4.33)
and the value of n correct to 2 significant figures.

(1, 1.84)

A 4

o

4 Variables x and y are related so that, when log, y is plotted on the vertical axis and x is plotted on the
horizontal axis, a straight-line graph passing through the points (2, 5) and (6, 11) is obtained.

a Expresslog;, y in terms of x.

b Express y in terms of x, giving your answer in the form y = a x 10°*.

5 Variables x and y are related so that, when Iny is plotted on the vertical axis and Inx is plotted on the
horizontal axis, a straight-line graph passing through the points (2, 4) and (5, 13) is obtained.

a Express Iny interms of x.

b Express y in terms of x.

6 The variables x and y satisfy the equation 5?7 = 3>**! By taking natural logarithms, show that the graph
of Iny against Inx is a straight line, and find the exact value of the gradient of this line and state the
coordinates of the point at which the line cuts the y-axis.

7 The mass, m grams, of a radioactive substance is given by the formula m = mye ", where ¢ is the time in days
after the mass was first recorded and m, and k are constants.

The table below shows experimental values of ¢ and m.

10 20 30 40 50
409 | 33.5 | 274 | 225 | 184

a Draw the graph of In m against 7.
b Use your graph to estimate the value of my and k.

¢ The half-life of a radioactive substance is the time it takes to decay to half of its original mass. Find the
half-life of this radioactive substance.
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8 The temperature, 7 °C, of a hot drink, # minutes after it is made, can be modelled by the equation
T =25+ ke ™™, where k and n are constants. The table below shows experimental values of r and T'.

2 4 6 8 10
63.3 | 57.7 | 52.8 | 48.7 | 45.2

a Convert the equation to a form suitable for drawing a straight-line graph.

b Draw the straight-line graph and use it to estimate the value of k and n.
c¢ Estimate:

i  theinitial temperature of the drink

ii the time taken for the temperature to reach 28 °C

iii the room temperature.
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Checklist of learning and understanding

The rules of logarithms
® If y=a" then x=log, y.

log,a =1, log,1=0, log,a* = x, g% = x

Product rule: log,(xy) = log, x + log, y

Division rule: log, [ )_Y)J =log, x —log, y

Power rule:  log,(x)” = mlog, x

Special case of power rule: log, ( %) = —log, x
Natural logarithms
Logarithms to the base of e are called natural logarithms.
e=2718
In x is used to represent log, x.
If y=e* then x =1Iny.
All the rules of logarithms apply for natural logarithms.

Transforming a relationship to linear form

® Logarithms can be used to convert relationships of the form y = kx” and y = k(a*), where
k, a and n are constants, into straight lines of the form ¥ = mX + ¢, where X and Y are

functions of x and of y.
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END-OF-CHAPTER REVIEW EXERCISE 2

H W N

® 10

Solve the inequality 2* > 7, giving your answer in terms of logarithms. 2]
Given that Inp = 2Ing — In(3+ ¢) and that ¢ > 0, express p in terms of ¢ not involving logarithms. [3]
Solve the inequality 3 x 23¥*2 < 8, giving your answer in terms of logarithms. [4]

Use logarithms to solve the equation
5.\'+3 — 7x—1
giving the answer correct to 3 significant figures. [4]
Cambridge International AS & A Level Mathematics 9709 Paper 21 Q1 November 2015

Solve the equation 6(4*) —11(2¥) + 4 = 0, giving your answers for x in terms of logarithms where appropriate.

51

Solve the equation In(5x +4) = 2Inx + In6. [5]
Iny
A
(6, 10.2)
(0,2.0) R
0 Inx

The variables x and y satisfy the equation y = Kx”, where K and m are constants. The graph of In y against
In x is a straight line passing through the points (0, 2.0) and (6, 10.2), as shown in the diagram. Find the values
of K and m, correct to 2 decimal places. I5]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q3 June 2011

i Given that y = 2%, show that the equation

2*+327) =4
can be written in the form
12 —4y+3=0. 31
i Hence solve the equation
2¥ +3(27%) =4,
giving the values of x correct to 3 significant figures where appropriate. [3]
Cambridge International AS & A Level Mathematics 9709 Paper 21 Q5 June 2010
Given that (1.2)* = 6%, use logarithms to find the value of % correct to 3 significant figures. [3]
The polynomial f(x) is defined by
f(x) = 12x3 + 25x% — 4x — 12.
i  Show that f(-2) = 0 and factorise f(x) completely. 4]

ii  Given that 12 x 277 +25 x 97 —4 x 37 —12 = 0, state the value of 3’ and hence find y correct to 3
significant figures. [3]

Cambridge International A Level Mathematics 9709 Paper 31 Q4 June 2011
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@

11

12

13

14

15

Solve the equation | 4 -2~ | = 10, giving your answer correct to 3 significant figures. [3]
Cambridge International A Level Mathematics 9709 Paper 31 Q1 June 2012

Use logarithms to solve the equation e* = 3¥72, giving your answer correct to 3 decimal places. [3]
Cambridge International A Level Mathematics 9709 Paper 31 Q1 November 2014

Using the substitution u = 3%, solve the equation 3* + 3> = 33* giving your answer correct to 3 significant
figures. 151

Cambridge International A Level Mathematics 9709 Paper 31 Q2 November 2015
The variables x and y satisfy the equation 57 = 324,

a By taking natural logarithms, show that the graph of y against x is a straight line and find the exact value

of the gradient of this line. [3]
b This line intersects the x-axis at P and the y-axis at Q. Find the exact coordinates

of the midpoint of PQ. [3]

Iny 4

(3.1,2.1)
(2.3,1.7)
>» X
o

The variables x and y satisfy the equation y = K(b*), where K and b are constants. The graph of In y against
x is a straight line passing through the points (2.3,1.7) and (3.1, 2.1), as shown in the diagram. Find the values
of K and b, correct to 2 decimal places. [6]
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Trigonometry

In this chapter you will learn how to:

m understand the relationship of the secant, cosecant and cotangent functions to cosine, sine
and tangent, and use properties and graphs of all six trigonometric functions for angles of any

magnitude

use trigonometrical identities for the simplification and exact evaluation of expressions and in
the course of solving equations, and select an identity or identities appropriate to the context,

showing familiarity in particular with the use of:
® sec’6=1+tan’6 and cosec’6 =1+ cot’> 6
the expansion of sin(A4 = B), cos(A = B) and tan(4 £ B)

(]
® the formulae for sin2A4, cos2A4 and tan2A
o

the expression of asinf + b cosO in the forms Rsin(6 £ ) and Rcos(6 £ ).




Chapter 3: Trigonometry

PREREQUISITE KNOWLEDGE

Where it comes from What you should be able to do Check your skills
Pure Mathematics 1 Sketch graphs of the sine, cosine and 1 Sketch the graphs of these functions
Coursebook, Chapter 5 | tangent functions. for 0° < x < 360°.
a y=2sinx+1
b y=tan(x-90°)
¢ y=cos(2x +90°)
Pure Mathematics 1 Find exact values of the sine, cosine and 2 Find the exact values of:
Coursebook, Chapter 5 | tangent of 30°, 45° and 60° and related a sin120°
angles. b cos225°
c tanl150°
Pure Mathematics 1 Solve trigonometric equations using 3 Solve for 0° < x < 360°.
Coursebook, Chapter 5 the identities tan 6 = sin@ and a  5sinx = 3cosx
. cos@ ) .
sin2 0 + cos? 6 =1. b 2cos*x—sinx =1

Why do we study trigonometry?

In addition to the three main trigonometrical functions (sine, cosine and tangent) there
are three more commonly used trigonometrical functions (cosecant, secant and cotangent)
that we will learn about. These are sometimes referred to as the reciprocal trigonometrical
functions.

CIIIIN

This chapter builds on
the work we covered in
the Pure Mathematics 1
Coursebook, Chapter 5.

We will also learn about the compound angle formulae, which form a basis for numerous
important mathematical techniques. These techniques include solving equations, deriving
further trigonometric identities, the addition of different sine and cosine functions and

deriving rules for differentiating and integrating trigonometric functions, which we will Explore the
cover later in this book. Trigonometry:
Compound angles
As you know, scientists and engineers represent oscillations and waves using trigonometric station on the
functions. These functions also have further uses in navigation, engineering and physics. Underground

Mathematics website.

3.1 The cosecant, secant and cotangent ratios

There are a total of six trigonometric ratios. You have already learnt about the ratios sine,
cosine and tangent. In this section you will learn about the other three ratios, which are
cosecant (cosec), secant (sec) and cotangent (cot).

The three reciprocal trigonometric ratios are defined as:

cosec O = . secH =

sin 0

cos@

Consider the right-angled triangle:

sing =2 cosf =2 tang = £ L
r r X Y
cosec@zi sec@zl cot6'=ﬁ 0
y X y X
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The following identities can be found from this triangle:

x> +y? =0 Divide both sides by x2.
2 2 : .
1+(1) =(1j Use £ =tan@ and L =sec#.
X X X X

1+tan? 6 = sec? 6

Xayr=r Divide both sides by »2.
2 2 ‘ ‘
(E) +1:(1j Use = =cotf and - = cosec.
y Y y y

cot?6 + 1 = cosec? 6

We will need these important identities to solve trigonometric equations later in this section.

1+tan® 6 = sec? 0

cot? 0 + 1 = cosec? 6

The graphs of y = sin@ and y = cosec@

y = cosec 6

¥

T T
j 90 180 270 360 90 180 270 360

The function y = cosec8 is the reciprocal of the function y =sin6.

The function y =sin@ iszero when 8 = 0°, 180°, 360°, ..., this means that y = cosec
is not defined at each of these points because % is not defined. Hence vertical asymptotes

need to be drawn at each of these points.
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The graphs of y = cosf and y =secf
We can find the graph of y =sec@ in a similar way from the graph of y = cosé.

YA

y =secl

IA

T T T : 0 T T :
90 180 270 360 0 90 180 270 360 0
11 11

The graphs of y = tan@ and y = cot@
We can find the graph of y = cot8 from the graph of y = tan®.

YA YA

y=tan® y=cotf

Y

90 180 270 360 6 90 180 270 360

WORKED EXAMPLE 3.1

Find the exact value of cosec 240°.

Answer

cosec240° = — 1 A
sin 240° S A

60/ o
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WORKED EXAMPLE 3.2

Solve sec?x —tanx—3=0 for 0° < x < 360°.

Answer
seclx—tanx—-3=0 Use 1+ tan® x = sec? x.
tan’x —tanx -2 =0 Factorise.

(tanx —2)(tanx +1) =0

tanx = 2 or tanx = -1

tanx =2 = x = 63.4°(calculator) = =======d 2
or x = 63.4°+180° = 243.4°
tanx = -1 = x = —45° (not in required range) 45
or x = —45° +180° = 135° 90 A
or x = 135°+180° = 315° -
-2 4
The values of x are 63.4°,135°, 243.4°, 315°.
-3
n 1 Find the exact values of:
a sec60° b cosec45° c cotl20° d sec300°
e cosecl35° f cot330° g secl50° h cot(=30°).
2 Find the exact values of:
a cosecr b cotX ¢ sect d cotz—TE
6 3 4 3
Sn i ar T
e sec— f cosec— g cot— h sec|—— |.
6 4 3 6
3 Solve each equation for 0° < x < 360°.
a secx=3 b cotx=0.8 c cosecx =-3 d 3secx—-4=0
4 Solve each equation for 0 < x <2m.
a cosecx =2 b secx=-1 c cotx=2 d 2cotx+5=0
5 Solve each equation for 0° < x < 180°.
a cosec2x=1.2 b sec2x=4 c cot2x=1 d 2sec2x=3
6 Solve each equation for the given domains.
a cosec(x —30°) =2 for 0°=< x =< 360° b sec(2x+60°) =-1.5 for 0°< x <180°
o cot(x+g) =2 for0=sx<2n d 2cosec(2x—-1)=3 for —n<sx<mn
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7 Solve each equation for —180° < x < 180°.
a cosec’x =4 b sec’x=9 ¢ 9cotlLx=4

d secx =cosx e COSecX =Ssecx f 2tanx = 3cosecx

8 Solve each equation for 0° < 0 < 360°.

a 2tan?0—1=sech b 3cosec’0=13-cotb
¢ 2cot?’6 —cosech =13 d cosecO+cotf =2sinf
e tan?0+3sech =0 f 3 sec?6=cosechd

9 Solve each equation for 0° =<6 <180°.
a secH=3cosf—tanb b 2sec?20 =3tan20+1

c sec*0+2=6tan’0 d 2cot?20+7cosec20 =2

10 Solve each equation for 0 <0 < 2m.

a tan’0+3secO+3=0 b 3cot’6+5cosecH+1=0
11 a Sketch each of the following functions for the interval 0 < x < 2.

i y=l+secx ii  y=cot2x iii y=ZCOS€C(x—§]

iv y=1-secx v y=1+cosec%x vi y:sec(2x+%j

b Write down the equation of each of the asymptotes for your graph for part a vi.

0 12 Prove each of these identities.
a sinx+ cosXx cotx = cosecx b cosecx —sinx = cosx cotx

C  secx cosecx —cotx =tanx d (1+secx)(cosecx —cotx)=tanx

0 13 Prove each of these identities.

1 .

—  =sinxcosx b sec?x+secxtanx = .
tanx + cot x 1—sinx
1 - cos? x . 1+ tan®x

C z—El—sm X d ————— =secxcosecx
sec”x — 1 tan x

sin x 1+ sinx 2

————— =cosecx f %E(tanx+secx)
1-cos” x 1 -sinx

g L 1 cosec?x h 6% 4 Y o ogecx
l1+cosx 1-cosx l+sinx 1-sinx

@ 14 Solve each equation for 0° <6 < 180°.

a 6sec’d—5sec?0—8secOH+3=0 b 2cot’0+3cosec?d—8cotd =0
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3.2 Compound angle formulae

EXPLORE 3.1

1 Sunita says that: sin(A+B)=sinA+sinB

Use a calculator with 4 = 20° and B = 50° to prove that Sunita is wrong.

2 The diagram shows APQR. R
RX is perpendicular to PQ. 4|8
ZA and ZB are acute angles. g 0 »
OR = p,PR =g and RX = h.
a Write down an expression for /2 in terms of: X—I 0

i gand 4 ii pand B

b Using the formula area of triangle = % absinC, we can write:

Area of AFQR = % pq sin(A+ B).

Find an expression in terms of p, ¢, A and B for the area of:
i APRX i AQRX
¢ Use your expressions for the areas of triangles POR, PRX and QRX to prove that:

n sin(A+B)=sinA cos B+cos AsinB

3 In the identity sin(A4+ B) = sin 4 cos B + cos 4 sin B, replace B by —B to show that:
sin(A=B)=sinAcosB—cos Asinb

4 In the identity sin(A4 — B) =sin 4 cos B — cos 4 sin B, replace A4 by (90° — 4) to show that:
cos(A+B)=cos Acos B—sinAsinb

5 In the identity cos(A+ B) = cos 4 cos B —sin A4 sin B, replace B by —B to show that:
cos(A—B)=cos AcosB+sinAsinB

sin(A+ B) sin(A — B)

6 By writing tan(4 + B) as m and tan(A4 — B) as m, show that:
tanA+tanB tan A—tanB
tar](A—i—B)zian - and tan(AfB)zian -
1—tanAtanB T+tanAtanb

@ KEY POINT 3.3

Summarising, the six compound angle formulae are:
sin(4+ B) =sin 4 cos B + cos A sin B
sin(4 — B) = sin A cos B — cos A4 sin B
cos(A+ B) = cos A cos B—sin A4 sin B
cos(A— B) =cos A cos B +sin A sin B
tan(A+ B) = tan 4 + tan B
1-tan A4 tan B

tan A —tan B

tan(4d—B)= ————
an( ) 1+tan 4 tan B
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WORKED EXAMPLE 3.3

Find the exact value of:

a sinl05° b cos42°cos12°+sin42°sin12°
Answer

a sinl105° = sin(60° + 45°)
= sin 60° cos45° + cos 60° sin45°

@(é)%é)(é)

b cos42° cos12°+sin42° sin12° Use cos(A4— B) =cos A cos B+ sin A4 sin B.
= cos(42° —12°)
= cos30°

V3
2

WORKED EXAMPLE 3.4

Given that sin 4 = % and cosB = %, where A4 is obtuse and B is acute, find the value of:

a sin(A4+ B) b cos(4-B) ¢ tan(4- B)
Answer
YA VA
A S A
s 5 13
4 12
4 B
m| \ > = >
3 o x ofs x
T C I C
sind =—, cosAz—g,tanAz—i sinB:E,cosB=i,tanB=E
5 5 3 5

a sin(A+ B)=sinA4 cos B+ cosAsinB

Hamn

T65
b cos(4A— B)=cosAcosB+sinAsinB

6

Copyright Material - Review Only - Not for Redistribution




Cambridge International AS & A Level Mathematics: Pure Mathematics 2 & 3

tan 4 —tan B
1 +tan 4 tan B

5)-(5)
+(-5)(5)

¢ tan(A- B) =

WORKED EXAMPLE 3.5

Solve the equation sin(60° — x) = 2sinx for 0° < x < 360°.
Answer
sin(60° — x) = 2sin x
sin 60° cos x — cos 60°sin x = 2sin x

3 1 . .
—— COosSX ——sinx = 2s8inx
2 2

J3cosx —sinx = 4sinx

J3cosx = Ssinx
J3

— =tanx
5

x =19.1° or

x =180°+19.1°

The values of x are 19.1° and 199.1°.

Expand sin(60° — x).

Use sin60° = g and cos60° = %
Multiply both sides by 2.

Add sin x to both sides.

Rearrange to find tan x.

1 Expand and simplify cos(x + 30°).

a sin20°cos70° + cos20°sin 70°

C €0825°c0s35° —sin25°sin 35°

tan 25° + tan 20°
1—tan25° tan20°

Without using a calculator, find the exact value of:

a sin75° b tan75°
T 197

e sin— f cos—
12 12

Without using a calculator, find the exact value of each of the following:

b sinl172°cos37° —cos172°sin37°

d c0s99°cos 69°+ sin 99°sin 69°
tan 82° — tan 52°

f
1+ tan82° tan 52°
¢ cosl05° d tan(-15°)
i . In
t—— h g
g co B sin P

Given that cosx = % and that 0° < x <90°, without using a calculator find the exact value of cos(x — 60°).
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Given that sin 4 = ? and sin B = %, where 4 and B are acute, show that sin(4+ B) = —.

Chapter 3: Trigonometry

63
65

Given that sin 4 = % and sinB = %, where A4 is obtuse and B is acute, find the value of:

a

sin(A+ B) b cos(4- B) ¢ tan(4+ B)

Given that cos 4 = —% and sinB =- lﬁ and that 4 and B lie in the same quadrant, find the value of:

a

sin(A+ B) b cos(4+ B) ¢ tan(4- B)

Given that tan 4 =¢ and that tan(4 — B) = 2, find tan B in terms of ¢.

If cos(A— B)=3cos(A4+ B), find the exact value of tan 4 tan B.

a

b

Given that 8+ cosec? 0 = 6cot 8, find the value of tan 6.

Hence find the exact value of tan(6 + 45°).

Given that x is acute and that 2sec? x + 7 tan x = 17, find the exact value of tan x.

Hence find the exact value of tan(225° — x).

Show that the equation sin(x + 30°) = Scos(x —60°) can be written in the form cot x = —/3.

Hence solve the equation sin(x + 30°) = 5cos(x —60°) for —180° < x < 180°.

Solve each equation for 0° =< x < 360°.

a

C

cos(x +30°) = 2sinx b cos(x—60°)=3cosx

sin(30° — x) = 4sinx d cos(x+30°) = 2sin(x + 60°)

Solve each equation for 0° =< x < 180°.

a

C

e

2tan(60° — x) = tan x b 2tan(45°-x)=3tanx
sin(x + 60°) = 2 cos(x + 45°) d sin(x —45°) =2cos(x + 60°)
tan(x + 45°) = 6tan x f  cos(x+225°) = 2sin(x — 60°)

Solve the equation tan(x —45°)+cotx =2 for 0° < x <180°.

Use the expansions of cos(5x + x) and cos(5x — x) to prove that cos6x + cos4x = 2cosSxcos x.

Given that sinx +siny = p and cosx + cos y = ¢, find an expression for cos(x — y), in terms of p and ¢.

3.3 Double angle formulae

We can use the compound angle formulae to derive three new identities.

Consider

If B=4,

Consider

If B=4,

sin(A+ B) =sin A cos B+ cos A sin B

sin(A+ A) =sin A cos A+ cos 4 sin A
. sin2A4 =2sin 4 cos 4

cos(A+ B) =cos AcosB—sinAsinB

cos(A+ A) =cos A cos A—sin A sin A

.. c0s2A = cos? A —sin® A4
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Consider tan(A4+ B) = fand+tanB
1-tan Atan B
If B=4, tan(A+A)EM
1—tan Atan 4

o tan2A4 = min;l

1-tan- A

These three formulae are known as the double angle formulae. We can use the identity
sin> A+ cos> 4 =1 to write the identity cos2A4 = cos> 4 —sin> A in two alternative
forms:

Using sin? 4 =1-cos?> A4 gives: cos2A4 =2cos> 4A—1
Using cos? 4=1-sin’> A4 gives: cos2A4 =1-2sin’ 4

Summarising, the double angle formulae are:

@ KEY POINT 3.4

sin2A = 2sin A cos A cos2A4 = cos®> A—sin> 4 tan24 = min;l
1—tan- A4

=2cos? A-1

=1-2sin* 4

WORKED EXAMPLE 3.6

Given that sinx = —% and that 180° < x < 270°, find the exact value of:

. X
a sin2x b cos2x C tanz
Answer
YA
S A
4 /\ R From the diagram:
. X . 4 3
-3 0 sinx =—=,cosx =—— and tanx = =
5 5 5 4
C

a sin2x =2sinxcosx
2
5 5 25

2 <0
b cos2x = cos” x —sin” x
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2tan
c tanx=—+“— Use 24 = x in the double angle formula.
1-tan2 >
2
3 2tan >
2o 2 Rearrange.
4= tan?
2
3tan’ X +8tanX —3=0 Factorise.
2 2
X X
3tan=—1 | tan=+3 |=0 Solve.
2 2
tan > = ! or tan> =-3
2 3 2
If 180° < x < 270°, then 90° < g <135°, which means
that % is in the second quadrant.
-, tan B -3
2
WORKED EXAMPLE 3.7
Solve the equation sin2x =sinx for 0° < x < 360°.
Answer
sin2x = sin x Use sin2x = 2sin x COS X.
2sin x cos X = sin x Rearrange.
2sinxcosx —sinx =0 Factorise.

sinx(2cosx—1)=0

. 1 VA
sinx =0 or cosx = —

14
sinx =0 = x =0° 180°, 360° 0.5 -K" / ------ y=7
(0]

cosx:%:>x=60O 60

or x = 360°—-60° = 300°

The values of x are 0°, 60°, 180°, 300°, 360°.

When solving equations involving cos 2x it is important that we choose the most suitable
expansion of cos 2x for solving that particular equation.
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WORKED EXAMPLE 3.8

Solve the equation cos2x +3sinx =2 for 0 < x <2m.
Answer
cos2x +3sinx =2 Use cos2x =1—2sin? x.
1—2sin? x + 3sinx =2 Rearrange.
2sin? x —3sinx+1=0 Factorise.
2sinx—1)(sinx—1)=0 VA
1_ ________ -
. 1 . I
sinx = — or sinx =1 !
- 0.5 F
o1 o \ ¢
SInx = 5 = X = g 0 y
T K2
6 2
or x:n—E:S—n 037
6 6
. T -1
sinx=1 = x=—
2
. T T S|
The values of x are —, —, —.
n o
1 Express each of the following as a single trigonometric ratio.
a 2sin28°c0s28° b 2cos?34°-1 2tanl7”
1—-tan-17°
2 Given that tanx = %, where 0° < x <90°, find the exact value of:
a sin2x b cos2x c tan2x d tan3x

3 Given that cos2x =- % and that 0° < x <90°, find the exact value of:
a sin2x b tan2x C Ccosx d tanx

4 Given that cosx = —% and that 90° < x < 180°, find the exact value of:

a sin2x b sin4x Cc tan2x d tanl X
5 Given that 3cos2x +17sinx =8, find the exact value of sin x.

6 Solve each equation for 0° < 8 < 360°.

a 2sin26 =cos0 b 2cos26+3=4cosb ¢ 2cos20+1=sin0
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7 Solve each equation for 0° < 0 <180°.

a 2sin260tanf =1 b 3c0s20+cosf =2
¢ 2cosec20+2tanO = 3secO d 2tan26 =3cotf
e tan260 =4cotO f cot20+cot6=3

8 Express cos’ 2x in terms of cos4x.

9 a Use the expansions of cos(2x + x) to show that cos3x = 4cos® x — 3cos x.

b Expresssin3x in terms of sin x.
10 Solve tan260 +2tan6 = 3cotO for 0° <6 < 180°.

11 a Prove that tan6 +cot8 =

sin20 °

b Hence find the exact value of tan% + cot % .

12 a Prove that 2cosec26 tan6 = sec? 6.

b Hence solve the equation cosec26 tanf =2 for -1 <6 <.

13 a Prove that cos4x +4cos2x =8cos* x — 3.

b Hence solve the equation 2cos4x+8cos2x =3 for -n<x<m.

14 a Show that 6 = 18° is a root of the equation sin 36 = cos 26.

b Express sin 30 and cos 26 in terms of sin 6.
¢ Hence show that sin18° is a root of the equation 4x® —2x? —=3x+1=0.

d Hence find the exact value of sin18°.
15 Find the range of values of 8 between 0 and 2x for which cos26 > cos6.

16 Solve the inequality cos26 —3sinf -2 =0 for 0° <6 < 360°.

0 60 6

17 A Solving trigonometric
inequalities is not
b in the Cambridge
syllabus. You should,
" 3x however, have the skills

B C
¢ necessary to tackle

Prove that a = 4bcos2xcos x. these more challenging

questions.
@ 18 a Use the expansions of cos(2x + x) and cos(2x — x), to prove that:

cos3x + cosx = 2cos2xcosx

b Solve cos3x+cos2x+cosx >0 for 0° < x < 360°.

@ 19 Solve the inequality cos46 +3c0s260 +1<0 for 0°< 6 < 360°.
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3.4 Further trigonometric identities

This section builds on our previous work by using the compound angle formulae and
the double angle formulae to prove trigonometric identities.

WORKED EXAMPLE 3.9
_ 3tanx —tan® x

Prove the identity tan3x =

1-3tan’ x
Answer
LHS = tan(2x + x) Use the compound angle formula for tan.
_ tan2x+tanx
~ I-tan2xtanx Use the double angle formula.
2tan x
—— S —+tanx . .
1 —tan- x Multiply numerator and denominator by
= P
[ 2 tan x ] (1-tan- x).
l|-tanx| ——5—
1 —tan” x

_ 2tanx + tan x(1 — tan® x)
T I —tanlx —2tan’ x Expand the brackets and simplify.

_ 3tanx —tan® x

n T 1-3tan?x

= RHS

WORKED EXAMPLE 3.10

2sin(x — y)
cos(x —y)—cos(x+y)

Prove the identity

= cot y —cotx.

Answer

2sin(x — )
cos(x — y)—cos(x + )

LHS =

Use compound angle formulae.

2sinxcos y —2cosxsin y

= : : : . Simplify denominator.
(cosxcos y+sinxsin y) — (COSX COs y — sin x sin y)

_2sinxcosy—2cosxsiny

Separate fractions.
2sin xsin y
_ 2sin x cos y 2 cos x sin y Slmphfy fractions.
2sinxsiny  2sinxsiny

_COSy COSX

siny sinx
=coty—cotx
= RHS
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Odd one out

sin 2x + sin x
cosec 2x —cot 2x

cos2x+cos x+ 1
1

cosec2x +cot2x

Find the trigonometric expression that does not match the other six expressions.
Create as many expressions of your own to match the ‘odd one out’.
(Your expressions must contain at least two different trigonometric ratios.)

Compare your answers with your classmates.

QO :

Prove each of these identities.

a tanA+cotAd=2cosec2A b 1-tan® A4 = cos2Asec?4
¢ tan2A4—tan A = tan Asec24 d (cosA+3sinA4)> =5-4cos2A4+3sin24
e cot2A+tanA= % cosecAsecA f cosec2A+cot2A=cotA
g sec’dcosec’A = 4cosec’2A4 h sin(4+ B)sin(4 - B) =sin®> 4 —sin’ B
o 2 Prove each of these identities.
smA_’_c?sAEZco?(A—B) b COSA+S%nAzsec2A+tan2A
cosB sinB sin2B cosA—sin A
_ 2 3 _
c 1 tanZAECOSZA d cos2A+s1n2A lstanA
1+tan- A4 cos2A4—-sin2A4+1
o s1n34+s1nAECOSA COS3A__Sln3AECOSA+SinA
2sin2A4 1-2sin2A4
cos2A+9cosA+5 cos’A—sin4  2+sin24
g =2cosA+1 h - =
4+cosA cosA—sin A4 2
3 Use the fact that 44 =2 x 24 to show that:
%58COS3A—4COSA b cosdAd+4cos2A=8cos*A-3
sin

4 Prove the identity 8sin® xcos?x = 1 — cos4x.

5 Prove the identity (2sin A4+ cos 4)> = % (4sin2A4 —3cos2A4+5).

00O ©

6 Use the expansions of cos(3x — x) and cos(3x + x) to prove the identity:

cos2x —cosdx = 2sin3xsin x
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3.5 Expressing asin@ + bcos @ in the form Rsin(@ + «) or Rcos(0 + )

In this section you will learn how to solve equations of the form asinf +bcos6 = c.

Use graphing software to confirm that the graph of y =3sin6+4cosf for —90° <6 < 360° is:

y =3sin O+4cos @

: : : : >0
_9}/ OJ 90 180 27 360
s

1 What are the amplitude and period of this graph?

2 Discuss with your classmates how this graph can be obtained by transforming the graph of:

a y=sin6 b y=cosf

3 Use your knowledge of transformations of functions to write the function y = 3sin6 +4cos6 in the
form:

a y=RsinO+o) b Rsin(0+ )

(You will need to use your graph to find the approximate values of o and f3.)

The formula for replacing asin@+ bcos6 by R sin(0 + ) is derived as follows.
Let asin@+bcosO = Rsin(0 + ) where R>0 and 0°<a <90°.

R sin(6 + o) = R(sin 6 cos o + cos Osin )

soasin@+bcosO = RsinOcoso+ RcosOsina

Equating coefficients of sin6: Rcosa=a ----------- (1)
Equating coefficients of cos6: Rsinot=b ----------- 2)
@) = (1 S _ b tang=2

coso a a
Squaring equations (1) and (2) and then adding gives:

a’* +b> = R?> cos® a + R*sin’ a0
= R*(cos® o + sin” o) Use cos” o +sin? o = 1
= R?
Hence, R = Ja? + b2

. asin@+bhcos@ can be written as Rsin(6 + «) where R = +a? +b*> and tana = L2
a

Copyright Material - Review Only - Not for Redistribution



EXPLORE 3.4

Using a similar approach, show that:

1 asin®—bcosO = Rsin(6 — ) where R = VJa> + b and tana =
2 acos@+bsin@ = Rcos(@ —a) where R = \Ja® +b*> and tana =

3 acos@—bhsin® = Rcos(B + o) where R = \Ja? +b?> and tana =

Q> > R[>

Summarising the results from Explore 3.4:

asin@+bhcosf = Rsin(0+a) and acosf £ bsin6 = Rcos(0 F @)

where R =+a? +b?, tanoczé and 0° < & < 90°.
a

WORKED EXAMPLE 3.11

Chapter 3: Trigonometry

a Express 2sin6 —3cos6 in the form Rsin(6 — o), where R>0 and 0° <o <90°.
Give the value of o correct to 2 decimal places.

b Hence solve the equation 2sin@ —3cosf = /2 for 0° <6 < 360°.

Answer

a 2sinf —3cos 6 = Rsin(6 — )
».2sin@ —3cosO = RsinBcosor — RcosBOsin o

Equating coefficients of sin@: Rcosa =2 --------- )
Equating coefficients of cos@: Rsina =3 -------- 2)
@ = (1: tana:% = o=5631°
Squaring equations (1) and (2) and then adding gives:
3¥+22=R> => R=13
. 2sin@ —3cosO = /13 sin(@ — 56.31°)
b 2sin® —3cosO =2
JI3 sin(6 - 56.31°) =2
sin(@ — 56.31°) = £

Vi3
0 —56.31° =23.09°, 180° —23.09°

=23.09°,156.91°
0 =79.4°213.2°
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We can find the maximum and minimum values of the expression asinf +bcos6 by
writing the expression in the form Rsin(6 + o).

From the Pure Mathematics Coursebook 1, Chapter 5, Section 5.4, we know that
—1=<sin(6@+ o) =<1, hence —R < Rsin(6+ o)< R.

This can be summarised as:

Q

The maximum value of asin®+bcosé is Va® +b* and occurs when sin(6 + ) = 1.

The minimum value of asin®+hcos6 is —/a®>+b> and occurs when sin(6 + o) = —1.

WORKED EXAMPLE 3.12

Express 2cosf —sin@ in the form Rcos(6 + o), where R >0 and 0° < a < 90°.

Hence, find the maximum and minimum values of the expression 2cos@ —sinf and the values of 6 in the interval
0° <6 < 360° for which these occur.

Answer
2co0s0 —sinf = Rcos(0 + o)
».2c0s0 —sinf = RcosBcosaox — RsinBsino
Equating coefficients of cos@: Rcosqx =2 --------------- (I)
Equating coefficients of sinf: Rsinax =1 ---------------- 2

@ = (1) tano = % = =2657

Squaring equations (1) and (2) and then adding gives:
22+1’=R> = R=.5

- 2c0s0 —sin® = /5 cos (6 +26.57°)

Maximum value is /2% + (=1)> and occurs when cos (68 +26.57°) =1
0 +26.57° = 360°
6 =3334°
Minimum value is —/2% + (=1)> and occurs when cos(6 +26.57°) = -1
0+26.57° =180°
6 =153.4°

- Max value = /5 when 0 = 333.4°, min value = —/5 when 6 = 153.4°

O DID YOU KNOW?

The French mathematician Joseph Fourier (1768—1830) found a way to represent any wave-like

function as the sum (possibly infinite) of simple sine waves. The sum of sine functions is called
a Fourier series. These series can be applied to vibration problems. Fourier is also credited with
discovering the greenhouse effect.
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1 a Express 15sin6 —8cos6 inthe form Rsin(6 — ), where R >0 and 0° < a < 90°.
Give the value of o correct to 2 decimal places.

b Hence solve the equation 15sin® —8cos® =10 for 0° <6 < 360°.

2 a Express 2cosf—3sinf in the form Rcos(6 + ), where R >0 and 0° < o < 90°.
Give the exact value of R and the value of a correct to 2 decimal places.

b Hence solve the equation 2cosf —3sinf =1.3 for 0° <6 < 360°.

3 a Express 15sin6—8cosO in the form Rsin(6 — o), where R >0 and 0° < o <90°.
Give the value of o correct to 2 decimal places.
b Hence solve the equation 15sin6 —8cos0 =3 for 0° <6 < 360°.

¢ Find the greatest value of 30sin@ —16cos6 as 6 varies.

4 a Express 4sinf —6cosf inthe form Rsin(6 — o), where R >0 and 0° <o <90°.
Give the exact value of R and the value of a correct to 2 decimal places.
b Hence solve the equation 4sinf —6cosf =3 for 0° <6 <180°.

¢ Find the greatest and least values of (4sin® —6cosf)” —3 as 6 varies.

5 a Express 3sinf+4cos6 in the form Rsin(6+ ), where R >0 and 0° <o <90°.
Give the value of o correct to 2 decimal places.
b Hence solve the equation 3sin6 +4cosf =2 for 0° <O < 360°.

¢ Find the least value of 3sin6+4cos6+ 3 as 0 varies.

6 a Express cosf++/3sinf in the form Rcos(6 — ), where R>0 and 0 <a < g .
Give the exact values of R and «.

b Hence prove that ! — 1 secz(H -z J
(cos6++/3sin6) 4 3

7 a Express 8sin20+4cos260 in the form Rsin(26 + «), where R >0 and 0° < a < 90°.
Give the exact value of R and the value of a correct to 2 decimal places.

b Hence solve the equation 8sin20 +4cos20 =3 for 0° <O < 360°.

. 10 .
¢ Find the least value of (85in20 + 403 20)? as 0 varies.

8 a Express cosf—+/2sinf inthe form Rcos(6+ o), where R>0 and 0°<a < 90°.
Give the exact value of R and the value of a correct to 2 decimal places.

b Hence solve the equation cos@ —+/2sin@ =—1 for 0° < < 360°.

. 1 .
¢ Find the least value of 5 as 6 varies.

(ﬁcos@—Zsine)
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10

11

12

D 13

D 14

Express cosf —sin6 in the form Rcos(6 + o), where R>0 and 0 <o < g

Give the exact values of R and o.

Show that one solution of the equation cosf —sinf = % J6 is 6 = 119—; and find the other solution in the
interval 0 < 6 < 2m.

State the set of values of k for which the equation cos6 —sinf = k has any solutions.

Express sinf —3cos6 in the form Rsin(6 —«), where R > 0 and 0° < a <90°.

Give the exact value of R and the value of o correct to 2 decimal places.

Hence solve the equation sin@ —3cosf =-2 for 0° <6 < 360°.

Find the greatest possible value of 1+ sin260 —3cos26 as 6 varies and determine the smallest positive
value of 0 for which this greatest value occurs.

Express /5 cos6 +2sin6 in the form Rcos(6 — o), where R >0 and 0° < or < 90°.

Give the value of o correct to 2 decimal places.

Find the smallest positive angle 8 that satisfies the equation /5 cosf +2sin = 3.

. . 1 1
Find the smallest positive angle 6 that satisfies the equation V5 cos 59 +2 SIIIE@ =-1.

Given that 3sec 8 + 4 cosecO = 2 cosec 260, show that 3sinf +4cos6 =1.
Express 3sin6 +4cosf in the form Rsin(0 + o), where R >0 and 0° < a < 90°.
Give the value of o correct to 2 decimal places.

Hence solve the equation 3sec8 +4cosecO = 2cosec26 for 0° <O < 360°.

Express sin(6 + 30°)+ cos@ in the form Rsin(6+ ), where R >0 and 0° < a <90°.
Give the exact values of R and o.

Hence solve the equation sin(8 +30°)+cosf8 =1 for 0° <0 < 360°.

Find the maximum and minimum values of 7sin 6 + 9cos? 6 + 4sin6 cos 6 + 2.

Hence, or otherwise, solve the equation 7sin’> 0+ 9cos’> 6 + 4sin@cos® =10 for 0° <6 < 360°.
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Checklist of learning and understanding

Cosecant, secant and cotangent

cosec O = L
sin 6

»y = cosec 6

Trigonometric identities
® [+tan®x =sec’x

® 1+ cot?x = cosec?x

Compound angle formula

® sin(A+ B)=sin Acos B+ cos Asin B
sin(4 — B) = sin A cos B — cos Asin B
cos(A+ B) = cos Acos B—sin Asin B
cos(A — B) = cos Acos B +sin Asin B

tan A +tan B
1—tan Atan B
tan 4 —tan B
1+tan Atan B

tan(4+ B) =

tan(4 - B) =

Double angle formulae

® sin2A4=2sinAcos A4

® c0s2A4=cos’ A—sin® 4
=1-2sin’> 4
=2cos? 4-1

2tan A

tan24=-—"—-""
® 1—tan® A

Expressing asin 0 + b cos 6 in the form Rsin(6 £ &) or R cos(6 £ )

® asinfxhbcosf = Rsin(6+a)

® acosf@=xbhsin€ = Rcos(6 F )

where R =+a?>+b* and tano = b
a




END-OF-CHAPTER REVIEW EXERCISE 3
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o u b~ W

® 10

11

12

® 13

Sketch the graph of y = 3sec(2x —90°) for 0° < x <180°. [3]
By expressing the equation cosec @ = 3sinf + cot6 in terms of cos 6 only, solve the equation
for 0° <6 <180°. I5]
Cambridge International A Level Mathematics 9709 Paper 31 Q3 June 2016
Given that cos 4 = % where 270° < 4 < 360°, find the exact value of sin2A. I5]
Solve the equation 2tan” x +secx =1 for 0° < x < 360°. (6]
Solve the equation 2cot? x + 5cosecx =10 for 0° < x < 360°. [6]
a Prove that sin(x + 60°) + cos(x + 30°) = +/3 cos x. [3]
b Hence solve the equation sin(x + 60°) + cos(x + 30°) = % for 0° < x < 360°. [3]
a Prove that sin(60° — x)+ cos(30° — x) = /3 cos x. 13]
b Hence solve the equation sin(60° — x) + cos(30° — x) = %secx for 0° < x < 360°. [3]
i Show that the equation tan(x +45°) = 6tanx can be written in the form 6tan® x — Stanx +1= 0. [3]
ii  Hence solve the equation tan(x +45°) = 6tanx, for 0° < x <180°. [3]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q3 June 2010

Prove that tan(x +45°) —tan(45° — x) = 2tan2x. 4]
Hence solve the equation tan(x +45°) —tan(45°—x) =6 for 0°<<x <180°. 131
Express 3cosf +sinf in the form Rcos(6 — o), where R >0 and 0° <o < 90°, giving the exact

value of R and the value of & correct to 2 decimal places. 131
Hence solve the equation 3cos2x +sin2x = 2, giving all solutions in the interval 0° < x < 360°. I5]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q7 November 2013

Prove that cos(60° — x) + cos(300° — x) = cos x. [3]
Hence

i find the exact value of cos15°+ cos255° 12]
ii solve the equation cos(60° — x) + cos(300° — x) = % cosec x for 0° < x < 180°. [3]
Prove the identity 25in26 — 3¢0s 26 + 3 =4cos0+ 6sin6. [3]

sin@
Express 4cosf +6sinf in the form Rcos(6 — ), where R >0 and 0 <a < g

Give the exact value of R and the value of o correct to 2 decimal places. 4]
25in20 — 3026 + 3 ]2

1

Write down the greatest value of ( :
sin@

Express 4sin@ —6¢cos6 in the form Rsin(6 — o), where R >0 and 0° <o <90°.

Give the exact value of R and the value of a correct to 2 decimal places. 131
Solve the equation 4sin6 —6cosf =3 for 0° <6 < 360°. [4]
Find the greatest and least possible values of (4sin® —6cos6)> +8 as 6 varies. 2]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q8 June 2011

Copyright Material - Review Only - Not for Redistribution



Chapter 3: Trigonometry

14

15

16

17

a

b

By first expanding sin(26 + 6), show that sin36 = 3sin@ — 4sin> 6. [4]
Show that, after making the substitution x = MTI;Q, the equation x3 — x + é J3 =0 can be written in

the form sin36 = % . 1l
Hence solve the equation x> — x + é J3 =0, giving your answers correct to 3 significant figures. [4]

Cambridge International A Level Mathematics 9709 Paper 31 Q8 November 2014
1

i i = Sec x.
Prove the identity Sin(x 1 30°) + cos(x + 60°) X I3]
. 2 ,
- =7 —tan“ x clx < °,
Hence solve the equation Sin(x + 30°) + cos(x + 60°) for 0° <x <360 [6]
Prove the identity cosec* x — cot* x = cosec? x + cot? x. 131
Hence solve the equation cosec* x —cot* x =16 — cot x for 0° < x < 180°. (6]

The curves C; and C, have equations y = 1+4cos2x and y =2cos’ x —4sin2x.

a

Show that the x-coordinates of the points where C; and C, intersect satisfy the equation
3cos2x +4sin2x =0. [3]

Express 3cos2x +4sin2x in the form Rsin(2x + o), where R >0 and 0° <o <90°.
Give the exact value of R and the value of & correct to 2 decimal places. 131

Hence find all the roots of the equation 3cos2x +4sin2x =0 for 0° < x <180°. [3]
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@ 1  Find the set of values of x satisfying the inequality 3|x—1| <|2x +1|. [4]
Cambridge International A Level Mathematics 9709 Paper 31 Q1 November 2012

@ 2 Solve the equation 2 | 3 - l| = 3%, giving your answers correct to 3 significant figures. [4]
Cambridge International A Level Mathematics 9709 Paper 31 Q2 November 2013

@ 3 i  Solve the equation | 3x + 4| = | 3x — 1l|. 3]

ii  Hence, using logarithms, solve the equation |3 X2V + 4| = | 3 x 27 — 11}, giving the
answer correct to 3 significant figures. 2]

Cambridge International AS & A Level Mathematics 9709 Paper 21 QI June 2015

@ 4 i Solve the equation 2 | X — l| =3 | x|. 13]
ii  Hence solve the equation 2 | 5% — 1| = 3|5, giving your answer correct to
3 significant figures. 12]

Cambridge International A Level Mathematics 9709 Paper 31 Q1 June 2016

@ 5 Iny

A

(0,2.14)

o 4

0

The variables x and y satisfy the equation y = 4 (bx ), where A and b are constants. The
graph of In y against x is a straight line passing through the points (0, 2.14) and (5, 4.49),
as shown in the diagram. Find the values of A4 and b, correct to 1 decimal place. I5]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q2 June 2012

@ 6 i Itisgiven that x satisfies the equation 3?* = 5(3*) + 14. Find the value of 3* and, using
logarithms, find the value of x correct to 3 significant figures. 4]
ii  Hence state the values of x satisfying the equation 32| = 5(3|x|) + 14. 1]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q1 November 2016

@ 7  The variables x and y satisfy the equation x”"y = C, where n and C are constants.
When x =1.10, y = 5.20, and when x = 3.20, y = 1.05.

i Find the values of n and C. 51
ii  Explain why the graph of In y against In x is a straight line. 1]
Cambridge International A Level Mathematics 9709 Paper 31 Q3 June 2010

@ 8  Given that 3e* + 8e™ = 14, find the possible values of e and hence solve the equation 3e* + 8¢ =14
correct to 3 significant figures. [6]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q3 June 2016
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Cross-topic review exercise 1

@ 9  The angles 6 and ¢ lie between 0° and 180°, and are such that tan(6 — ¢) = 3 and tan6 + tan¢ = 1.
Find the possible values of 8 and ¢. [6]
Cambridge International A Level Mathematics 9709 Paper 31 Q3 November 2015

@ 10 i Solve the equation |4x = 1| = | x-3 | 3]
ii  Hence solve the equation |4y“ - 1| = | 47 — 3| correct to 3 significant figures. [3]
Cambridge International A Level Mathematics 9709 Paper 31 Q4 June 2013
@ 11 The polynomial 4x* + ax? + 9x + 9, where a is a constant, is denoted by p(x). It is given
that when p(x) is divided by (2x — 1) the remainder is 10.
i  Find the value of @ and hence verify that (x — 3) is a factor of p(x). [3]
i When « has this value, solve the equation p(x) = 0. [4]
Cambridge International AS & A Level Mathematics 9709 Paper 21 Q5 November 2011
@ 12 The polynomial 2x* — 4x? + ax + b, where a and b are constants, is denoted by p(x).

It is given that when p(x) is divided by (x + 1) the remainder is 4, and that when p(x)
is divided by (x — 3) the remainder is 12.

i  Find the values of « and b. I5]

i When « and b have these values, find the quotient and remainder when p(x) is divided
by (x2 - 2). [3]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q7 November 2012

@ 13 i Express cosx + 3sinx in the form R cos(x — ), where R >0 and 0° < o <90°,
giving the exact value of R and the value of o correct to 2 decimal places. [3]
ii  Hence solve the equation cos26 + 3sin26 = 2, for 0° < < 90°. I5]

Cambridge International A Level Mathematics 9709 Paper 31 Q6 November 2011

(® 14 Itisgiven that 2In(4x — 5) + In(x + 1) = 31n3.

i Show that 16x* —24x? —15x -2 = 0. I3]
ii By first using the factor theorem, factorise 16x> — 24x? — 15x — 2 completely. [4]
iii. Hence solve the equation 2In(4x —5) + In(x + 1) = 31In3. 1]

Cambridge International A Level Mathematics 9709 Paper 31 Q6 June 2014

(® 15 The polynomial 8x3 + ax? + bx — 1, where a and b are constants, is denoted by p(x).
It is given that (x + 1) is a factor of p(x) and that when p(x) is divided by (2x + 1) the
remainder is 1.

i  Find the values of @ and b. 151
i When « and b have these values, factorise p(x) completely. [3]

Cambridge International A Level Mathematics 9709 Paper 31 Q6 November 2015
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@ 16 The polynomial 3x3 + 2x? + ax + b, where a and b are constants, is denoted by p(x).
It is given that (x — 1) is a factor of p(x), and that when p(x) is divided by (x —2) the
remainder is 10.

i Find the values of @ and b. 151
i When ¢ and b have these values, solve the equation p(x) = 0. [4]
Cambridge International AS and A Level Mathematics 9709 Paper 21 Q7 November 2010

@ 17 i The polynomial x> + ax? + bx + 8, where a and b are constants, is denoted by p(x).

It is given that when p(x) is divided by (x — 3) the remainder is 14, and that when p(x)
is divided by (x + 2) the remainder is 24. Find the values of ¢ and b. [5]

ii  When a and b have these values, find the quotient when p(x) is divided by x* +2x — 8
and hence solve the equation p(x) = 0. [4]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q4 November 2013
@ 18 i Given that (x +2) and (x + 3) are factors of 5x> + ax? + b, find the values of the
constants ¢ and b. [4]

ii  When a and b have these values, factorise 5x* + ax?> + b completely, and hence solve the equation

53+ 4 g x 5% + b = 0, giving any answers correct to 3 significant figures. I5]

- Cambridge International AS & A Level Mathematics 9709 Paper 21 Q5 November 2014
78

@ 19 i Find the quotient and remainder when x* + x3 + 3x? + 12x + 6 is divided by (x*> — x + 4). [4]

i Ttis given that, when x* + x3 + 3x? + px + ¢ is divided by (x*> — x + 4), the remainder
is zero. Find the values of the constants p and ¢. 12]

iii  When p and ¢ have these values, show that there is exactly one real value of x satisfying
the equation x* + x* + 3x? + px + ¢ = 0 and state what that value is. 13]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q6 November 2015

@ 20 The angle « lies between 0° and 90° and is such that 2tan® & + sec? @ = 5 — 4tanc.

i Show that 3tan? @ + 4tano — 4 = 0 and hence find the exact value of tano:. [4]
Z) i Itis given that the angle f is such that cot(a + ) = 6. Without using a calculator,
find the exact value of cot 3. 5]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q7 November 2014

@ 21 i Express 5sin26 +2cos26 in the form R sin(26 + ), where R >0 and 0° < o < 90°,
giving the exact value of R and the value of o correct to 2 decimal places.
Hence 131
ii  solve the equation 5sin26 + 2 cos26 = 4, giving all solutions in the
interval 0° < 6 < 360°, 151
iii determine the least value of (10520 : 200320)° as @ varies. 12]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q7 June 2013
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Cross-topic review exercise 1

@ 22 The polynomial p(x) is defined by p(x) = ax® + 3x? + bx + 12, where a and b are constants.
It is given that (x + 3) is a factor of p(x). It is also given that the remainder is 18 when p(x)
is divided by (x + 2).

i  Find the values of @ and b. I5]
ii  When «a and b have these values,

a show that the equation p(x) = 0 has exactly one real root, [4]

b solve the equation p(sec y) = 0 for —180° < y < 180°. [3]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q7 November 2016
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Differentiation

I is chapter you will le

m differentiate products and quotients

m use the derivatives of e*, In x, sin x, cos x, tan x, together with constant multiples, sums,
differences and composites

m find and use the first derivative of a function, which is defined parametrically or implicitly.
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Chapter 4: Differentiation

PREREQUISITE KNOWLEDGE

Where it comes from What you should be able to do Check your skills
Pure Mathematics 1 Differentiate x” together with 1 Differentiate with respect to x.
Coursebook, Chapter 7 constant multiples, sums and 53 3 e
differences. a yEOXT g haNx
X8 —4x° + X2
b y=——F775—
2x
Pure Mathematics 1 Differentiate composite functions | 2 Differentiate with respect to x.
Coursebook, Chapter 7 using the chain rule. a (3x-5)*
b 4
J1-2x
Pure Mathematics 1 Find tangents and normals to 3 Find the equation of the normal to
Coursebook, Chapter 7 curves. the curve y = x3 —5x2 +2x — 1 at the
point (1, -3).
Pure Mathematics 1 Find stationary points on curves 4 Find the stationary points on the curve
Coursebook, Chapter 8 and determine their nature. y = x* = 3x? +2 and determine their
nature.
Why do we study differentiation? mm
In this chapter we will learn how to differentiate the product and the quotient of two
simple functions. We will also learn how to find and use the derivatives of exponential, This chapter builds
logarithmic and trigonometric functions. on the work from

. . . Pure Mathematics 1
All of the functions that we have differentiated so far have been of the form y = f(x). In Coursebook, Chapters 7

this chapter we will also learn how to differentiate functions that cannot be written in the and 8 where we learnt
form y = f(x). For example, the function y* + 2xy = 4. how to find and use
the derivative of x”.

Lastly, we will learn how to find and use the derivative of a function where the variables x
and y are given as a function of a third variable.

Although these topics might seem like they are just for Pure Mathematics problems,

differentiation is used for calculations to do with quantum mechanics and field theories in

3 Explore the Calculus

Physics. of trigonometry

and logarithms

4.1 The product rule and the Chain rule
and integration by

The function y = (x + 1)*(3x — 2)? can be considered as the product of two separate substitution stations

functions: on the Underground

Mathematics website.

y = uv where u = (x +1)* and v = (3x - 2)°

To differentiate the product of two functions we can use the product rule.
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The product rule is:

Some people find it easier to remember this rule as:

‘(first function x derivative of second function) + (second function x derivative of first function)’

So for y = (x + D*(3x - 2)3,

D oryt Lav-2p 4 Gr-2p Ly
dx dx dx
—_— —
first differentiate second + second differentiate first
= (x+1D)*x9(3x = 2)> + 3x = 2)° x 4(x + 1)}
=(x+1)>Bx-2)? [9(x +1)+4(3x — 2)]
= (x+1)3Bx - 2)2Qlx +1)

The product rule from first principles
Consider the function y = uv where u and v are functions of x.

A small increase dx in x leads to corresponding small increases &y, du and dv iny, u and v.

y+0y = (u+0du)(v+ov) Expand brackets and replace y with uv.
uv + & = uv + udv + vdu + dudy Subtract uv from both sides.
Oy = udv + vou + dudv Divide both sides by dx.
Y_ ¥ ey (1)

& & ox &

As dx — 0, then so do &, du and & and

S 4 Su_du & dv
Sx%dx’f)x%dxandf)x_)dx'

Equation (1) becomes:

d—y—uﬂ+v%+0ﬂ
dx  dx dx dx
dy dv+ du

T dx dx dx

WORKED EXAMPLE 4.1

Find g—y when y = (2x—1)J/4x+5.
X

Answer

1
y = (2x - 1)(4x + 5)2

dy d ! L d
7 = - — R X 2 . 2 — 2—_
Ix (2x-1) I [(4x +5)2] + (4x+5) dx( x—1)

first differentiate second + second differentiate first
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1
=Q2x-1) B (4x + 5)’2(4)} +(VAx+5)(2)

Chain rule.
_2@x—1) +2J4x +5 Write as a single fraction.
Jadx +5
_2@x-D+2(4x+5) Simplify the numerator.
Jax +5
_12x+8
S JAx+5

WORKED EXAMPLE 4.2

Find the x-coordinate of the points on the curve y = (2x — 3)>(x + 5)® where the gradient is 0.

Answer

y=02x-3>%(x+5)>

d 4 d d 2
L= @x-32 (x5 4 (x+5) ~—[2x-3)]
dx dx dx
= -
first differentiate second + second differentiate first
= (2x = 3)2 [3(x + 5)2()] +(x + 5)3 [2(2x = 3)!(2)]
- -
Chain rule Chain rule
= 3(2x = 3)*(x +5)* + 4(2x = 3)(x + 5)° Factorise.
= (2x = 3)(x + 5[3(2x = 3) + 4(x + 5)] Simplify.
= (2x = 3)(x + 5)2(10x + 11)
% =0 when (2x —3)(x+5)>(10x+11)=0
X
2x-3=0 x+5=0 10x+11=0
X = 3 x =-=5 x =—1.1
2

EXERCISE 4A

1 Use the product rule to differentiate each of the following with respect to x:

a x(x-2) b 5x(2x+1)° c xJx+2
d (x-DJx+5 e X2x-1 foJx(x2+2)°
g (x-3)%(x+2)° h (2x - 1)°(3x + 4)* i (2x-3503x2+1)

2 Find the gradient of the curve y = x>\/x + 4 at the point (-3, 9).
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3 Find the equation of the tangent to the curve y = (2 — x)*(x + 1)* at the point where x = 1.

4 Find the gradient of the tangent to the curve y = (x +2)(x — 1) at the point where the curve meets the
y-axis.

5 Find the x-coordinate of the points on the curve y = (3 — x)*(x + 1)> where the gradient is zero.

6 Find the x-coordinate of the point on the curve y = (x + 2)/1 — 2x where the gradient is zero.
@ 7 a Sketchthecurve y = (x —1)>(5-2x) + 3.

b Thecurve y = (x —1)>(5 - 2x) + 3 has stationary points at 4 and B. The straight line through 4 and B
cuts the axes at P and Q. Find the area of the triangle POQ.

4.2 The quotient rule

2 _
We can differentiate the function y = ;—_j by writing the function in the form
X

y = (x? = 5)(2x + 1)~! and then by applying the product rule.

2-5
Alternatively, we can consider y = ; ] as the division (quotient) of two separate
functions: x

2

yzﬁwhereuzx —5and v=2x+1.
Vv

To differentiate the quotient of two functions we can use the quotient rule.

The quotient rule is:
du dv

1(3)=Va_“a
dx \ v 2

Some people find it easier to remember this rule as
(denominator X derivative of numerator) — (numerator x derivative of denominator)

(denominator )’

The quotient rule from first principles

Consider the function y = — where u and v are functions of x.
v

A small increase dx in x leads to corresponding small increases oy, du and &v in y, u
and v.
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Chapter 4: Differentiation

y+0oy= u+ Su Subtract y from both sides.
v+ oy
ou u
Sy="24 tou Replace y with —.
T T et 4
Sy = utdu_u Combine fractions.
v+or v
Su) — u(v + ov) .
Sp= v(u+ .
Y B Expand brackets and simplify
vOu— udy .. .
y=-—— Divide both sides by dx.
Ve + voy
Lo, o
Q — M ________________ (1)
ox v2 + vdy
As dx — 0, then so do &y, du and &v and ko - d_y’@ - du and b - ﬂ
ox dx  ox  dx dox dx
Equation (1) becomes
Jdudv
d (ﬂ) _ _dx dx
dx \ v V2
WORKED EXAMPLE 4.3
. . x2 =5
Find the d t fy= .
ind the derivative of y w il
Answer
. x2 =5
T
denominator differentiate numerator — numerator differentiate denominator
d  , d
25 1 —(x* =5 — 2 _
Q_ 2x+1) x dx(v ) (x2=5) X dx(2X+1)
dx (2x +1)°

|
denominator squared
_ @x+1D(2x) - (x2 =5)(2)
2x + 1)
A2 +2x - 2x2 + 10
a (2x +1)°
22X+ x+5)
O 2x+1)?
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WORKED EXAMPLE 4.4

3
. .. X+2)
Find the derivative of y = u
Jx -1
Answer
(x+2)?
‘,,’ f—
Jx =1
denominator  differentiate numerator — numerator differentiate denominator
— —_— —_— —_——
d 3 d
X1 x —[(x+2)7] —(x+2)° x - [Jx-1]
dy dx dx
o)
dx (\/,\‘ -1 )

-
denominator squared

1
(VX =T)[B3Cx + 2)2(1)] - (x + 2)° B (x—1) 2 m}

x—1

. 3
Mx+ 22 dr =T - X2

2x -1 . .
= 1 : Multiply numerator and denominator by
' 2x — 1.

C6(x + 2 (x—1)—(x +2)°

a 2(x = D/x -1 Factorise the numerator.

~(x + 2)2[6(x — 1) — (x + 2)]

- 3

2(x—1)2
_(x+2)%(5x-8)
2(x - 1)
EXPLORE 4.1
2_
In Worked examples 4.3 and 4.4 we differentiated the functions y = ;C Jj and
3 x
y= % using the quotient rule. Now write each of these functions as a product,
x —

such as y = (x> = 5)(2x + 1)7!, and then use the product rule to differentiate them.
Do you obtain the same answers?

Discuss with your classmates which method you prefer for functions such as these:
the quotient rule or the product rule.
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Chapter 4: Differentiation

EXERCISE 4B

1 Use the quotient rule to differentiate each of the following with respect to x:

2x +3 b 3x-5 c x? -3 d 3x+1
x—-4 2-x 2x -1 2 —5x
_ 92 4 2
: 2:2 f 25x12 32 -Tx (x2+41)3
(x+4) -1 s 7+ 1)
2 Find the gradient of the curve y = x-S at the point (2, - l) .
x+4 2
. . . (x—1) . .
3 Find the coordinates of the points on the curve y = %15 where the tangent is parallel to the x-axis.
X

4 Find the coordinates of the points on the curve y = 1=2x at which the gradient is 1.

5 Find the equation of the tangent of the curve y = 2x —— at the point where the curve crosses the y-axis.
X

+1
6 Differentiate with respect to x:
Jx x-1 3-x2 3
b —— c S5(x-1)
- / 2 d —=
Sx -1 2x +3 x° -1 Jx+2
X+

11 where the gradient is 0.

=

2
8 Find the equation of the normal to the curve y = X+l at the point (-1, 2).

VX +2
@ 9 Theline 2x — 2y = 5 intersects the curve 2x>y — x> — 26y — 35 = 0 at three points.

7 Find the x-coordinate of the point on the curve y =

a Find the x-coordinates of the points of intersection.

b Find the gradient of the curve at each of the points of intersection.

4.3 Derivatives of exponential functions
The derivative of e*

In Chapter 2, we learnt about the natural exponential function f(x) = e*. This function
has a very special property. If we use graphing software to draw the graph of f(x) = e*
together with the graph of its gradient function we find that the two curves are identical.

Hence, we have the rule:

Le=e
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An explanation of how this rule can be obtained is as follows.

Consider the function f(x) = ¢* and two points whose x-coordinates are x and x + dx
where dx is a small increase in x.

Y
f(x +6x)
f(x)
—]
o
_ X+0X _ ax X (adx _
dy _ lim f(x + dx) — f(x) — lim & e _ lim & (e 1)
dx -0 (x+0x)—x 3x—0 ox dx—0 dx

Sx_l

Now consider c for small values of dx.

0.1 0.01 0.001 0.0001 f(x+ 8%) — f(x)
=0  (x+0x)—x
1.051709 1.005017 1.000 500 1.000 050 means the limit of
f(x + dx) — f(x)
—————as
e 1 (x+dx)—x
From the table, we can see that as dx — 0, ———— — 1.
d ox x—0.
L@y x
==
dx

The derivative of e

Consider the function y = ™).

Let y=e* where u=f(x)

dy _ du _ o,
du - ¢ dx B f(x)
Using the chain rule: dy _dy X du
dx du dx
=e" x f1(x)

= f1(x) x ™

L[] = ) x o1
X

In particular,

d

s [eax+b] —a eax+b

dx
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WORKED EXAMPLE 4.5

Differentiate with respect to x.

e3x
a e b xe* ¢ —
X
Answer
a i( Z,V):éxﬁzzezx
dx X
differentiate index original function
b 4 (xe™¥) = x x 4 (e™¥) + e x 4 (x) Product rule.
dx dx dx
= x x (=5¢7¥) + e x (1)
— _Sxe—S.\" + e—5.\"
= e¢™¥(1 - 5x)
d : ! d
2 3x 3x 2
, xX°X —(eM)—e X —(x
d e _ dx( ) dx( ) :
(d > | = I Quotient rule.
dx { x X

X2 x 3e¥ — 3 x 2x
x*

e3¥(3x - 2)
X3

WORKED EXAMPLE 4.6

The equation of a curve is y = e>¥ — 9e* + 7. Find the exact value of the x-coordinate
at each of the stationary points and determine the nature of each stationary point.

Answer
y =e* —9e* + 7x Differentiate.
dy _ 2e2¥ —9e¥ +7
dx
d?y o .
= 4e~* — 9¢”
dx?
. . dy
Stationary points occur when — = 0.
X
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22 —9e* +7=0 Factorise.
(2¢ = 7)e* =1) = 0
e¥=7)=0o0r(e*-1)=0

.\'

:zme 1

( ) orx=0
d

negative = maximum point.
When x = ln(

NSNS ]

§)

=

When x =0,

6

l\)l\]/

d?y . . . .
), ] = is positive = minimum point.
x*

1 Differentiate with respect to x.

a e~ b e c 2%
X
d 3¢ e 4de2 f e’
g e’ h 2x+3eV™ i SJer - L
-
2x —-2x
n i 2 -1 k 3‘3% L 5(e* —2x)

2-x

2 a Sketch the graph of the function y =1-e¢

2-x

b Find the equation of the normal to the curve y = 1—¢°* at the point where y = 0.

3 The mass, m grams, of a radioactive substance remaining ¢ years after a given time, is given by the formula
m = 30079912/ Find the rate at which the mass is decreasing when ¢ = 2000.

4 Differentiate with respect to x.

a xe¥ b x%e¥ c Sxe?*
6x e—2x
d 2Jxe* e f —
X Jx
X 6x 2.x
g e’ —1 h o oo 4 & ;o oXetox
e¥ +2 2 e’ +2

— at the point where x = 0.

5 Find the gradient of the curve y = 5+L2
6 Find the exact coordinates of the stationary point on the curve y = xe*.

7 Thecurve y = 2¢>* + e~ cuts the y-axis at the point P. Find the equation of the tangent to the curve at the
point P and state the coordinates of the point where this tangent cuts the x-axis.

8 Find the exact coordinates of the stationary point on the curve y = (x —4)e* and determine its nature.

2x
. . . . e .
9 Find the exact coordinates of the stationary point on the curve y = —- and determine its nature.
X
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10 The equation of a curveis y = x%e™*.

a Find the x-coordinates of the stationary points of the curve and determine the nature of these stationary points.

b Show that the equation of the normal to the curve at the point where x =1 is e’x +ey = 1 + ¢

2
11 Find the exact value of the x-coordinates of the points on the curve y = x?¢™>* at which % =0.
X

e2)(—1

12 Find the coordinates of the stationary point on the curve y =
o 13 By writing 2 as ™2, prove that di (2*)=2%In2.
X

14 The equation of a curve is y = x(3%).

Find the exact value of the gradient of the tangent to the curve at the point where x = 1.

4.4 Derivatives of natural logarithmic functions

EXPLORE 4.2

y=Inx

=Y

L
S
—_
)
w
A~
w
=N
-
0
<

—3

4 p
Here is a sketch of the graph of y = Inx. Can you sketch a graph of its derivative

(gradient function)? Discuss your sketch with your classmates.

Now sketch the graphs using graphing software. Can you suggest a formula for the
derivative of In x? (It might be helpful to look at the coordinates of some of the points
on the graph of the derivative.)

The derivative of In x

In Chapter 2, you learnt that if y = Inx, then e’ = x.

In Section 4.3, you learnt that if y = e*, then g_y =e".
X

Using these two results we can find the rule for differentiating In x.

y=Inx
e’ =x Differentiate both sides with respect to y.
e’ = g_x Rearrange and replace e’ by x.
3
dy _1
dx «x
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d 1
L - =
dx(nx) X

The derivative of In f(x)

Consider the function y = Inf(x).

Let y=1Inu where u=f(x)

dy 1 du
= = =
du u dx %)
g dy dy du
Using the chain rule: dr  du” dx
= Lt
u
_
)
d f1x)
— [Inf(x)] =
oy (x)] )

In particular,
a

d
=0 b)] =
dx [inax +5)] ax + b

WORKED EXAMPLE 4.7

Differentiate with respect to x.

a In2x b In(4x - 3) ¢ InJ5-x

Answer

d 2
— (In2x) = —
. dx(n ¥) 2x

1

X

4 ‘Inside’ differentiated.

d [In(4x - 3)] = i3

X

‘Inside’
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¢ Method 1:

1
: LR RIS) .
—_— [ln J5-x ] =< ‘Inside’ differentiated.
dx 5—x
1 .
= - ‘I d b
G—n nside
Method 2: using the rules of logarithms before differentiating.
d d !
—[ln\/S—x]z— In(5 - x)2 Use Ina” =mlna
dx dx
d[1
— | = In(5-1>
dx [ 2 ( \):|
1 _d
=—x—/[In(5-
7% 4 [In(5 )]
1 -l . . :
=5 X 5 ‘Inside’ differentiated.
- X
— 1 13 o s
T T 25-x) Inside
WORKED EXAMPLE 4.8
Differentiate with respect to x.
a 2x*In5x b In 23x
x
Answer
d , 4 4, d ! d , 4
a — (2x" In5x) =2x" x — (In5x) + In5x x — (2x%) Product rule.
dx dx dx

=2x% x i+1r15x x 8x3
5x

=2x3 + 8x3 In5x

d d
X3 x In2x)—-1n2x x X3
b 4 ( In2x ) - dx ( ) dx o Quotient rule.

(x*)?
3

x> X l—ln2x x 3x2
2x

Y()

x2 =3x2In2x

\76

1-3In2x

X4
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10

11

Differentiate with respect to x.

a In3x b In7x ¢ In2x+1)

d S5+In(x*+1) e In(2x —1)? f InJx-3

g In(x+3) h 3x+m(3) i 5x+m( 2 )
X 1-2x

i In(n x) k In(2-x) L In(5x + Inx)

The answers to question 1 parts a and b are the same. Why is this the case? How many different ways can you
justify this?

Differentiate with respect to x.

a xlnx b 2x*Inx ¢ xIn2x+1)
d 3xIn2x e xlIn(nx) f InSx
X
e 2 ) . InQ2x+1)
Inx X 4x -1
a Sketch the graph of the function y = In(2x — 3).

o

Find the gradient of the curve y = In(2x — 3) at the point where x = 5.
Find the gradient of the curve y = e** — 5In(2x + 1) at the point where x = 0.

A curve has equation y = x? In5x.

2
Find the value of & and d—}; at the point where x = 2.
dx dx

The equation of a curve is y = x? In x. Find the exact coordinates of the stationary point on this curve and
determine whether it is a maximum or a minimum point.

. . Inx _. . . . .
The equation of a curve is y = ——. Find the exact coordinates of the stationary point on this curve and
X

determine whether it is a maximum or a minimum point.

Find the equation of the tangent to the curve y = In(5x — 4) at the point where x = 1.

Use the laws of logarithms to help differentiate these expressions with respect to x.
a In5x-1 b In ( ) ¢ In[x(x+1)]
3x+2
d ln(2x+3) e ln(l_fx) f IH[M}
x-1 X x+4
3—x 8 . (x+2)2x-1

In| ————— h In| ————— Inf —————
g n{u+4ﬂx—n} an+D%x—@} ! n[ X(x +5)
Find g—y, in terms of x, for each of the following.
a e =2x2-1 b e’ =3x3+2x c e =(x+D)x-5)

Take the natural logarithm of both sides of the equation before differentiating.
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@ 12 A curve has equation x = % [ey(zx‘” + 4].

Find the value of g—y when x = 1.
X

4.5 Derivatives of trigonometric functions

EXPLORE 4.3

Graphing software has been used to draw the graphs of y = sinx and y = cosx for

0 < x < 27 together with their gradient (derived) functions.

YA YA
. y =cosx
- s - gradl.ent 1 o
{ function g .
\ / yd \ gradient
\ Ve yd N\, function
\ Y2 » ) N o
(0] X % > o ~ 7 —>
ELN 3 n X \ s L An om o x
2N S 2 ) N 2 % 2
\ y=sinx N ¢
—14 Saao —14 \\s_—’,

Discuss with your classmates why, for the function y = sin x, you would expect
the graph of the gradient function to have this shape. Do the same for the graph of
Y =CoSX.

Can you suggest how to complete the following formulae?

d . d
O (sinx) = ™ (cosx) =

The derivative of sin x

Consider the function f(x) = sinx, where x is measured in radians, and two points whose
x-coordinates are x and x + dx where dx is a small increase in x.

YA
fox+8x) prmmmmmmmmm e T f(x) =sinx
|
(x) fommomooeee !
i i
| |
| |
] |
! ! A -
(0] X X +0x X
dy _ f(x + ox) — f(x)
dx &0 (x+0x)-x
= lim sin(x + 8x) = sin x Expand sin(x + dx)
dx—0 ox
. sinx cosdx + cosx sindx — sin x
= lim Asdx — 0, cos dx — 1
dx—0 ox .
and sin dx — Ox.
= COS X
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@ KEY POINT 4.7

a4 (sinx) = cos x

dx

Similarly, we can show that

dd_x (cos x) = —sin x

We can find the derivative of tan x using these two results together with the quotient rule.

4 (tanx) = d [ smx Use the quotient rule.
dx dx |\ cosx

d . . d
COsSX X — (sinx) —sinx X — (cos x)
dx dx

(cos x)?

COSX X COS X — sinx X (—sin x)

cos? x

cos? x + sin? x

5 Use cos? x +sin®x =1.
cos? x

=— Use = sec x.

COS™ X COS X

KEY POINT 4.8

1 (tan x) = sec? x
dx

WORKED EXAMPLE 4.9

Differentiate with respect to x.

tan x

a 2sinx b xcosx c 5 d (3+2sinx)’
X
Answer
a 4 (2sinx) =2 4 (sin x)
dx dx
= 2cosx
d d d
b — (xcosx)=xX—(cosx)+cosx X — (x) Product rule.
dx dx dx

= —XxSInXx + Cosx
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d d
) x? x — (tanx) — tanx X —— (x?)
c 4 ( tarzl a ) = dx ; dx Quotient rule.
dx X X
_ x? xsec? x —tanx X 2x
- =
_ xsec? x —2tanx
- >
d . . .
d ™ [(3+2sinx)’]=5(3+2sinx)* X 2cos x Chain rule.
X
= 10cosx(3 + 2sinx)*

Derivatives of sin(ax + b), cos(ax + b) and tan(ax + b)

Consider the function y = sin(ax + b) where x is measured in radians.

Let y=sinu where u=ax+b
%=cosu j—zza
dy _dy du
dx du dx

=cosu x a
= a cos(ax + b)
@ KEY POINT 4.9

It is important to

Using the chain rule:

d .
. [sin(ax + b)] = acos(ax + b) remember that, in
o . calculus, all angles are
Similarly, it can be shown that: measured in radians

unless a question tells

d .
o [cos(ax + b)] = —asin(ax + b) you otherwise.

1 [tan(ax + b)] = asec?(ax + b)
dx

WORKED EXAMPLE 4.10

Differentiate with respect to x. P
cos (2x - Z)
a 2sin3x b 4xtan2x ¢ ———= d (3-2cos5x)*
X
Answer

a % (2sin3x) =2 % (sin3x)

=2 X cos3x x(3)
= 6cos3x
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a4 (4xtan2x) = 4x x 4 (tan2x) + tan2x X d (4x) Product rule.
dx dx dx
= 4x x sec?2x (2) + tan2x x (4)
= 8xsec?2x + 4tan2x
cos(z.\'——) x? X ‘[cos(l\'—nﬂ—cos(l\‘— )x d‘[\z]
d _ d ; dx Quotient rule.
dx x2 (x2)?
—2x%sin ( 2x — L 2X oS ( 2x — T )
= !
—2Xx sin ( 2x — ) —2cos ( 2x — & )
_ 4
.\'3
d 4 3 . .
T [( 3—-2cos 5“\‘) ] =4 (3 —2cos SM\‘) x 10 sin 5x Chain rule.
X
= 40sin5x(3 — 2 cos5x)°
Differentiate with respect to x.
a 2+sinx b 2sinx+ 3cosx ¢ 2cosx—tanx
d 3sin2x e 4tan5x f 2cos3x—sin2x
. T . T

g tan(3x+2) h sm(2x+§) i 2cos(3x—€)
Differentiate with respect to x.
a sin’x b 5cos?3x ¢ sin?x—2cosx
d (3—cosx)4 e 25in3(2x+%) f 3cos4x+2tan2(2x—%)
Differentiate with respect to x.
a xsinx b 5xcos3x x%tanx d xcos®2x
e > f X tan x hosinx

cos 3x CcOoS X X 24+ cosx
i sin x . 1 3x l sin x + Cos x

3x -1 ] sin’ 2x sin2x Sin X — CoS x
Differentiate with respect to x.
a esin X b ecos 2x etan 3x d e(sin X—cos X)
e e‘cosx f e'sin2x e*(2 cosx — sin x) h  xdecos~
. . . in2
i In(cosx) j  xIn(sinx) k cozsi l w

e x+1 e X

5 Find the gradient of the curve y = 3sin2x — Stanx at the point where x = 0.
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6 Find the exact value of the gradient of the curve y = 2sin3x — 4cosx at the point (g , —2) .

7 Given that y =sin? x for 0 < x <, find the exact values of the x-coordinates of the points on the curve

where the gradient is g .

o 8 Prove that the gradient of the curve y = is always positive.

S
2 —tanx

9 a By writing secx as

, find 4 (sec x).
cOS X dx

b By writing cosec x as ;, find 4 (cosec x).
sin x dx

COS X

¢ By writing cotx as , find a4 (cot x).
X dx

o 10 Prove that the normal to the curve y = xsinx at the point P (g , g) intersects the x-axis at the point (7, 0).

11 The equation of a curveis y = 5sin3x — 2cosx . Find the equation of the tangent to the curve at the point

(g ,—1 ) Give the answer in the form y = mx + ¢, where the values of m and c are correct to 3 significant figures.

12 A curve has equation y = 3cos2x +4sin2x +1 for 0 < x < r. Find the x-coordinates of the stationary
points of the curve, giving your answer correct to 3 significant figures.

13 A curve has equation y =¢“cosx for 0 <=x =< g Find the exact value of the x-coordinate of the stationary

point of the curve and determine the nature of this stationary point.

. sin2x . . .
14 A curve has equation y = —— for 0 < x =< —. Find the exact value for the x-coordinate of the stationary
o2

T
2
point of this curve.

3x

15 A curve has equation y = for 0 <x< g Find the exact value for the x-coordinate of the stationary

sin 3x
point of this curve and determine the nature of this point.

@ 16 A curve has equation y =sin2x — x for 0 < x < 2m. Find the x-coordinates of the stationary points of the
curve, and determine the nature of these stationary points.

@ 17 A curve has equation y = tanxcos2x for 0 < x < g Find the x-coordinate of the stationary point on the

curve giving your answer correct to 3 significant figures.

4.6 Implicit differentiation

All the functions that we have differentiated so far have been of the form y = f(x). These
are called explicit functions as y is given explicitly in terms of x. However, many functions
cannot be expressed in this form, for example x* + 5xy + y* = 16.

When a function is given as an equation connecting x and y, where y is not the subject, it
is called an implicit function.

% = % X 3—1) and the product rule (% (uv) = u % +v j—z) are used

extensively to differentiate implicit functions.

The chain rule (

This is illustrated in the following Worked examples.
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WORKED EXAMPLE 4.11

Differentiate each of these expressions with respect to x.

d 5 ,d . d
b 4- 2,5) = 42 Y + 10 4',2
dx(\}) \dx(}) ) d.\-(\)

= 4x- 4 (»°) +8x)°
dx

, dy 5
A4 =L 4 81’}?3
dx

= 20x?)

2 +5x)) = — () + — By

c d.\‘(\ + 5xy) dl’(\)+d.Y( X))
= 3x? + 5x % (»+y dd—\ (5x)

= 3x2 + 5x (I—] +5y

a )’ b 4x?)° c x*+5xp
Answer
; %(,lr‘z)Z%()’})X% Chain rule.
- &

Product rule.

dy

. d
Ch le: — (%) =5y* —=.
ain rule o (y’)=>5y o

Use the product rule for di (5xp).
X

dx
WORKED EXAMPLE 4.12

Copyright Material
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Differentiate with respect to x.

Rearrange terms.

Factorise.

Rearrange.

Find j—y for the curve x? + 3 = 4xy. Hence find the gradient of the curve at the point (2, 2).
X
Answer
x>+ y?’ =4xy
d 4 d 5 d
—(x7)+ = — (4
d_(\) d( ) dx(\J)
, o d o 5. dy d
3x° 4+ — —=4x—(y)+y— 4
X dy( ) dx q )+ ] (4x)
3x2 + 3y? b _ 4x & +4y
dx d ’
, dy dy ,
32 L gy S gy -3y
! dx ! dx ’ !
(3y% — 4x) d_ 4y — 3x?
Y
dy _4y- 3x?
dx 3y —4x
When x =2 and y = 2,
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Chapter 4: Differentiation

dy _42)-32° _
dx 32’ -4(2)
Gradient of the curve at the point (2, 2) is —1.

WORKED EXAMPLE 4.13

The equation of a curve is 3x? + 2xy + y* = 6. Find the coordinates of the two stationary points on the curve.

Answer
3x2+2xy+ 12 =6 Differentiate with respect to x.
c% (3x2)+ dd_\ (2xy) + d(l (yz ) = % (6) Use product rule for c;i_x (2xy).
6x+2xi(y)+yi(2x)+i(}’2)=0 Use chai le fi Gl
dx dx dx se chain rule for i ).
dy dy
6x +2x T 2y+2y L 0 Divide by 2 and rearrange.
dy dy .
X—+y—=—y—3
X dx y dx Y X Factorise.
dy
(x+y) dV\, =-y—3x Rearrange.
dy _-y-3x
dx X+y
o ) dy
Stationary points occur when i 0.
X
-y-=3x=0
y=-3x

Substituting y = —3x into the equation of the curve gives:
3x% +2x(-3x) + (-3x)> =6
6x*> =6
x ==l

The stationary points are (-1, 3) and (1, -3).

1 Differentiate each expression with respect to x.

a ) b x3+2)° ¢ 5x2+Iny
d 2+siny e 6x7)° f 2 +xy

g x3-Txy+y h xsiny+ ycosx i x’lny

j xcos2y k S5y+e‘siny l 2xe®s”
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10

11

12

D 13
D 14

Find j—y for each of these functions.

X
a xX+2xy+)° =10 b x%’y+y?=5x c 2x?+5xp+)? =8
d xlny=2x+5 e 2e"y+ez"y3 =10 f In(xy) = 4—y2

g x¥ =2y h Inx-2lny+5xy=3

Find the gradient of the curve x? + 3xy — 5y + y* = 22 at the point (1, 3).
Find the gradient of the curve 2x* — 4xy + > = 16 at the point where the curve crosses the x-axis.

A curve has equation 2x? + 3y*> — 2x + 4y = 4. Find the equation of the tangent to the curve at the
point (1, =2).

The equation of a curve is 4x?y + 8 Inx + 2 In y = 4. Find the equation of the normal to the curve at the
point (1, 1).
The equation of a curve is Sx? + 2xy + 2y? = 45.

a Given that there are two points on the curve where the tangent is parallel to the x-axis, show by
differentiation that, at these points, y = —=5x.

b Hence find the coordinates of the two points.

The equation of a curve is y? — 4xy — x> = 20.
a Find the coordinates of the two points on the curve where x = 4.
b Show that at one of these points the tangent to the curve is parallel to the x-axis.

¢ Find the equation of the tangent to the curve at the other point.

The equation of a curve is * —12xy + 16 = 0.
a Show that the curve has no stationary points.

b Find the coordinates of the point on the curve where the tangent is parallel to the y-axis.

Find the gradient of the curve 5e*y” + 2e*y = 88 at the point (0, 4).

The equation of a curve is x> — 4x + 6y + 2y = 12. Find the coordinates of the two points on the curve at
which the gradient is % .

The equation of a curve is 2x + yInx = 4y . Find the equation of the tangent to the curve at the point with

coordinates (1, %)

The equation of a curve is y = x*. Find the exact value of the x-coordinate of the stationary point on this
curve.

2
Find the stationary points on the curve x> — xy + y> = 48. By finding % determine the nature of each of
X

these stationary points.
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Chapter 4: Differentiation

4.7 Parametric differentiation

Sometimes variables x and y are given as a function of a third variable ¢.
For example, x = 1+ 4sint and y = 2cos 7.

The variable 7 is called a parameter and the two equations are called the parametric
equations of the curve.

We can find the curve given by the parametric equations x = 1+ 4sinz, y = 2cost for
0 <t <2m by finding the values of x and y for particular values of ¢.

0 1 T 1 b4 3 b4 T 2 b 3 b 7 T 21
4 2 4 4 2 4

1 3.83 5 3.83 1 -1.83 -3 -1.83 1

2 1.41 0 -1.41 -2 -1.41 0 1.41 2

Plotting the coordinates on a grid gives the following graph.

V4
3_

>

EXPLORE 4.4

1 Use tables of values for ¢, x and y to sketch each of the following curves.
Use graphing software to check your answers.

a x=0, y=¢
b x=¢, y=0-1
cC x=t+ l =1t- l
o7 t
2 Use graphing software to draw the curves given by these parametric equations.
a x=sint, y=sin2¢
b x=sin2t, y=sin3s
¢ x=sindt, y =sin3¢

3 The curves in question 2 are called Lissajous curves. Use the internet to find out
more about these curves. (A Lissajous curve is shown at the start of this chapter.)

When a curve is given in parametric form, in terms of the parameter ¢, we can use the

chain rule to find g—y in terms of 7.
X
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WORKED EXAMPLE 4.14

The parametric equations of a curve are x = 1>, y = 5 - 2¢.
a Find j—y in terms of the parameter ¢.
X

b Find the equation of the tangent to the curve at the point where ¢ = 2.

Answer
) d.‘C
=t = —=2t
@ . dr
dy
=5-2¢ —-— =2
) = a7
dy _dy « dr Chain rule.
dx dr dx
=-2x L
2t

b When ¢ = 2, gradient = — % x=4and y=1.
Using y — y; = m(x — xy)

(x—-4)

x+3

WORKED EXAMPLE 4.15
Ri

The parametric equations of a curve are x = 1+ 2sin’6, y = 4tan@ for g <f< >
a Find j—y in terms of the parameter 6.
b

b Find the coordinates of the point on the curve where the tangent is parallel to the y-axis.

Answer

. dx .
a x=1+2sin’60 = —— =4sin6 cosh

de
dy 4
y=4tan = i 4sec’ § = ey
dy _dy > dé Chain rule.
dx d6 dx

4 1
5— X -
cos“ 0  4smn6 cosb
1
sin cos® 0
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Chapter 4: Differentiation

b Tangent is parallel to the y-axis when:
sin@ cos* 0 = 0
sin@ =0 or cosf =0

sinf=0 = 6=mn = (1,0)

. . T 3n
There are no solutions to cos® = 0 in the range ) <O < 5

.. The point where the tangent is parallel to the y-axisis (1, 0).

1 For each of the following parametric equations, find g—y in terms of the given
x

parameter.

a x=25,y=1>-5 b x=2+sin20, y = 46 + 2cos20
¢ x=20-sin26, y =2 —cos20 d x=3tanf, y =2sin20

e x=1+tanh, y =cos f X =cos20—cosh, y=sin’ 6

g x=1+2sin’0, y =4tand h x=2+e’,y=¢ —¢e™'

i x=e y=re+1 j x=2In(+3),y=4¢

k x=ln(1—t),y=§ | x=1+,y=2Int

2 The parametric equations of a curve are x = 3¢, y = > + 4> — 3¢. Find the two
values of ¢ for which the curve has gradient 0.

3 The parametric equations of a curve are x = 2sin6, y = 1 — 3 cos 26. Find the

exact gradient of the curve at the point where 6 = g

4 The parametric equations of a curveare x =2+ 1In(t 1), y =1t + ? for r>1.

Find the coordinates of the only point on the curve at which the gradient is equal
to 0.

5 The parametric equations of a curve are x = e*/, y = 1+ 2t¢’. Find the equation
of the normal to the curve at the point where ¢ = 0.

6 The parametric equations of a curve are x = e*, y = t’e™ — 1.
dy  12=1)
a Show that — =
dx 2e¥

b Show that the tangent to the curve at the point (1, —1) is parallel to the x-axis
and find the exact coordinates of the other point on the curve at which the
tangent is parallel to the x-axis.
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7 A curve is defined by the parametric equations x = tan@, y = 2sin26, for

0<o<Z
2
a Show that j—y = 4cos’>6(2cos? 6 —1).
x

b Hence, find the coordinates of the stationary point.

. . 9
8 The parametric equations of a curveare x =t +41In¢t, y=1¢+ 7 fort > 0.

dy -9
a Show that — = .
dx 2+t
b The curve has one stationary point. Find the y-coordinate of this point and

determine whether it is a maximum or a minimum point.

9 The parametric equations of a curve are x = 1+ 2sin’6, y = 1+ 2tan6. Find

. . T
the equation of the normal to the curve at the point where 6 = —.

10 The parametric equations of a curve are x = 2siné + cos 260, y =1+ cos26, for

T
0=0=<—.
2
a Show that dy = ﬂ .
dx 2sinf-1
b Find the coordinates of the point on the curve where the tangent is parallel to
the x-axis.
m ¢ Show that the tangent to the curve at the point (% , %) is parallel to the
y-axis.

@ 11 The parametric equations of a curve are x = In(tanz), y = 2sin2¢, for

0<r<ZX

2
Try the Parametric
a Show that & = sin4t. points resource on
X ) . the Underground
b Hence show that at the point where x = 0 the tangent is parallel to the Mathematics website.
X-axis.
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Chapter 4: Differentiation

Checklist of learning and understanding

Product rule
d dy du
e —(w)=u—+v—
dx 3 dx

Quotient rule

S @
i(£)= dx dx
® dx 2

v
Exponential functions

° % (%) =e* % [elIA‘+l7] = gedx+h % [ef(x)] = f{x) x efx)

Logarithmic functions

a
ax+b

X

ool 4 _
L a(ln.x)— ax [In(ax + b)] =

fx)

d o —
-~ [In(f(x))] = f(x)

Trigonometric functions

L4 L (sin x) = cos x 13 [sin(ax + b)] = a cos(ax + b)
dx dx

18 (cos x) = —sin x @ [cos(ax + b)] = —asin(ax + b)
dx dx

d 2 i " _ 20
o (tan x) = sec’x o [tan(ax + b)] = asec”(ax + b)
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END-OF-CHAPTER REVIEW EXERCISE 4

@ 1 The parametric equations of a curve are

x:1+ln(z—2),y:z+%fort>2.

2 _ —
i Show that & = ("= =2) 3]
dx t
ii  Find the coordinates of the only point on the curve at which the gradient is equal to 0. [3]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q4 November 2010
@ 2 Find the value of j_y when x = 4 in each of the following cases:

X
i y=xIn(x-3), [4]
. _x-1

i y_x+1‘ |3]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q5 June 2011

@ 3 The parametric equations of a curve are x = e, y = t%e’ + 3.

. dy t(t+2)
Show that — = 4
i ow tha dx ¥ [4]
ii  Show that the tangent to the curve at the point (1, 3) is parallel to the x-axis. 2]
iii Find the exact coordinates of the other point on the curve at which the tangent is parallel
to the x-axis. 12]
Cambridge International AS & A Level Mathematics 9709 Paper 21 Q7 November 2011
m @ 4  Find the gradient of each of the following curves at the point for which x = 0.
i y=3sinx+tan2x [3]
.. 6
=0 3
SRR PR B3l

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q2 June 2014
@ 5 The equation of a curve is 2x> + 3xy + y* = 3.

i  Find the equation of the tangent to the curve at the point (2, —1), giving your answer in the form
ax + by + ¢ = 0, where a, b and ¢ are integers. [6]

ii  Show that the curve has no stationary points. [4]
Cambridge International AS & A Level Mathematics 9709 Paper 21 Q7 June 2014
@ 6 The equation of a curveis y° +4xy = 16.

i Showthat & =4 [4]
dx 3y° +4x

ii  Show that the curve has no stationary points. 12]

iii Find the coordinates of the point on the curve where the tangent is parallel to the y-axis. [4]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q7 June 2015
@ 7 The equation of a curveis y = 6sin x — 2 cos 2x.
Find the equation of the tangent to the curve at the point (% T, 2) . Give the answer in the
form y = mx + ¢, where the values of m and ¢ are correct to 3 significant figures. I5]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q3 June 2015
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Chapter 4: Differentiation

Q
=Y

C

The parametric equations of a curve are x = 6sin® ¢, y = 2sin2¢ + 3cos2t, for 0 <¢ < n. The curve crosses the
x-axis at the points B and D and the stationary points are 4 and C, as shown in the diagram.

i  Show that dy = 2 cot2t —1. I5]
dx 3

ii  Find the values of # at 4 and C, giving each answer correct to 3 decimal places. 13]

iii Find the value of the gradient of the curve at B. 3]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q7 November 2015

@ 9 The equation of a curve is 3x? + 4xy + y*> = 24. Find the equation of the normal to the curve
at the point (1, 3), giving your answer in the form ax + by + ¢ = 0 where a, b and ¢ are integers. 18]

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q6 November 2016

@ 10 YA

\i’\

= 0 ™
. l-x
The diagram shows the curve y = || —— |.
1+ x
i By first differentiating i ; x’ obtain an expression for j—y in terms of x. Hence show that the gradient of
X X
the normal to the curve at the point (x, y)is (1+ x) /(1 - x?). I51
ii  The gradient of the normal to the curve has its maximum value at the point P shown in the diagram.
Find, by differentiation, the x-coordinate of P. 4]

Cambridge International A Level Mathematics 9709 Paper 31 Q9 June 2010
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® un

® 3

The parametric equations of a curve are x = 3(1 +sin’7), y = 2 cos* .

Find g—y in terms of 7, simplifying your answer as far as possible. [5]
X
Cambridge International A Level Mathematics 9709 Paper 31 Q2 November 2011

The equation of a curve is In(xy) — y° = 1.

. dy y
i Show that — = ————. 4
ow dx  x(3y° -1 4
ii  Find the coordinates of the point where the tangent to the curve is parallel to the y-axis,
giving each coordinate correct to 3 significant figures. [4]

Cambridge International A Level Mathematics 9709 Paper 31 Q7 November 2012

The curve with equation 6e>* + ke’ + e¢>¥ = ¢, where k and ¢ are constants, passes through the point P with
coordinates (In 3, In2).

i Show that 58 + 2k = c. 12]
ii  Given also that the gradient of the curve at P is —6, find the values of k and c. I5]
Cambridge International A Level Mathematics 9709 Paper 31 Q5 June 2011
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In this chapter you will learn how to:
1
ax +b’

m cxtend the idea of ‘reverse differentiation’ to include the integration of e th

sin(ax + b), cos(ax + b) and sec?(ax + b)
m use trigonometrical relationships in carrying out integration
m understand and use the trapezium rule to estimate the value of a definite integral.
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PREREQUISITE KNOWLEDGE

Where it comes from | What you should be able to do Check your skills
Chapter 4 Differentiate standard functions. 1 Find j—y when:
X
a y=3sin2x —5cosx
b y = eSx—Z

¢ y=In2x+1)

Chapter 4 Use standard trigonometric relationships to 2 Prove that
prove trigonometric identities. cos4x + 4cos2x = 8cos* x — 3.

Why do we study integration?

In this chapter we will learn how to integrate exponential, logarithmic and trigonometrical

functions and how to apply integration to solve problems. This chapter builds
on the work we did in

It is important that you have a good grasp of the work covered in Chapter 3 on Pure Mathematics 1
trigonometry, as you will be expected to know and use the trigonometrical relationships Coursebook,
when solving integration problems. Chapter 9, where we

b learnt how to integrate
Lastly, we will learn how to find an estimate for J. f(x)dx using a numerical method. This (ax +b)", where n # —1.

a

112 _ b . .

is used when we are not able to find the value of J f(x)dx using an algebraic method.

‘ WEB LINK
5.1 Integration of exponential functions Explore the Calculus
Since integration is the reverse process of differentiation, the rules for integrating exponential of trigonometry and
functions are: logarithms station

on the Underground
Mathematics website.

Q

: 1
J.e* dx=¢e"+c¢ Ie“”b dx = —e®™tb 4 ¢
a

In Chapter 4, we learnt

the following rules
WORKED EXAMPLE 5.1 for differentiating

exponential functions:
Find: d () = ¢
! dx
a J.eh dx b je’z“‘ dx c Jesx‘4 dx d
- (eax+b) — aeax+b
dx
Answer
! 1 . . S 5y
a Je3" dx ==¢e* +¢ b je"“ dx = L e 2 + ¢ C J.e“"1 dx = l SRR
3 -2 5
=— ! e 2% + ¢
2
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WORKED EXAMPLE 5.2

Chapter 5: Integration

2
Evaluate J. 9¢3*~1 dx.
1
Answer

2
J.z 963.\'—1 dx = |:2 eS.v—1:|
I 3 1

= (3¢’) - (3¢?)
= 362(63 -1

Substitute limits.

WORKED EXAMPLE 5.3

y —2x

]
]
{ >
o' 1 2 x
Find the area of the shaded region.

Answer

~ 2.39 units?

Substitute limits.

Simplify.

1 Find:
a jez" dx

1 "
d JA4e? dx

g J‘e3x—1 dx

Copyright Material - Review Only - Not for Redistribution

b J'e-“x dx
e J2e"‘ dx

h J6e2-3x dx

c '[ 6e3 dx
f J62x+4 dx

i J2e8x-3 dx
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2 Find:
a [ereenax b [ser2+ e ¢ [@r-pax
4 + 2% 8 —e* (e*=2)*
d J‘ ezx dx e F dx f J. T dx
3 Evaluate:
2 % n2
a j e dx b J et dx c J. 5¢2% dx
0 0 0
3 1 8 1
d J' eM2x dx e _[ 5 dx f J (e* + 1) dx
0 0o e’ 0
1 1 2 2 (aX 2
g J' (e* + 2 ) du h J' (2&—%) dx i J CHD 4y
0 0 € 0 e~

dy
X

4 A curve is such that = 6e** + 2e~*. Given that the curve passes through the point (0, 2), find the equation

of the curve.

2
5 A curve is such that j—g = 20e72*. Given that j_y = -8 when x = 0 and that the curve passes through the
X x

point (1, % ), find the equation of the curve.
e

114 6 Find the exact area of the region bounded by the curve y = 1+ ¢> 7>, the x-axis and the lines x = 1 and
x =3.

7

Find the exact area of the shaded region.
d X X X
8 a Show that — (xe* —e*) = xe".
dx

b YA

. 4

o 3

Use your result from part a to evaluate the area of the shaded region.

a
9 a Find j (472 + 5¢™*)dx, where a is a positive constant.
0

b Hence find the value ofj (472 + 5e7¥)dx.
0
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Chapter 5: Integration

N

. 4

o
The diagram shows the curve y = 2e* +8¢™ — 7 and its minimum point M.

Find the area of the shaded region.

o@ 11 y“ y:e"’
3
2
—
10) In2 In3 X

The diagram shows the graph of y = e*. The points (In2, 2) and (In 3, 3) lie on the curve.

In3

3
a Find the value of e’ dx. b Hence show that j Inydy = ln( i—7 j
In2 2 e

1
5.2 Integration of ———
& ax + b

Since integration is the reverse process of differentiation, the rules for integration are: mm

In Chapter 4, we learnt
the following rules

for differentiating
logarithmic functions:

J.ldx=lnx+c,x>0 J ! dleln(ax+b)+c, ax+b>0
X a

ax+b

i(lnx)=l,x>0
dx X

d
WORKED EXAMPLE 5.4 . [In(ax +b)] =

a
Find each of these integrals and state the values of x for which the integral is valid. PRl b>0
a J 2 dx b J. 4 dx C J 6 dx It is important to
x 2x +1 2-3x remember that In x is

only defined for x > 0.

Answer

a J%dx=21ldx
X X

=2Inx+c¢, x>0

bJ 4 dx=4_[ L
2x +1 2x +1

1
:4(§)ln(2x+1)+c Valid for 2x+1>0.

—2In(2x+1)+c. x>—%
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6 1
73 ¥ (’J 73 P
_6( l)m(z—z\)ﬂ Valid for 2 —3x> 0.

=-2In2-3x)+c¢, x<

w1

Fiona is asked to find J.x‘l dx.

x"! 4+ ¢ to obtain her answer.

She tries to use the formula jx" dx =
n+1

Fiona is also asked to find J(Zx +3)dx.

She tries to use the formula J-(ax +b)"dx = (ax + b)Y + ¢ to obtain her

1
a(n+1)

answer.

Discuss with your classmates why Fiona’s methods do not work.

Rafiu and Fausat are asked to find J. m dx

Rafiu writes: f

2(3x+ 1) 6><+2
—|n6x+2
5 n(Ex+2) +

Fausatwrites:f*dx TJ !

2(3x + 1) 2 3% + 1
(l)( ] (3x+ 1)
2
= —In(3x + 1
G RO

Decide who is correct and discuss the reasons for your decision with your classmates.

3 -2

Consider the integrals J 1 dx and 1 dx.
2 X 3 X

From the symmetry properties of the graph of y = 1 we can see that the shaded areas
X

that represent the two integrals are equal in magnitude. However, one of the areas is

-2 3
below the x-axis, which suggests that J. ldx = —J. 1 dx.
3 X 2 X
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3
Evaluating J 1 dx gives:
2 X

"Ly =T =32 = n3
2; x—[nx]z—n —In —nz
L 21 3 2
This implies that I —dx=-In==In=.

3 X 2 3

-2
If we try using integration to find the value of J 1 dx we obtain:
-3 X

-2
J. 1 dx =
3 X

There is, however, a problem with this calculation in that In x is only defined for x > 0 so
In(=2) and In(-3) do not actually exist.

) 2
[Inx ] =In(-2) - In(-3) = 1ng

Hence for x < 0, we say thatJ- 1 dx = 1n|x| +c.
X

In conclusion, the integration formulae are written as:

Jldx=ln|x|+c
X

1 1
J ax+bdx=;ln|ax+b|+c

Chapter 5: Integration

A more in-depth
explanation for

this formula can be
found in the Two

for one resource on
the Underground
Mathematics website.

Ol

It is normal practice
to only include the
modulus sign when

WORKED EXAMPLE 5.5

finding definite
integrals.

3
Find the value of J 6 dx.
» 2-3x
Answer
36 6 ’
J. dx = (—) In | 2 - 3x| Substitute limits.
2 2-3x -3 ,
= (=21n7) - (-2 In4)
=-2In7+21n4 Simplify.
=2 lni
7
1 Find:
6 1 J‘ 1
a - b —
J.xdx 2xdx 3x+1dx
6 5 3
d _[ d e j d f j _3 4
2x-5 23 26x—1)
2 Evaluate:
5 1 4 4 3
a j dx I dx '[ dx
0o xX+2 1 2x+1 12x+5

4
2
d
L Ax+17F

2
3
d
J-() 2x -7 x
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3 Evaluate:

10 5 d
2
2 J’4 ( +3x—2j Y

find the value of the constant A.

. 4x A
4 G that +
a iven tha I 1

5
b Hence show that J- 4x
12X —

1dx:8+1n9.

5 a Find the quotient and remainder when 6x? + 5x is divided by 2x — 5.

1 g2
b Hence show that 6x” +5x dx = 23 25 ln(é).
0o 2x-35 2 3

6 A curve is such that d—y=2x+ 3 .
dx x+e

Given that the curve passes through the point (e, e?), find the equation of the curve.

1
'
'
'
'
'
'
'
1

1

>
>
X

1
1
1
4
o k

The diagram shows part of the curve y = %3 Given that the shaded region has area 4, find the value of k.
x

@ 8 The points P(1, —2) and Q(2, k) lie on the curve for which :_y =3- 2 The tangents to the curve at the points
X X

P and Q intersect at the point R. Find the coordinates of R.

5.3 Integration of sin(ax + b), cos(ax + b) and sec?(ax + b)

In Chapter 4, we learnt how to differentiate some trigonometric functions:

% (sinx) = cosx % [sin(ax + b)] = a cos(ax + b)

4 (cosx) = —sinx d [cos(ax + b)] = —a sin(ax + b)

dx dx

d 2 d 2

— (tanx) = sec” x — [tan(ax + b)] = a sec”(ax + b)
dx dx
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Chapter 5: Integration

@ KEY POINT 5.4

Since integration is the reverse process of differentiation, the rules for integrating are: It is important to
remember that
I cosx dx = sinx + ¢ J cos(ax + b) dx = 1 sin(ax + b) + ¢ the formulae for
< differentiating and
1 integrating these
J. sinx dx = —cosx + ¢ J sin(ax + b) dx = - cos(ax +b)+c trigonometric
functions only apply
J. sec’ x dx = tanx + ¢ J sec?(ax + b) dx = L tan(ax + b) + ¢ whe‘n X is measured in
a radians.
WORKED EXAMPLE 5.6
Find:
a I sin2x dx b I cos3x dx c J4SCC2§ dx
Answer
. 1 1 . 2 X 2 X
a sin2x dx = - 5 cos2x + ¢ b cos3x dx = 3 sin3x + ¢ c 4sec 5 dx = 4] sec 5 dx
X
=4 x| 2tan= |+ ¢
(203)
= 8tan + ¢

WORKED EXAMPLE 5.7

g
Find the exact value of J. 4 (3—2sin2x)dx.
0

Answer

T T
4 . 2 4
J.4 (3-2sin2x)dx =| 3x + ECOS Zx} Substitute limits.
0 0
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1 Find:
a j sin 3x dx b J. cosdx dx C J sin% dx
d J'3sin2x dx e _[5cos3x dx f JseCZZX dx
g J‘Zcos(l ~ 5x)dx h J.3sin(2x 1) dx i jzsecz(s)c ~2)dx
2 Evaluate:
ln gn 1 lTE
a J‘é cosdx dx b J3 sin(—xjdx c J(’ sec? 2x dx
0 0 2 0
1 1 1
d J’z (sin2x + cos x) dx e Jé (cos2x +sin x)dx f J4l (5-2sec® x)dx
0 0

_Zn

3 a Find 4 (xsinx + cos x).
dx
L
b Hence find the exact value of J 3 xcosxdx.
0

120 , dy _
4 A curve is such that ar =1-3sin2x.
X

Given that the curve passes through the point (% ,0 ), find the equation of the curve.
d?y

5 A curve is such that ol = —12sin2x — 2cos x.
X

Given that :11_)/ =4 when x = 0 and that the curve passes through the point (g , =3 ), find the equation of
X

the curve.

6 The point (E , 5) lies on the curve for which (7 = 4sin( 2x — E) .
2 dx 2
a Find the equation of the curve.

b Find the equation of the normal to the curve at the point where x = g

@ 7 YA

/]

x"

0

The diagram shows part of the curve y = 1+ /3 sin2x + cos2x. Find the exact value of the area of the shaded
region.
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B s I

ol >
The diagram shows part of the curve y = 3sin2x + 6sinx and its maximum point M.

Find the exact area of the shaded region.

°® 9  JA
\/_§ .................. ﬂ-:sinx

=Y

o

A

T
3

The diagram shows part of the graph of y = sinx. The points (% , %) and (

w|a

, gj lie on the curve.

T

a Find the exact value of J.TS sin x dx.
6

V3

b Hence show that J.l7 (sin'y)dy = %(Zﬁ— 1)_ \/§2—1 .

=Y

o

s
3

>

SIS

The diagram shows part of the graph of y = cosx. The points ( ) and (g , %) lie on the curve.

NG|

TC
a Find the exact value of J; cosxdx.
4

N

b Hence show that J.l7 (cos™'y)dy = % (32 —4) + V3-2 .

2

5.4 Further integration of trigonometric functions

Sometimes, when it is not immediately obvious how to integrate a trigonometric function,
we can use trigonometric identities to rewrite the function in a form that we can then
integrate.
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2

To integrate sin’> x and cos®> x we must use the double angle identities:

cos2x = 1—2sin?x and cos2x = 2cos® x — 1

Rearranging these two identities gives:

sin x = % (1-cos2x) and cos®x = % (1+ cos2x)

WORKED EXAMPLE 5.8
Find:
a J. sin® x dx b J3cosz 2x dx
Answer
.09 ] .
a J. sin“ x dx = > J.(l —cos2x) dx Use sin? x = % (1-cos2x).
= ! [.\‘ — lsinZ.\'j +c
2 2
= ! X - lSinQV\' +c
2 4
5 3 5 1
b 3cos” 2x dx = 5 (I+ cos4x) dx Use cos”2x = 0 (1+ cos4x).
= i[x-i—lsin4.\'j+ c
2 4
= éx+§sin4.\‘+c
2 8

WORKED EXAMPLE 5.9

Find J sin* x dx.

Answer

4

4 x = (sin? x)? Use sin®

sin

X = % (1—cos2x).

"

= [%(1 - cosZV\')}g

= ! (1= 2cos2x + cos? 2x) Use cos?2x = % (1+ cos4x).

= l(l— 200523’+l+ lc:os4.\'j
4\ 2 2

_3
8

J sin x dx = J (

==x- lsin2.\' + Lsin 4x + ¢
8 4 32

]
cos2x + —cosédx

0 | W N | —

- L cos2x + ! cosdx j dx
2 8
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To integrate tan’ x we use the identity 1+ tan® x = sec” x.

Rearranging this identity gives tan® x = sec” x — 1.

WORKED EXAMPLE 5.10

T
Find the exact value of J 4 5tan? x dx.
0

Answer

T I
J-45tanzxdxzj4(58602x—5)dx Use tan” x = sec”? x — 1.
0 0

T
= [5 tan x — 5x] (‘)‘ Substitute limits.
5w
=[5-=1|-(0-0
(5-TF)-0-0
5w
:5—7
4

Worked example 5.11 uses the principle that integration is the reverse process of differentiation.

WORKED EXAMPLE 5.11

a Show thatif y = secx then g_y = tan x sec x.
x

1
—T

b Hence find the exact value of J 4 (cos2x + Stan x sec x)dx.
0

Answer

1

a y = Use the quotient rule.
cosx

dy _ (cosx) (0) — (1) (—sin x)

dx cos? x
_sinx
~ costx
= tanx secx

1
T
b J4 (cos2x + Stanx sec x)dx Use I tan x sec x dx = secx.
0

|
T

1. 4
= [ > sin2x + 5sec x } Substitute limits.
0

:(%+5ﬁj—(0+5)
=5f—%
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WORKED EXAMPLE 5.12
2

a Prove that 2cosec2x tan x = sec” x.
1

1
b Hence find the exact value of | * , (5 +cosec2x tanx)dx.
T
3

Answer

2 tan x sin x
- .tan “\ Use tanx =
sin2x CcoS X

sin2x = 2sin x cos x.

and

a 2cosec2x tanx =

N 2sin x
~ (2sinx cosx) cosx
1 Simplify.
" cos?x
2
= sec” X
1 1
}T[ ;TI: 1 )
b J\l (5+ cosec2x tanx) dx = J‘-l [5 + 0 sec” ,\')d.\' Use part a.
*STE *3T[
I 3" o
=|5x+—tanx Simplify.
2 1L
_(Smﬁ)_[_ 5m _ﬁj
v 3 2 3 2
1o ++/3
3

WORKED EXAMPLE 5.13

a Use the expansions of cos(3x — x) and cos(3x + x) to show that:

cos2x — cosdx = 2sin3x sinx
1

—T
b Hence show that J4 sin3x sinxdx = %
0

Answer
a cos2x —cos4x = cos(3x — x) — cos(3x + x)
= (cos3x cosx + sin3x sinx) — (cos 3x cos x — sin 3x sin x)

= 2sin3x sinx

2" 3"
b J4 sin3x sinxdx = % * (cos2x — cos 4x)dx Use part a.
0 0
1
- T
= % [ % sin2x — % sindx }: Simplify.

(3-0)-0-0)
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Find:
a J3coszxdx b J4cos2 (gjdx
d J 2tan” x dx e J. 6tan’(3x) dx
Find the value of:
1 1y
a I 3 sin? xdx b J.13 3tan? xdx
0 gn
1z L
d J- 8 cos?2xdx e J. % 4sin? xdx
0 0
Find the value of:
1. 1 1.
a I 6 [cos2 X—— ]dx b j " (cos® x +sin2x)dx
0 COS~ X 0
In In 1+ cos* x
d J3 (cosx —3sinx)? dx e JG ————dx
0 0 COS~ X
cos x dy )

a By differentiating

, show thatif y = cotx then —— = —cosec” x.
sin x dx

Ln
6

|
-
b Hence, show that J. 4 cosec?2xdx = ?

a Show that tanx + cotx = — .
sin2x

1
—T

b Hence show that J'z #dx =1.
%n tanx + cot x

a Use the expansions of sin(5x +2x) and sin(5x —2x) to show that:

sin7x + sin3x = 2sin5x cos2x

1

T —_
13 2sinS5x cos2xdx = M
i 42

b Hence show that

a Show that sin3x = 3sinx — 4sin x.

1

T
b Hence show that J.3 2sin® xdx = % .
0

a Show that cos3x = 4cos® x — 3cos x.

1
—-T

b Hence show that j6 (4cos® x +2cosx)dx = %7 .
0
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c j sin? 3x dx
f j cos* x dx

—T

3

C J cos? xdx
0

—T
f JG tan? 2x dx
0

1

—T
(d J.4 (2 sin x + cos x)*> dx
0

—T
JG 5 4y
o 1+ cosdx
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@ 9 The diagram shows part of the curve y = cosx + 2sinx. Find the exact volume
of the solid formed when the shaded region is rotated through 360° about the

X-axis.
@ 10 a Show that sec? x + sec xtan x = 1, .
1—sinx
. dy
b Show thatif y =secx then a sec x tan x.
X
L,
¢ Hence show that J e ——dx =2(1+./3).
o 1-

5.5 The trapezium rule

We already know that the area, 4, under the curve y = f(x) between x = a and x = b

b
can be found by evaluating J f(x)dx. Sometimes we might not be able to find the value of

b
J. f(x)dx by the integration methods that we have covered so far or maybe the function

cannot be integrated algebraically.

In these situations an approximate answer can be found using a numerical method called
the trapezium rule.

This numerical method involves splitting the area under the curve y = f(x) between
x =a and x = b into equal width strips.

VA

y=1x)

9 7

o a b
The area of each trapezium-shaped strip can be found using the formula:
area = % (sum of parallel sides) x width
The sum of the areas of all the strips gives an approximate value for the area under the

b
curve and hence an approximate value for J. f(x)dx.
a

—a and the

For the previous diagram, there are 6 strips, each of width 4, where /& = b

length of the vertical edges (ordinates) of the strips are yy, i, V2, V3, Va, ¥s and yg.

The sum of the areas of the trapezium-shaped strips is:
5 (yo )+ (yl +0)+ o (J/z +n)+ s (y3 +y)+ 5 (y4 +5) 2 (J’s + Y6)

=5[)’0+)’6+2(y1+y2+)’3+}’4+J/5)]
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When there are n strips and the ordinates are y,, v, V2, 3, ...
of the areas of the strips is:

, Vn_1» V, then the sum

—(J/0+J/1)+ (J’1+J’2)+—(J/2+y3)+ (yn 2t V- 1)+ (Vne1+ )

b
Hence we can find an approximate value for I f(x)dx using:
a

Chapter 5: Integration

@ KEY POINT 5.5

j f(x)dx~g[yo+yn+2(y1+yz+y3+ .+ Y1)l where h = b=

An easy way to remember this rule in terms of the ordinates is:

b
J. f(x)dx = half width of strip x (first + last + twice the sum of all the others).

WORKED EXAMPLE 5.14

The diagram shows the curve y = x—2 Inx. YA

Use the trapezium rule with 2 intervals to estimate the
shaded area, giving your answer correct to 2 decimal
places. State, with a reason, whether the trapezium rule
gives an under-estimate or an over-estimate of the true
value.

=Y

0 05 3.5
Answer

=05b=35and h=1.5

y

0.5 2 3.5
1.8863 0.6137 0.9945

Yo N 2

Area = /2—1[}"0 + )+ 2]
_Ls
2
=~ 3.08115...
=~ 3.08 (to 2 decimal places)

[1.8863 + 0.9945 + 2 x 0.6137]

It can be seen from the diagram that this is an over-estimate since the top edges of the
strips all lie above the curve.
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The width of the
strip is the interval
along the x-axis.

The number of
ordinates is one
more than the
number of strips.

You should not use
a numerical method
when an algebraic
method is available
to you, unless you
are specifically
asked to do so.
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WORKED EXAMPLE 5.15

The diagram shows the curve y = 24x — x2. ’

Use the trapezium rule with 4 intervals to estimate the

=Y

4
value of J 2V4x — x* dx giving your answer correct 0
0

to 2 decimal places. State, with a reason, whether the
trapezium rule gives an under-estimate or an over-
estimate of the true value.

Answer

a=0,b=4and h =1

I
oo
[\l

a.—
EENN S
O8]
~

2J3

—deccccaaa
[UURE SRy

Yo N 2 V3 V4 0 2 ‘ir‘c
4
J. 2J4x — x? dx = g [Yo+ ya+2(n+ 2+ 13)]
0
1
~ 5[0+0+2(2ﬁ+4+2ﬁ)]
~4J3 +4
128 =~ 10.93 (to 2 decimal places)

It can be seen from the diagram that this is an under-estimate since the top edges of
the strips all lie below the curve.

Worked example 5.14 involves a ‘concave’ curve and the diagram shows that the trapezium
. . DID YOU KNOW?
rule gives an over-estimate for the area.

If you double the
number of strips in
a trapezium rule

Worked example 5.15 involves a ‘convex’ curve and the diagram shows that the trapezium
rule gives an under-estimate for the area.

If a curve is partially convex and partially concave over the required interval it is not so approximation, the

easy to predict whether the trapezium rule will give an under-estimate or an over-estimate error re.duces to
for the area approximately one
' quarter the previous

The more strips that are used, the more accurate the estimate will be. ETTOT.

1 Use the trapezium rule with 2 intervals to estimate the value of each of these
definite integrals. Give your answers correct to 2 decimal places.

4 2 4
a J‘ Jx? —2dx b J.|ex—12|dx C J. 2 dx
2 0

0 3+e*

2y EIN S £ [ loggxd
Jl In(x +5) x € Jo 2+ tan x Y J.z 810 X EX
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y

>

o X

2¢™*. Use the trapezium rule with

The diagram shows part of the curve y = x
5

4 intervals to estimate the value of J x%e™ dx, giving your answer correct to
1

2 decimal places.

a Use the trapezium rule with 6 intervals to estimate the value of

7
- |
J.14 cosec (5 X ) dx, giving your answer correct to 2 decimal places.
—T
4

b Use a sketch of the graph of y = cosec (% x) for 0 =< x < 2m, to explain

whether the trapezium rule gives an under-estimate or an over-estimate of the

7
Tr 1
true value of J.14 cosec (— X ) dx.
1. 2
4
YA
A
—>
0] %n X

. 1 .
The diagram shows the curve y = e¥cosx for0 < x < 0) 7. Use the trapezium
1

—T
rule with 3 intervals to estimate the value of J. 2 e¥cosxdx, giving your answer
0

correct to 2 decimal places. State, with a reason, whether the trapezium rule

1
—T
. . . 2
gives an under-estimate or an over-estimate of the true value of J e’ cosx dx.
0

0 1 2

Weemcccaaa

>
>
X

X
The diagram shows part of the curve y = ;— . Use the trapezium rule with 4
X

intervals to estimate the area of the shaded region, giving your answer correct to
2 decimal places.

State, with a reason, whether the trapezium rule gives an under-estimate or an
over-estimate of the true value of the shaded area.
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&) wesune |

Try the When does the
trapezium rule give
the exact answer here?
resource on the
Underground
Mathematics website.
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Checklist of learning and understanding

Integration formulae

: : | .
° Je'\ dx=e*+¢ J.e“”b dx = =—e®* 1 ¢
a

Jldx:hllx|+c J. ! dx=lln|ax+b|+c

X ax+b a

Jcosxdxzsinx+c Jcos(ax+b)dx=lsin(ax+b,)+c
a

J sinx dx = —cosx + ¢ J sin(ax + b) dx:—lcos(ax+b)+c
a

J sec? x dx = tanx + ¢ J. sec’(ax + b) dx = ltan(ax +b)+c
a

The trapezium rule

b
® The trapezium rule can be used to find an approximate value for J f(x) dx. If the region under
a

the curve is divided into # strips each of width /, then:

b
. l; : b-
J.f(\) dy = El[yo 2+ttt y)l where /1 = <
n

a

130
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END-OF-CHAPTER REVIEW EXERCISE 5

1

ST
1 Show that J.13 (1+2tan®x)dx = M - E. 4]
" 3 6
. 20 4 - . b
2 Find the exact value of J. T~ 2x |dx, giving your answer in the form «a + In| — |, where a, b and
4 \1-2x ¢
¢ are integers. 4]
3 JA

N\

1

"7

o

The diagram shows part of the curve y = 2 — x? In(x + 1). The shaded region R is bounded by the curve
and by the lines x = 0, x =1 and y = 0. Use the trapezium rule with 4 intervals to estimate the area
of R giving your answer correct to 2 decimal places. State, with a reason, whether the trapezium rule

gives an under-estimate or an over-estimate of the true value of the area of R. 4]
1o
4 Find the exact value of J.6 (COS 3x — sin Zx) dx. [5]
0
1
5 Show that J (3e* — 272 dx = %ez “12e+ 22—3 5]
0
k
6 a Find J (5¢7* + 2e73¥)dx, where k is a positive constant. 4]
0
b Hence find the exact value of J (5e7* +2e3")dx. 1]
0
7 Show that J'4 3 ax=3m2 151
2 Sx+1 5 11°
. 8x A
8 a Find the value of the constant A4 such that =4+ . 12]
2x+5 2x+5
3
b Hence show that '[ 8 dx=8-10 lnﬂ. I5]
1 2x+5 7
@ 9 i Show that 12 sin? x cos® x = % (1 —cos4x). [3]
1
—T
ii Hence show that If 12sin’ x cos®> xdx = g + % 131
-7

4
Cambridge International AS & A Level Mathematics 9709 Paper 21 Q3 June 2013

@ 10 a Find j4ex(3 +e2¥) dx. 13l
i I
b Show that J' L (G2’ 0)d0 =2 8+ m). ]

_Zn

Cambridge International AS & A Level Mathematics 9709 Paper 21 Q6 June 2011

Copyright Material - Review Only - Not for Redistribution



Cambridge International AS & A Level Mathemati<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>