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Series introduction

Cambridge Internaiioaal AS & A Level Mathematics can be a life-changing course. (On the one hand, itisa
facilitating sutject: there are many university courses that cither require an A Lewel or equivalent gualification in
mathematics or prefer applicants who have it On the other hand, it will help you to learn to think more precisely
and logically, while also encouraging creativity. Doing mathematics can be like doing art: just as an artist needs to
master fizr tools (use of the paintbrush, for examples and understand theoretical ideas (perspective, colour wheels
and a¢ an), so does a mathematician {using tools such as algebra and calculus, which you will learn about in this
cotrac). But this is only the technical side: the )ov inart comes through creativity, when the artist uses her tools

(o express ideas in novel ways, Mathematics is very similar: the tools are needed, but the deep joy in the subject
comes through solving problems.

You might wonder what a mathematecal “problem’ is. This is a very good question, and many people have offered
different answers. You might like to write down your own thoughts on this guestion, and reflect on how they
change as you progress throagh this course. One poszsible idea is that a mathiematical problem iz a mathematical
question that you do not fmmediately know how to answer. (IF you de b oow how to answer it immediately, then
wie might call it an “excrcize” instead.) Such a problem will take time o answer: you may have to try different
approaches, using difierent tools or ideas, on your own or with ~thers, until you finally discover a way into it. Thizs
may take minutes, lwurs, days or weeks to achieve, and your sense of achievement may well grow with the effort it
has taken.

In addiiion to the mathematical teols that you wil® lcarn in this course, the problem-solving skills that you

will devclop will alzo help you throughout life, whatever you end up doing. It is very common to be faced with
pichlems, be it in science, engineering, mathematics, accountancy, law or beyond, and having the confidence to
systematically work your way through ther will be very useful.

This series of Cambridge International AS & A Level Mathematics coursebooks, writien for the Cambridge
Assessment International Education syllabus for examination from 2020, wil! support you both to learn the
mathematics required for thess smaminations and to develop your mathematical problem-solving skills. The new
craminations may well include more unfamiliar guestions than in the past. and having these skills will allow you

to approach such questions with curiosity and confidence.

In addition to probicm solving, there are two other key concepis that Cambridge Asscssment International
Education have intioduced in this syllabus: namely communication and mathematical modelling. These appear
in various forics throughout the coursebooks.

Comrmunication in speech, writing and drawing lics at the heart of what it is to be human, and this is no less

truz in mathematica. While there is a temptation to think of mathematics as only existing in a dry, written form
in tcxtbooks, nothing could be further from the trath: mathematical communication comes in many forms, and
Jiscussing mathematical ideas with colleagues is a major part of every mathematician’s working lite. As you study
thiz course, you will work on many probicrms. Exploring them or struggling with them together with a classmate
will help you both to develop your understanding and thinking, as well as improving your (mathematical)
communication skills. And being able to convinee somecne that your reasoniag i correct, initially verbally and
then in writing, forms the heari of the mathematical skill of “proof”.



Mathematical modelling is where mathematics mects the ‘real world'. There are many situations where people need
to make predictions or 10 snderstand what is happening in the world. =od mathematics frequently provides tools
to assist with this. Mathcimaticians will look at the real world situation and attempt to capture the key aspects

of it in the form of coaations, therehy building a medel of real™y. They will use this mode] to make predictions,
and where possible test these against reality. If necessary, the, will then attempt to improve the model in order

to make beier predictions. Examples include weather prediction and cdimate change modelling, forensic science
(to understand what happened at an accident or crime acenel, modelling population change in the hurman, animal
and plant kingdoms, moedelling aircraft and ship behaviour, medelling financial markets and many others. In this
course, wi will be developing tools which are vilal tor modelling many of these situations.

To support you in your kearning, these covrsebooks have a variety of new features, for example:

B Explore activities: These activities arc designed to offer problems for classroom use. They regquire thought and
deliberation: some introedwece 2 new idea, others will extend your thinking, whike others can support consolidation.
The activitics are often best opproached by working in small groups and then sharing your ideas with each other
and the class, as they are ot generally rowtine in nature. This is one of the ways in which you can develop problem-
sobving =kills and confidence in handling unfamiliar questions.

B Crucstions labelled as ﬂ II:] or IE These are questions with a paricular emphaszis on “Proot™, "Modelling” or
‘Problem solving™ They are designed to support you in prepasing for the new style of examination. They may or
miay not be harder than other guestions in the exercise.

B The languane of the explanatory ssctions makes much more wse of the words “we', "us” and “our’ than in previous
courschooks. This language invites and encourages yout Lo be an active participant rather than an observer, simply
following instructions {“you do this, then you do that'), It is also the way that professional mathematicians uswally
wrile about mathematics. The new examinations may well present you with unfamiliar questions, and if you ans
wsed to being active in your mathematics, wou will stand a better chance of being able to successtully handle such
chalkenges.

At various points in the books, there are also web links to relevant Underground Mathematics resources,

which can be found on the free mmdergroundmathematics.org website, Underground iMathematics has the aim

of producing engaging, rich materials for all students of Cambridge International AS & A Level Mathematics
and similar qualifications. These high-guality resources have the potential to simultaneonsly develop your
mathematical thinking zkills and your fluency in technigues, o0 we do cucourage you to make good use of them.

We wish you every sioccess as you embark on this course.

Julian Gilbey
Londomn, 2018

Past exam paper questions throughout are reproduced by permsgeen of Cambrwd te Asseszment Inter matwonal Edvcation.
Cambrudge Asgeszment Internaonal Edveation bears no respongibility for the cxample andwers to guestions taken from is
paast questien papers which arc contaimed in ths publcation.

The graesiiohs, el alswers, marks aWarded whdler commrenis tha gppear in this ook Were Writter by the author(s). Tn
eicahrihedioh, the wory marks Woald be awarded fo ahewers ke thete mory e differen.
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Velocity and acceleration

In this chapter you will learn how to:

work with scalar and vector quantities for distance and speed

use equations of constant acceleration

sketch and read displacement—time graphs and velocity—time graphs
solve problems with multiple stages of motion.

N

Original material © Cambridge University Press 2017
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PREREQUISITE KNOWLEDGE

Where it comes from What you should be able to do Check your skills
IGCSE /O Level Solve quadratics by factorising or using |1 Solve the following equations.
Mathematics the quadratic formula. a 2-2x-15=0

b 2x2+x-3=0
c 3x2-5x-7=0

IGCSE / O Level Solve linear simultaneous equations. 2 Solve the following pairs of

Mathematics simultaneous equations.

a 2x+3y=8and 5x-2y =1

b 3x+2y=9and y=4x-1

What is Mechanics about?

How far should the driver of a car stay behind another car to be able to stop safely in an
emergency? How long should the fuse on a firework be so the firework goes off at the
highest point? How quickly should you roll a ball so it stops as near as possible to a target?
How strong does a building have to be to survive a hurricane? Mechanics is the study of

questions such as these. By modelling situations mathematically and making suitable
- assumptions you can find answers to these questions.
2

In this chapter, you will study the motion of objects and learn how to work out where an
object is and how it is moving at different times. This area of Mechanics is known as
‘dynamics’. Solving problems with objects that do not move is called ‘statics’; you will study
this later in the course.

1.1 Displacement and velocity
An old English nursery rhyme goes like this:

The Grand Old Duke of York,

He had ten thousand men,

He marched them up to the top of the hill,
And he marched them down again.

His men had clearly marched some distance, but they ended up exactly where they started,
so you cannot work out how far they travelled simply by measuring how far their finishing
point is from their starting point.

You can use two different measures when thinking about how far something has travelled.
These are distance and displacement.

Distance is a scalar quantity and is used to measure the total length of path travelled. In
the rhyme, if the distance covered up the hill were 100 m, the total distance in marching up
the hill and then down again would be 100 m + 100 m = 200 m.

Original material © Cambridge University Press 2017



Chapter 1: Velocity and acceleration

Displacement is a vector quantity and gives the location of an object relative to a fixed
reference point or origin. In this course, you will be considering dynamics problems in only
one dimension. To define the displacement you need to define one direction as positive. In
the rhyme, if you take the origin to be the bottom of the hill and the positive direction to
be up the hill, then the displacement at the end is 0 m, since the men are in the same
location as they started. You can also reach this answer through a calculation. If you
assume that they are marching in a straight line then marching up the hill is an increase in
displacement and marching down the hill is a decrease in displacement, so the total
displacement is (+100m) + (=100 m) = O m.

Since you will be working in only one dimension, you will often refer to the displacement
as just a number, with positive meaning a displacement in one direction from the origin
and negative meaning a displacement in the other direction. Sometimes the direction and
origin will be stated in the problem. In other cases, you will need to choose these yourself.
In many cases the origin will simply be the starting position of an object and the positive
direction will be the direction the object is initially moving in.

Displacement is a measure of location from a fixed origin or starting point. It is a vector and so has

both magnitude and direction. If you take displacement in a given direction to be positive, then
displacement in the opposite direction is negative.

Ol

A scalar quantity, such
as distance, has only a
magnitude. A vector
quantity, such as
displacement, has
magnitude and
direction. When you
are asked for a vector
quantity such as
displacement or
velocity, make sure you
state the direction as
well as the magnitude.

You also have two ways to measure how quickly an object is moving: speed and velocity.
Speed is a scalar quantity, so has only a magnitude. Velocity is a vector quantity, so has
both magnitude and direction.

For an object moving at constant speed, if you know the distance travelled in a given time
you can work out the speed of the object.

For an object moving at constant speed:

distance covered

speed = .
P time taken

Try the Discussing
distance resource at the
Introducing calculus
station on the
Underground
Mathematics website
(www.underground
mathematics.org).

This is valid only for objects moving at constant speed. For objects moving at non-
constant speed you can consider the average speed.

total distance covered
total time taken

average speed =

Velocity measures how quickly the displacement of an object changes. You can write an
equation similar to the one for speed.

Original material © Cambridge University Press 2017




Cambridge International AS & A Level Mathematics: Mechanics

For an object moving at constant velocity:
change in displacement
time taken

velocity =

Let’s see what this means in practice.

Suppose a man is doing a fitness test. In each stage of the test he runs backwards and forwards
along the length of a small football pitch. He starts at the centre spot, runs to one end of the
pitch, changes direction and runs to the other end, changes direction and runs back to the
centre spot, as shown in the diagrams. He runs at 4m s~ and the pitch is 40 m long.

To define displacement and velocity you will need to define the origin and the direction you
will call positive. Let’s call the centre spot the origin and to the right as positive.

In the first diagram, he has travelled a distance of positive
—_—

10 m. Because he is 10 m in the positive direction, his

displacement is 10 m. His speed is 4ms~'. Because he I
is moving in the positive direction, his velocity is | R
also 4ms~. —
10 m
In the second diagram, he has travelled a total 40 m -

distance of 30 m, but he is only 10 m from the centre
spot, so his displacement is 10 m. His speed is still - T
4ms~! but he is moving in the negative direction so

his velocity is <4 ms™.

In the third diagram, he has travelled a total distance “Tom

of 50 m, but he is now 10 m from the centre spot in the

negative direction, so his displacement is —10 m. His

speed is still 4 m s~ and he is still moving in the

negative direction so his velocity is still <4 ms™.

P
In the fourth diagram, he has travelled a total distance “Tom
of 70 m, but his displacement is still =10 m. His speed

is still 4m s~' and he is moving in the positive direction

. ) o | _
again so his velocity is also 4ms™.
The magnitude of the velocity of an object is its
speed. Speed can never be negative. For example, | .
an object moving with a velocity of +10ms™ and an 10m

object moving with a velocity of —10 ms™ both have a speed of 10ms™.

As with speed, for objects moving at non-constant velocity you can consider the average velocity.

net change in displacement
total time taken

average velocity =

Original material © Cambridge University Press 2017
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Chapter 1: Velocity and acceleration

In the previous example, the man’s average speed is 4 m s~ but his average velocity is 0 ms™.

We can rearrange the equation for velocity to deduce that for an object moving at constant
velocity v for time ¢, the change in displacement s (in the same direction as the velocity) is
given by:

s =t

The standard units used for distance and displacement are metres (m) and for time are
seconds (s). Therefore, the units for speed and velocity are metres per second (usually

written in mathematics and science as ms™', though you may also come across the notation

m/s). These units are those specified by the Systéme Internationale (SI), which defines the
system of units used by scientists all over the world. Other commonly used units for speed
include kilometres per hour (km/h) and miles per hour (mph).

WORKED EXAMPLE 1.1
1

A car travels 9km in 15 minutes at constant speed. Find its speed in ms™.

Answer

9km = 9000 m and
15 minutes = 900s

Convert to units required for the answer which
are SI units.

s = vt Substitute into the equation for displacement
s0 9000 = 900v and solve.
y=10ms~!

WORKED EXAMPLE 1.2

A cyclist travels at Sms™! for 30s then turns back, travelling at 3ms™' for 10s. Find
her displacement in the original direction of motion from her starting position.
Answer
s =t
So s =5x%30 Separate the two stages of the journey.
=150 Remember travelling back means a negative
and 5, = -3x10 velocity and a negative displacement.
=-30
So the total displacement is
s =150 + (-30)
=120m

Original material © Cambridge University Press 2017
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Try the Speed vs
velocity resource at the
Introducing calculus
station on the
Underground
Mathematics website.

Ol

You usually only
include units in the
final answer to a
problem and not in all
the earlier steps. This is
because it is easy to
confuse units and
variables. For example,
s for displacement can
be easily mixed up with
s for seconds. It is
important to work in
SI units throughout, so
that the units are
consistent.
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WORKED EXAMPLE 1.3

A cyclist spends some of his journey going downhill at 15ms~! and the rest of the time going uphill at Sms~.. In
one minute he travels 540 m. Find how long he spent going downhill.
Answer
Let ¢ be the amount of time spent going downhill. Define the variable.
Then 60 — ¢ is the amount of time spent going uphill. Write an expression for the time spent
travelling uphill.
Total distance = 15¢ + 5(60 — 1) = 540 Set up an equation for the total distance.
15¢ + 300 — 5¢ = 540
107 = 240
t =24s
EXPLORE 1.1
Two students are trying to solve this puzzle.
- A cyclist cycles from home uphill to the shop at 5ms™.. He then cycles home and wants
to average 10 ms™! for the total journey. How fast must he cycle on the way home?

Their solutions are shown here. Decide whose logic is correct and try to explain what
. . , WEB LINK
is wrong with the other’s answer.

You may want to have

a go at the Average

Call the speed on the return journey v. | Cycling at 5ms~! will take twice as long as it would
i | if he were going at 10 ms~\. That means he has used
up the time required to go there and back in the first
part of the journey, so it is impossible to average
10 m s~ for the total journey.

speed resource at the
The average of Sms™ and v is10ms™
so v must be 15ms~".

Introducing calculus
station on the
Underground

Mathematics website.

MODELLING ASSUMPTIONS

Throughout this course, there will be questions about how realistic your answers are.

To simplify problems you will make reasonable assumptions about the scenario to
allow you to solve them to a satisfactory degree of accuracy. To improve the
agreement of your model with what happens in the real world, you would need to
refine your model, taking into account factors that you had initially ignored.

In some of the questions so far, you might ask if it is reasonable to assume constant
speed. In real life, speed would always change slightly, but it could be close enough to
constant that it is a reasonable assumption.
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With real objects such as bicycles or cars, there is the question of which part of the
object you are referring to. You can be consistent and say it is the front of a vehicle,
but when it is a person the front changes from the left leg to the right leg. You may
choose to consider the position of the torso as the position of the person. In all the
examples in this coursebook, you will consider the object to be a particle, which is
very small, so you do not need to worry about these details. You will assume any
resulting errors in the calculations will be sufficiently small to ignore. This could
cause a problem when you consider the gap between objects, because you may not
have allowed for the length of the object itself, but in our simple models you will

ignore this issue too.

e DID YOU KNOW?

Once they have reached top speed, swimmers tend

to move at a fairly constant speed at all points during
the stroke. However, the race ends when the swimmer

touches the end of the pool, so it is important to time
the last two or three strokes to finish with arms
extended. If the stroke finishes early the swimmer
might not do another stroke and instead keep their
arms extended, but this means the swimmer slows
down. In a close race, another swimmer may
overtake if that swimmer times their strokes better.
This happened to Michael Phelps when he lost to
Chad Le Clos in the final of the Men’s 200 m
Butterfly in the 2012 Olympics.

1 A cyclist covers 120m in 15s at constant speed. Find her speed.
2 A sprinter runs at constant speed of 9ms™! for 7s. Find the distance covered.

3 a A cheetah spots a grazing gazelle 150 m away and runs at a constant 25ms~! to catch it. Find how long it
takes to catch the gazelle.

b What assumptions have been made to answer the question?

4 The speed of light is 3.00 x 103 ms™! to 3 significant figures. The average distance between the Earth and the
Sun is 150 million km to 3 significant figures. Find how long it takes for light from the Sun to reach the Earth
on average. Give the answer in minutes and seconds.

5 The land speed record was set in 1997 at 1223.657km h~!. Find how long in seconds it took to cover 1km when
the record was set.

Q 6 A runner runs at Sms~! for 7s before increasing the pace to 7ms' for the next 13s.
a Find her average speed.

b What assumptions have been made to answer the question?

Original material © Cambridge University Press 2017




Cambridge International AS & A Level Mathematics: Mechanics

10

11

12

14

A remote control car travels forwards at 6ms~! in Drive and backwards at 3ms™! in Reverse. The car travels
for 10s in Drive before travelling for 5s in Reverse.

a Find its displacement from its starting point.
b Find its average velocity in the direction in which it started driving forwards.

¢ Find its average speed.

A speed skater averages 1 1ms™ over the first 5s of a race. Find the average speed required over the next 10s
to average 12ms™! overall.

The speed of sound in wood is 3300 ms™! and the speed of sound in air is 330 ms~'. A hammer hits one end of
a 33m long plank of wood. Find the difference in time between the sound waves being detected at the other
end of the plank and the sound being heard through the air.

An exercise routine involves a mixture of jogging at 4ms~' and sprinting at 7ms~!. An athlete covers 1km in

3 minutes and 10 seconds. Find how long she spent sprinting.

Two cars are racing over the same distance. They start at the same time, but one finishes 8s before the other.
The faster one averaged 45ms™ and the slower one averaged 44ms™!. Find the length of the race.

Two air hockey pucks are 2m apart. One is struck and moves directly towards the other at .3ms™". The other
is struck 0.2s later and moves directly towards the first at 1.7 ms™!. Find how far the first puck has moved
when the collision occurs and how long it has been moving for.

A motion from point A4 to point C is split into two parts. The motion from A4 to B has displacement s; and
takes time #. The motion from B to C has displacement s, and takes time #,.

a Prove thatif #; = #, the average speed from A4 to C is the same as the average of the speeds from 4 to B
and from B to C.

b Prove thatif s, = 5, the average speed from 4 to C is the same as the average of the speeds from 4 to B
and from B to C if, and only if, # = t,.

The distance from point A to point B is s. In the motion from A to B and back, the speed for the first part of the
motion is v; and the speed for the return part of the motion is v,. The average speed for the entire motion is v.
2V1V2

a Provethat v = .
Vi + V)

b Deduce that it is impossible to average twice the speed of the first part of the motion, that is, it is
impossible to have v = 2.
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1.2 Acceleration
Velocity is not the only measure of the motion of an object. It is useful to know if, and how,
the velocity is changing. We use acceleration to measure how quickly velocity is changing.

I O

For an object moving at constant acceleration, The units of
acceleration are ms~2.

change in velocity
time taken

acceleration =

If an object has constant acceleration, a, initial velocity u and it reaches final velocity v in time ¢,
then

where u, v and « are all measured in the same direction.

An increase in velocity is a positive acceleration, as shown in the diagram on the left.

A decrease in velocity is a negative acceleration, as shown in the diagram on the right. This
is often termed a deceleration.

positive positive
direction direction
B B —
initial - I final initial - final
velocity €3 ® ) ) velocity velocity ‘@) ) Q) velocity
20ms-! 30ms! 20ms-! 10ms-!

EXPLORE 1.2

If the initial velocity is negative, what effect would a positive acceleration have on the

car? Would it be moving more quickly or less quickly?

What effect would a negative acceleration have on the car in this situation? Would it
be moving more quickly or less quickly?

When the acceleration is constant, the average velocity is simply the average of the initial

and final velocities, which is given by the formula % (u + v). This can be used to find

displacements using the equation for average velocity from key point 1.5.

If an object has constant acceleration, «, initial velocity # and it reaches final velocity v in time ¢,

then the displacement, s is given by

s=%(u+v)t
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WORKED EXAMPLE 1.4

A parachutist falls from rest to 49 ms~! over 5s. Find her acceleration.
‘Rest’ means not
Answer moving, so velocity is
V—u Zero.
a =
t
_49-0
5
=9.8ms™ Make sure you use the correct units which
are ms~.

WORKED EXAMPLE 1.5

A tractor accelerates from Sms™ to 9ms™ at 0.5ms™2. Find the distance covered by the tractor over this time.
Answer
a= V; “ Substitute into a = v;—u first to find 7.
0 _—
So 0.5= ) ; 8
0.5 = 4
t=8s
1 . . 1
$=3 (u+v) Substitute into s = 5 (u+v)t tofind s.
= % (5+9)x8
= 56m

1 A car accelerates from 4ms~! to 10 ms™! in 3s at constant acceleration. Find its acceleration.

1

A car accelerates from rest to 10ms™ in 4s at constant acceleration. Find its acceleration.

3 A car accelerates from 3ms™! at an acceleration of 6 ms~2. Find the time taken to reach 12ms™..

&y & & &
N

4 An aeroplane accelerates at a constant rate of 3ms=2 for 5s from an initial velocity of 4ms~'. Find its final
velocity.

&y
u

A speedboat accelerates at a constant rate of 1.5ms™ for 4s reaching a final velocity of 9ms™. Find its initial
velocity.

/) 6 A car decelerates at a constant rate of 2ms™ for 3s finishing at a velocity of 8 ms™!. Find its initial velocity.

7 A car accelerates from an initial velocity of 4ms™ to a final velocity of §ms™" at a constant rate of 0.5ms™>.
Find the displacement in that time.
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m 8 A sprinter covers 60m in 10s accelerating from a jog. Her final velocity is 9ms™.
a Calculate her acceleration.

b What assumptions have been made to answer the question?

9 A wagon is accelerating down a hill at constant acceleration. It took 1s more to accelerate from a velocity
of Ims™ to a velocity of Sms™' than it took to accelerate from rest to a velocity of 1ms™'. Find the
acceleration.

10 A driver sees a turning 100 m ahead. She lets her car slow at constant deceleration of 0.4 ms™2 and arrives at
the turning 10s later. Find the velocity she is travelling at when she reaches the turning.

@ 11 A cyclist is travelling at a velocity of 10 ms™' when he reaches the top of a slope which is 80 m long. There is a
bend at the bottom of the slope which it would be dangerous to go round faster than 11ms~'. Down the slope
he would accelerate at 0.1ms~2 because of gravity if he did not pedal or brake. To go as fast as possible but
still reach the bottom at a safe speed should the cyclist brake, do nothing or pedal?

1.3 Equations of constant acceleration

In Worked example 1.5, you needed two equations to find the required answer. Wherever
possible it is better to go directly from the information given to the required answer using
just one equation because it is more efficient and reduces the number of equations to solve,
and therefore reduces the likelihood of making mistakes.

There are five equations relating the five variables s, u, v, @ and ¢. Each equation relates
four of the five variables.

Two of these equations were introduced in Section 1.2, although the first one is normally

given in the rearranged form shown in Key Point 1.8.

@ KEY POINT 1.8 In general, these

For an object travelling with constant acceleration a, for time ¢, with initial velocity u, final velocity equations are only
v and change of displacement s, we have valid if the acceleration
is constant.
v=u+at
s = % (u+v)
s=ut+ 3 ar? In Chapter 6 you will
consider how acceleration,

1 2
s =vt— 3 at speed, distance and

2 2 time are related when
v =u” +2as

the acceleration is not
These equations are often referred to as the suvat equations. constant.

You will derive these equations in Exercise 1C.
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WORKED EXAMPLE 1.6

the slope.

Answer

a The time, 7, is unknown.

The final velocity, v, is unknown.

s =70
u=3
a=2

v = u? +2as
=32+2x2x70
=289

v ==x17

We know that v > 3.

y =17ms™!

1
b S =ut+—at”
2

7()=3r+lxzr2
2
2 +3t-70=0
(t+10)t-7)=0

t=-10ort=7

We know that t >0 so t = 7s.

a A go-kart travels down a slope of length 70 m. It is given a push and starts moving at an initial
velocity of 3ms™' and accelerates at a constant rate of 2 ms™. Find its velocity at the bottom of

b Find the time taken for the go-kart to reach the bottom of the slope.

It is often useful to list what information is

given and what is unknown.

Choose the equation with the known variables

and the one required.

In this case, we know u, a and s, and we want
to find v.

From the context the velocity is increasing

1

from 3ms~, so only the positive solution is

required.

A negative velocity would indicate movement
in the opposite direction.

Use a formula that involves given values rather
than relying on your calculated values, as this
will increase your chances of getting the
correct answer even if your earlier answer was

wrong.

Negative time would refer to time before the
go-kart started its descent. Only the positive

solution is required.
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Chapter 1: Velocity and acceleration

20 m. Find its acceleration.

Answer

Let the initial speed be v;.
Let the speed after 2s be v,.
Let the speed after 4s be vs.

Acceleration, a, is unknown.

Acceleration, a, is unknown but the same as for the first 2.
s =20 t=2

U=y V=

1
S =Vt —— alz
2

8:2v2—%xax22

2vy —2a =8

1
s = vt — = at?
2

20:21f3+%><a><22

2v, +2a =20
41’2 = 28
yy = 7ms™

So a =3ms™>
or

5= uz+la12

2

1 2
8:2v1+§><a><2-

28:4171+%><a><42
giving v, = Ims™!

So ¢ =3ms™

A trolley has a constant acceleration. After 2s it has travelled 8 m and after another 2s it has travelled a further

There are unknown velocities at three different
times so simply using # and v may be
insufficient and unclear.

List the information for the first 2s.

There are too many unknowns to be able to
calculate any of them at this stage.

List the information for the next 2s.

Note that the speed after 2s is the final speed
for the first 2s but the initial speed for the next

2s so we can use the same letter to represent it.

Since v, and a are the common unknowns in
both stages of the motion, we will write
equations relating them. First write the

equation for the first stage of the motion.

We will again write the equation relating v,
and a, but now for the second stage of the

motion.

Solve simultaneously by adding the equations
and substituting the value for v, back in to one
of the original equations.

There is an alternative solution by considering
the whole 4 s as one motion and creating

equations involving v;.
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10

For each part, assuming constant acceleration, write down the equation relating the four variables in the
question and use it to find the missing variable.

2

a Find s when a =3ms™2, u =2ms~'and 7 = 4s.

b Find s when ¢ =2ms2, v=17ms'and ¢ = 8s.
¢ Findawhen s =40m, u=3ms™ and 7 = 5s.

d Find a when s =28m, v = 13ms™ and ¢ = 4s.

1 1

e Findawhen s=24m, u=2ms™ and v=14ms™".

-~

Find u when s = 45m, ¢ = L.5ms™ and ¢ = 6s.

1

g Find vwhen s =24m, a = -2.5ms™> and ¢ = 4s.
h Find s when a = 0.75ms 2, u=2ms~! and v = 5ms.

Assuming constant acceleration, find the first time ¢, for positive ¢, at which the following situations occur.
a Findfwhen a = 2ms™2 u=10ms™! and s = 24m.

b Find¢when ¢ =0.5ms™2 v=5ms! and s = 21m.

1

¢ Find7when a =Ims™> u=3ms™! and s = 20m.

Assuming constant acceleration, find v when s = 6m, u = Sms™ and ¢ = —2ms™2 if the object has changed
direction during the motion.

Assuming constant acceleration, find ¥ when s = 60m, v = 13ms™ and @ = Ims2 if the object has not
changed direction during the motion.

a Assuming constant acceleration, find v when s = 18m, u = 3ms™ and ¢ = 2ms™2

b Why is it not necessary to specify in this question whether the object has changed direction during the
motion?

A car is travelling at a velocity of 20 ms~! when the driver sees the traffic lights ahead change to red. He

decelerates at a constant rate of 4ms~> and comes to a stop at the lights. Find how far away from the lights
the driver started braking.

An aeroplane accelerates at a constant rate along a runway from rest until taking off at a velocity of 60ms™'.
The runway is 400 m long. Find the acceleration of the aeroplane.

An aeroplane accelerates from rest along a runway at a constant rate of 4ms™. It needs to reach a velocity of
80ms~! to take off. Find how long the runway needs to be.

A motorcyclist sees that the traffic lights are red 40 m ahead of her. She is travelling at a velocity of 20 ms™!

and comes to rest at the lights. Find the deceleration she experiences, assuming it is constant.

A driver sees the traffic lights change to red 240 m away when he is travelling at a velocity of 30 ms™.. To avoid
wasting fuel, he does not brake, but lets the car slow down naturally. The traffic lights change to green after
12s, at the same time as the driver arrives at the lights.

a Find the speed at which the driver goes past the lights.

b What assumptions have been made to answer the question?
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11 In a game of curling, competitors slide stones over the ice at a target 38 m away. A stone is released directly
towards the target with velocity 4.8 ms™' and decelerates at a constant rate of 0.3ms™. Find how far from the
target the stone comes to rest.

12 A golf ball is struck 10m from a hole and is rolling towards the hole. It has an initial velocity of 2.4 ms™! when
struck and decelerates at a constant rate of 0.3ms™2. Does the ball reach the hole?

@ 13 A driverless car registers the traffic lights change to amber 40 m ahead. The amber light is a 2s warning
before turning red. The car is travelling at 17 ms™" and can accelerate at 4ms™ or brake safely at Sms™.
What options does the car have?

o 14 The first two equations in Key Point 1.8 are v = u + at and s = % (u + v)t. You can use these to derive the
other equations.

o . . . 1
a By substituting for v in the second equation, derive s = ut + 5 at’.

2

b Derive the remaining two equations, s = vt — > at* and v? = u? + 2as, from the original two equations.

o 15 Show that an object accelerating with acceleration a from velocity u to velocity v, where 0 < u < v, over a
u+v

time ¢ is travelling at a velocity of at time % t, that is that at the time halfway through the motion the

velocity of the object is the mean of the initial and final velocities.

o 16 Show that an object accelerating with acceleration a from velocity u to velocity v, where 0 < u < v, over a

2, .2
displacement s is travelling at a speed of ,/ 4 ; Y atadistance % s. Hence prove that when the object does n

not change direction the speed at the midpoint of the distance is always greater than the mean of the initial and
final speeds. Deduce also that the mean of the initial and final speeds occurs at a point closer to the start of the
motion than the end.

1.4 Displacement-time graphs and multi-stage problems

It can be useful to show how the position of an object changes over time. You can do this
using a displacement—time graph.

Imagine the following scenario. A girl is meeting a friend 1km down a straight road. She
walks 30 m along the road to a bus stop in 20s. Then she waits 30s for a bus, which takes
her to a bus stop 20 m past her friend. The bus does not stop to pick anyone else up or drop
them off. The journey takes 150s. She walks the 20 m back to meet her friend in 15s.

The graph would look like the one shown. You always show time on the x-axis and

s
displacement on the y-axis. Notice you are defining the time as being measured from 10201\
when the girl starts walking and the displacement from where she starts walking in the 1000 =========="=~ --es

direction of her friend.

Where the graph is horizontal it indicates that the displacement is unchanged and 30

. > ¢
therefore the girl is not moving. This was when she was waiting for the bus. If the graph 20 50 200 215
is not horizontal it indicates the position is changing and the steepness of the line
indicates how quickly it is changing.
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A straight line on a displacement—time graph indicates a constant speed, as when the girl

was walking to the bus stop. A curved line indicates a change in speed, for example, when

the bus started moving after picking the girl up and when it slowed down to stop.

Notice that when the girl got off the bus to meet her friend she travelled in the opposite

direction, so the change in her displacement and hence her velocity are negative. On the

graph there is a negative gradient. The speed is the magnitude of the gradient, but the

velocity includes the negative sign to indicate the direction.

Displacement—time graphs can have negative displacements below the x-axis, unlike

distance—time graphs.

The gradient of a displacement-time graph is equal to the velocity of the object.

FAST FORWARD

In Chapter 6, you will

When sketching a graph of the motion of an object, you should show clearly the shape of time graphs.
the graph, and carefully distinguish a straight line from a curve. On a sketch you need to

consider gradients of
curved displacement—

show only the key points. These include the intercept on the vertical axis, which is the

initial position of the object, and any intercepts on the horizontal time axis, where the

object is at the reference point. If there is more than one stage to the motion, you should

clearly indicate the time and displacement of the object at the change in the motion.

16
- WORKED EXAMPLE 1.8

measuring displacement from the finishing line.

Answer

Let #; be the time from the start of the first stage
and 7, be the time from the start of the second stage.

Let s; be the displacement up to time #; during the

For the end of the first stage,
s =t

So when # =5

51 =60x5

=300m
For the graph for 0 < <5,
s = 60t

A racing car passes the finish line of a race moving at a constant velocity of 60 ms™'. After Ss it starts decelerating
at 3ms~ until coming to rest. Sketch the displacement—time graph for the motion after the end of the race,

first stage and s, the distance travelled during the second stage.

The first stage of the journey is while the car
travels at constant velocity.

The second stage is while the car is
decelerating.

Find the displacement during the first stage
because it will be marked on the sketch.

The graph of the first stage relates the variables
s and ¢ and is found using the equation for
constant velocity.
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300 =

1 > 7 (s)

For the end of the second stage,

v=u+at

So, 0 =60+ (-3)xt
t, =20

v2 = u? + 2as

0% =602 +2 x (=3) X 5,
s, = 600

Total time for the journey = #; + 1,

=5+4+20=25s

Total displacement = s; + s,

= 300 + 600

=900 m
For 5 <r <25,
s =300+ s,
and
t=5+1

L5
s =ut +— at*
2

5 :60r2+%><—3><122

= 60f2 *22‘22
2

For the graph for 5 <7 < 25,
s =300 + 601, _%[22

:300+60(r—5)—%(r—5)3

3 75

=—=1+75- =
2 2

The first stage is a straight line graph with
gradient 60 for Ss.

The line starts at the origin because initial
displacement is 0 m.

After 5s the displacement is 300 m.

During the deceleration stage use an equation
for constant acceleration to find the value of #,
at the end of that stage of the motion.

Use the final velocity from the first stage as the
initial velocity for the second stage.

During the deceleration stage use an equation
for constant acceleration to find the value of s,
at the end of that stage of the motion.

The total time is the value to be marked on the
sketch.

The total displacement from the finish line is
the sum of both displacements.

The general displacement during the second
stage is the sum of the displacement at the end
of the first stage and the displacement during
the second stage.

We can now find the equation of the curve in
terms of s and ¢.

The graph for the second stage is a negative
quadratic curve, valid for 5 <7 < 25 finishing
horizontal at ¢ = 25 (since v = 0).

The join between the graphs at ¢ = 5 is smooth
with the same gradient on the line before the
join and the curve immediately after the join.
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A cyclist is travelling at a velocity of 15ms™' when he passes a junction. He then decelerates at a constant rate of
0.6ms~2 until coming to rest. A second cyclist travels at a constant velocity of 20ms™' and passes the junction 4s
after the first cyclist. Find the time at which the second cyclist passes the first and the displacement from the

junction when that happens.

Answer

Let 7 be the time from the first cyclist reaching

the junction and #, be the time from the second cyclist

reaching the junction.

Let s be the displacement of the first cyclist from
the junction and s, be the displacement of the second

cyclist from the junction.

1,
S=ut+—_—at”

2
|

=154 + % x (<0.6)tf

s =i

55 =200,

72 = [l - 4
So Sy = 20(/1 - 4)

S| =8
156 — 0367 = 20(1; — 4)
3t + 504, — 800 = 0
(3, +80)(1, —10) = 0
80

f[ = 10,—7
3

So 4, =10s

"

5] = 15><1()+l><73><1()*
2

=120m
Or s, =20(10-4)
=120m

The cyclists pass the junction at different
times, so it may be useful to define times for
each of them separately.

Find a formula for the displacement of the first
cyclist.

Find a formula for the displacement of the
second cyclist from the junction, noting that the
time is not measured from the same instant.

Find how the times are related.

One cyclist passes the other when they have the
same displacement.

Find the displacement from either formula as

they should give the same answer.

Original material © Cambridge University Press 2017




Chapter 1: Velocity and acceleration

WORKED EXAMPLE 1.10

Cyclist A is travelling at 16 ms™! when she sees cyclist B 15m ahead A B
travelling at a constant velocity of 10ms™. Cyclist A then slows initial _GHO &
at 1.5ms™2. Find the minimum gap between the cyclists. positon 1 A B

| I5m ! Z» zZr

| 1 £ £

at time £ — : OI"(‘) ();‘(‘)
SA

Answer
Let ¢ be the time measured from when the cyclists Find the gap between the cyclists by adding the
are 15m apart and let the gap between the cyclists at original gap and the change in displacement of

time £ be G(?). the leading cyclist, and then subtracting the

G(1) = GO) + 55 = 5 change of displacement of the following cyclist.
G(t) =15+10t — (161 — 0.75¢%)

G(1) = 0.75(1 — 4)* +3 Complete the square to find the minimum gap
Minimum gap is 3m at 4s. and the time at which it occurs.

Or 16-1.5¢ =10 Alternatively, the closest distance is when the
t=4 cyclists travel at the same speed because once
the cyclist behind slows down the gap will

G(t) =15+ 107 — (16t — 0.75t>) = 3m
increase again.

@ 1 Sketch the displacement-time graphs from the information given. In each case consider north to be the

positive direction and home to be the point from which displacement is measured.

a Bob leaves his home and heads north at a constant speed of 3ms~! for 10s.

b Jenny is 30 m north of home and walks at a constant speed of 1.5ms™ until reaching home.

¢ Ryo s sitting still at a point 10 m south of his home.

d Nina is 300 m north of her home. She drives south at a constant speed of 10 ms™!, passing her home, until

she has travelled a total of 500 m.

2 Sketch the displacement—time graphs from the information given. In each case consider upwards to be the
positive direction and ground level to be the point from which displacement is measured. Remember to
include the values for time and displacement at any points where the motion changes.

a A firework takes off from ground level accelerating upwards for 10s with constant acceleration 4ms=.

b A ball is thrown upwards from a point 1m above the ground with initial speed Sms™'. It accelerates
downwards at a constant rate of 10 ms~2 until it stops moving upwards, when it is caught by someone
standing on a ladder.
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¢ A rocket is falling at 10ms™ at a height of 100 m above the ground when its engines turn on to provide a
constant acceleration of 2ms™2 upwards. The engines remain on until the rocket has reached a height of
175m above ground level.

d A pebble is thrown upwards from the top of a cliff 18.75 m above the sea. It has initial speed Sms~. It
accelerates downwards at a constant rate of 10 ms™ until it stops moving upwards, starts falling and
reaches the sea at the bottom of the cliff. Displacement is measured from the top of the cliff.

3 Sketch the displacement—time graphs from the information given. In each case consider forwards to be the
positive direction and the traffic lights to be the point from which displacement is measured. Remember to
include the values for time and displacement at any points where the motion changes.

a A caris waiting at rest at the traffic lights. It accelerates at a constant rate of 3ms™ for 5s then remains at
constant speed for the next 10s.

b A motorbike passes the traffic lights at a constant speed of 10ms™. After 65 it starts to slow at a constant
rate of 2 ms~2 until it comes to rest.

¢ A truck is moving at constant speed of §ms~' and is approaching the traffic lights 60 m away. When it is
20m away it accelerates at a constant rate of 2ms™ to get past the lights before they change colour.

d A scooter accelerates from rest 100 m before the traffic lights at a constant rate of 1.5ms™ until it reaches
6ms~L. It then travels at this speed until it reaches a point 50 m beyond the traffic lights. At that point it
starts to slow at a constant rate of I ms™2 until it stops.

4 The sketch shows a displacement—time graph of the position of a train passing

a station. The displacement is measured from the entrance of the station to the

n front of the train. Find the equation of the displacement—time graph and hence
the time at which the front of the train reaches the entrance of the station.

> (S)

/) 5 The sketch shows a displacement—time graph of a car slowing down with s (m)
constant acceleration before coming to rest at a set of traffic lights.

a The equation of the displacement—-time graph can be written in the form
s = p(t — q)* + r. Using the two points marked and the fact that the car is

. > (s
stationary at ¢ = 10, find p, ¢ and r. 0 10 ©
b By comparison with the equation s = s + ut + % at?, find the initial speed
and acceleration of the car. =50

@ 6 Two cars drive along the same highway. One car starts at junction 1 travelling north at a constant speed of

30ms~". The second car starts at junction 2, which is 3km north of junction 1, travelling south at a constant

speed of 20 ms~..

a Sketch the two displacement—time graphs on the same set of axes.
b Find the equations of the two displacement—time graphs.

¢ Solve the equations to find the time at which the cars pass each other and hence find the distance from
junction 1 at which they pass.
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Chapter 1: Velocity and acceleration

Two trains travel along the same stretch of track 5km long. One starts at the southern end travelling north at
a constant speed of 25ms~". The second train starts at the northern end 40s later travelling south at a
constant speed of 15ms™.

a Sketch the two displacement-time graphs on the same set of axes.

b Find the time for which the first train has been moving and the distance the first train has travelled when
the trains pass each other.

A cyclist is stationary when a second cyclist passes travelling at a constant speed of 8 ms~!. The first cyclist
then accelerates for 5s at a constant rate of 2ms~! before continuing at constant speed until overtaking the
second cyclist. By sketching both graphs, find the equations of the two straight line sections of the graphs and
hence find how long it is before the first cyclist overtakes the second.

Two rowing boats are completing a 2km course. The first boat leaves, its crew rowing at a speed of 3.2ms™!.

The second boat leaves some time later, its crew rowing at 4ms~', and overtakes the first boat after the second
has been travelling for 40s.

a Find how much earlier the second boat completes the course.

b What assumption has been made in your answer?

The leader in a race has 500 m to go and is running at a constant speed of 4ms~', but with 100 m to go
increases her speed by a constant acceleration of 0.1ms™2. The second runner is 100 m behind the leader when
the leader has 500m to go, and running at 3.8 ms™! when she starts to accelerate at a constant rate. Find the
minimum acceleration she needs in order to win the race.

A van driver wants to pull out from rest onto a road where cars are moving at a constant speed of 20ms™".
When there is a large enough gap between cars, the van driver pulls out immediately after one car passes. She
then accelerates at a constant rate of 4m s~ until moving at 20 ms™.. To do this safely the car behind must
always be at least 10 m away. Find the minimum length of the gap between the cars for the van driver to pull out.

A police motorcyclist is stationary when a car passes, driving dangerously at a constant speed of 40ms™'. At
the instant the car passes, the motorcyclist gives chase, accelerating at 2.5ms™ until reaching a speed of
50ms~! before continuing at a constant speed. Show that the motorcyclist has not caught the car by the time
he reaches top speed. Find how long after the car initially passed him the motorcyclist catches the car.

The front of a big wave is approaching a beach at a constant speed of 11.6ms~. When it is 30 m away from a
boy on the beach the wave starts decelerating at a constant rate of 1.6ms~2 and the boy walks away from the
sea at a constant speed of 2ms~!. Show that the wave will not reach the boy and find the minimum distance

between the boy and the wave.

Swimmers going down a waterslide 30 m long push themselves off with an initial speed of between 1ms~! and

2ms~!. They accelerate down with constant acceleration 0.8 ms~ for the first 20 m before more water is added
and the acceleration is 1ms™ for the last 10 m of the slide. For safety there must be at least 5s between
swimmers arriving at the bottom of the slide. Find the minimum whole number of seconds between swimmers
being allowed to start the slide.

A ball is projected in the air with initial speed u and goes up and down with acceleration g downwards. A
timer is at a height /. It records the time from the ball being projected until it passes the timer on the way up
as f; and on the way down as #,. Show that the total of the two times is independent of / and that the initial

speed can be calculated as u = w Show also that the difference between the times is given by

2u* - 2gh
g

. Hence find a formula for 4 in terms of #;, t, and g.
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1.5 Velocity-time graphs and multi-stage problems

As well as using a displacement—time graph, we can show the motion of an object on a
velocity—time graph.

Imagine the following scenario. An athlete goes for a run. He starts at rest and gradually
increases his speed over the first 30s before maintaining the same speed of 5ms™! for 60s.
Then he gradually reduces his speed until coming to rest another 30s later. He then
returns to his starting point by increasing his speed quickly at the start and continually
trying to increase his speed for 90s, but only managing to increase it by smaller and
smaller amounts, peaking at 6ms~'. He then slows down over 10s before coming to rest at
his start point.

The graph would look like the one shown here. You always
show time on the x-axis and velocity on the y-axis. A

A horizontal graph line indicates that the velocity is unchanged

and therefore the athlete is moving at constant speed. If the

graph is not horizontal it indicates the velocity is changing and
the steepness of the line indicates how quickly it is changing.
Note that when the athlete returned to the start, the velocity

became negative because the direction of motion changed.

@

The gradient of a velocity—time graph is equal to the acceleration of the object.

From this graph you can see that the gradient is %, which is the same as the formula

given for acceleration in Section 1.2.

You can use the formula for the area of a trapezium to show that the area under the graph

line is % (u + v)t, which is the same as the formula for the displacement. This rule can be

generalised so that if the motion changes and the velocity—time graph has more than one

line, the area under the graph may be found as the sum of separate areas under the lines.

The area under the line of a velocity—time graph is the displacement of the object.

Note that in the previous scenario of the athlete, part of the graph is under the x-axis.
The area below the axis is a ‘negative area’ and it indicates a negative displacement. In this

particular example, the athlete started and ended at the same point and so the area above

the axis should equal the area below the axis to indicate no overall change in displacement.

Note also that part of the graph is curved. This indicates that the acceleration is not
constant.
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Chapter 1: Velocity and acceleration

MODELLING ASSUMPTIONS

In the same way as we asked if it is reasonable to assume constant speed, we might ask

if it is reasonable to assume constant acceleration. In many cases it is close enough, but

it is often harder to maintain the same acceleration when moving at high speeds.

In scenarios involving people, we often say that someone is not moving then walks
at a given speed. We assume that the change is instantaneous. In the case of
walking at low speeds the time taken to reach that speed is sufficiently small that it
is not a bad assumption, but for runners there may be some error in making that

assumption.

0 DID YOU KNOW?

Olympic sprinters take about 60 m to reach top speed. By the end of the 100 m race they are
normally starting to slow down. You might expect that, because runners start to slow down after
about 100 m, race times for 200 m will be more than double the times for 100 m. In fact, for most

of the time since world records were recorded, the 200 m world record has been less than double
the 100 m record because the effect of starting from a stationary position is larger than the effect of

slowing down by a small amount for the second 100 m.

WORKED EXAMPLE 1.11

a Arthur travels at a constant speed of Sms™! for 10s and then decelerates at a constant rate of 0.5ms™? until

coming to rest. Sketch the velocity—time graph for his motion.

b Brendan travels at a constant 4ms~' starting from the same time and place. Show that Arthur and Brendan
are travelling at the same speed after 12s and hence find the furthest Arthur gets ahead of Brendan.

¢ Show that for t > 10 the gap between them is given by g(z) = — % 2 + 6t —25 and hence find the time when
Brendan overtakes Arthur.

Answer
a Let T be the time spent in deceleration. Use an equation of constant acceleration to
v=u+at find the time for the second stage of the
0=5-0.5T motion.
T =10s
t=T+10
=20s
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> 1 (s)
b yms
A
RN e——
. >/ (s)
10 12 20
y=5-0.5(—10) = 4
t=12s

Sy :5><l()+%><(5+4)><2:59m

sp=4x12=48m

Therefore, the largest gap is 11m.

¢ Startinggap =0

At time :

S 4 :5()+l(/—10)(5+[5—

)

N | —

:50+5(r—10)—%(z—10)3
SB :4[

g(t) = 0+50+5( —10) - = (1 — 10)> — 4t

N

=—l73+6l—25
4

Brendan overtakes when the gap is 0, so
L6025 -0
4

2 =24t +100 = 0
t =5.37 or18.6

Since the equations are valid only for > 10,

t =18.6s

Constant velocity means a horizontal line.

Deceleration from a positive velocity means a

negative gradient.

The x-axis intercept is at the total time from
the start.

Find where the lines cross to solve when

velocities are equal.

Time in the second stage is 10's less than total

time since start.

The largest gap between them is equal to the
difference in displacements at the time when
they have the same velocity. After this time
Brendan is travelling faster than Arthur and so
starts to catch up.

Distance travelled is area under graph: a
rectangle plus a trapezium for Arthur and a
rectangle for Brendan.

The gap at time ¢ is the starting gap plus the
distance covered by the leading person minus
the distance covered by the following person.

For ¢ > 10, Arthur is in the second stage of the
motion, so the total distance is the distance
covered in the first stage plus the distance
covered in the second stage up to time 7.

Solve g(¢) = 0 to find ¢.

Check the context and validity of the equations
to determine which is the relevant solution.
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Chapter 1: Velocity and acceleration

Sketch the velocity—time graphs from the information given. In each case take north to be the positive
direction.

a

b

Rinesh starts from rest moving north with a constant acceleration of 3ms= for 5s.
Wendi is moving north at 2ms~! when she starts to accelerate at a constant rate of 0.5ms™ for 6s.
Dylon is moving south at a constant speed of 4ms™".

Susan is moving north at 6ms~ when she starts decelerating at a constant rate of 0.3m s> until she comes
to rest.

Sketch the velocity—time graphs from the information given. In each case take upwards to be the positive direction.

a

A ball is thrown up in the air from the surface of a pond with initial velocity 20 ms™.. It accelerates
under gravity with constant acceleration 10 ms™ downwards. Once it has reached its highest point it
falls until it hits the surface of the pond and goes underwater. Under the water it continues to accelerate
with constant acceleration 1m s~ for 1s.

A parachutist falls from a helicopter which is flying at a constant height. She accelerates at a constant
rate of 10 ms™ downwards for 0.5s before the parachute opens. She then remains at constant speed for 5s.

A hot-air balloon is floating at a constant height before descending to a lower height. It descends with
constant acceleration Sms™ for 65, then the burner is turned on and the balloon decelerates at a constant
rate of 2ms~2 until it is no longer descending.

A firework takes off from rest and accelerates upwards for 7s with constant acceleration 5ms~2, before
decelerating at a constant rate of 10 ms~2 until it explodes at the highest point of its trajectory.

The graph shows the motion of a motorcyclist when he starts travelling along a v (ms1)

highway until reaching top speed. Find the distance covered in reaching that
speed.

> (s)

The graph shows the motion of a ball when it is thrown upwards in the air until v (ms™

it hits the ground. Find the height above the ground from which it was thrown.

> (s)

The sketch graph shows the motion of a boat. Find the distance the boat travels  , ms1)

during the motion. A

> (s)

S pe===-

N
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The graph shows the journey of a cyclist going in a straight line from home to v (ms)
school. Find the distance between her home and the school.

A racing car is being tested along a straight 1 km course. It starts from rest accelerating at a constant rate of
10ms2 for 5s. It then travels at a constant speed until a time ¢s after it started moving. Show that the
distance covered by time 7 is given by s = 125+ 50(¢z — 5). Hence find how long it takes to complete the course.

A rowing boat accelerates from rest at a constant rate of 0.4ms™ for 5s. It continues at constant velocity for
some time until decelerating to rest at a constant rate of 0.8 ms™2. In total the boat covers a distance of 30 m.
Find how long was spent at constant speed.

A cyclist accelerates at a constant rate from rest over 10s to a speed vms~'. She then remains at that speed for
a further 20s. At the end of this she has travelled 300 m in total. Find the value of v.

A boat accelerates from rest at a rate of 0.2m s> to a speed vms~. It then remains at that speed for a further
30s. At the end of this it has travelled 400 m in total.

a Find the value of v.

b What assumptions have been made to answer the question?

A crane lifts a block from ground level at a constant speed of vms™. After 5s the block slips from its shackles
and decelerates at 10 ms™. It reaches a maximum height of 6m . Find the value of v.

A car is at rest when it accelerates at 5ms™ for 4s. It then continues at a constant velocity. At the instant the
car starts moving, a truck passes it moving, at a constant speed of 22ms~!. After 10s the truck starts slowing
at Im s~ until coming to rest.

a Show that the velocities are equal after 12s and hence find the maximum distance between the car and the
truck respectively.

b Show that the distance covered at a time ¢s from the start by the car and the truck, for # > 10, are given by
40 +20(¢t — 4) and 220 +22(¢ —10) — % (t — 10)?, respectively. Hence find the time at which the car passes

the truck.

Two cyclists are having a race along a straight road. Bradley starts 50 m ahead of Chris. Bradley starts from
rest, accelerates to 15ms™! in 10s and remains at this speed for 40s before decelerating at 0.5ms™2. Chris
starts 5s later than Bradley. He starts from rest, accelerates to 16 ms™ in 8s and maintains this speed.

a Show that Bradley is still ahead when he starts to slow down, and find how far ahead he is.

b Find the amount of time Bradley has been cycling when he is overtaken by Chris.

A driver travelling at 26 ms™' sees a red traffic light ahead and starts to slow at 3ms™ by removing her foot

from the accelerator pedal. A little later she brakes at Sms™2 and comes to rest at the lights after 6s.
a Sketch the velocity—time graph of the motion.
b Find the equations of the two sections of the graph.

¢ Hence find the time when she needs to start braking.
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o 15 A car accelerates from rest to a speed v ms™ at a constant acceleration. It then immediately decelerates at a
constant deceleration until coming back to rest ¢ s after starting the motion.

a Show that the distance travelled is independent of the values of the acceleration and deceleration.

b Suppose instead the car spends a time T s at speed v ms~! but still returns to rest after a total of ts after
starting the motion. Show that the distance travelled is independent of the values of the acceleration and
deceleration.

1.6 Graphs with discontinuities

What happens when a ball bounces or is struck by a bat? It would appear that the velocity
instantaneously changes from one value directly to a different value. If this did happen
instantaneously, the acceleration would be infinite. In practice, the change in velocity
happens over a tiny amount of time which it is reasonable to ignore, so we will assume the
change is instantaneous.

The velocity—time graph will have a discontinuity as in the following graph as the velocity
instantaneously changes.

v(ms)
A

> 7 (s)

The displacement—time graph cannot have a discontinuity, but the gradient will
instantaneously change, so the graph will no longer be smooth at the join between two
stages of the motion. For the velocity—time graph shown, the displacement—time graph will
look like the following.

s (m)
A

0 >/ (5)

On the velocity—time graph of an object that instantaneously changes velocity by bouncing or being

struck, the change is represented by a vertical dotted line from the velocity before impact to the
velocity after impact.
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MODELLING ASSUMPTIONS ?

In practice, the objects may not instantaneously change velocity. In the example of a tennis

ball being hit by a racket, the strings stretch very slightly and spring back into shape. It is
during this time that the ball changes velocity. In the case of a tennis ball striking a solid
wall or a solid object striking the ball, the ball may compress slightly during contact

before springing back into shape. In these cases, the time required to change is so small
that you can ignore it. By modelling the objects as particles, you can assume the objects Golf balls look and

do not lose shape and the time in contact is sufficiently small to be negligible. feel solid, but in the
instant after impact

from a golf club

WORKED EXAMPLE 1.12 moving at around
200 km h~! the ball

appears to squash so

‘< travell] , -1 q i ctrileag .
a A ballis travelling at a constant speed of 10 ms™ for 2s until it strikes a wall. that its length is only

It bounces off the wall at Sms~! and maintains that speed until it reaches about 80% of its
where it started. When it passes that point it decelerates at Ims™. Find the original diameter and
times and displacements when each change in the motion occurs. its width increases

b Sketch a velocity—time graph and a displacement—time graph for the motion.
Measure displacements as distances from the starting point and the original
direction of motion as positive.

n a The distance to the wall is

s=10x2=20m

The time between hitting Note that times are measured from the start
the wall and returning to the  of the motion.
starting point is, therefore,

12%245 so t = 6s

The time from starting to
decelerate until it stops is

0-(-5)

0 =5s sot=11s

The distance covered is Note that displacements are measured from
5x5+ % % (=1)x 5> =12.5m the starting position taking the original

so displacement is direction as positive.

s =-12.5m Although decelerating, the acceleration is
positive because the velocity is negative.

b vms) Notice the graph is discontinuous at ¢ = 2.

A
10 Although the ball is decelerating after 7 = 6,

the gradient is positive because the velocity

>:(s) 1snegative.
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s (m) Notice that at ¢ = 2 the gradient is different

on either side of the cusp. This indicates a
discontinuity in the velocity.

An ice hockey puck slides along a rink at a constant speed of 10 ms™. It strikes the boards at the edge of the
rink 20 m away and slides back along the rink at 8 ms™" until going into the goal 40 m from the board. Sketch
a velocity—time graph and a displacement—time graph for the motion, measuring displacement from the
starting point in the original direction of motion.

A bowling ball rolls down an alley with initial speed 8 ms™2 and decelerates at a constant rate of 0.8 ms™.
After 2.5s it strikes a pin and instantly slows down to 2m s~.. It continues to decelerate at the same constant
rate until coming to rest. Sketch a velocity—time graph and a displacement-time graph for the motion.

In a game of blind cricket, a ball is rolled towards a player with a bat 20 m away, who tries to hit the ball. On
one occasion, the ball is rolled towards the batsman at a constant speed of 4ms~!. The batsman hits the ball
back directly where it came from with initial speed 6 ms™" and decelerating at a constant rate of 0.5ms™.
Sketch a velocity—time graph and a displacement-time graph for the motion, taking the original starting point
as the origin and the original direction of motion as positive.

A ball is dropped from rest 20 m above the ground. It accelerates towards the ground at a constant rate of

10 ms~2. It bounces on the ground and leaves with a speed that is half the speed it struck the ground with. It is
then caught when it reaches the highest point of its bounce. Sketch a velocity—time graph and a displacement—
time graph for the motion, measuring displacement above the ground.

A ball is struck towards a wall, which is 5m away, at 2.25ms™!. It slows down at a constant rate of 0.2 m s>
until is strikes the wall. It bounces back at 80% of the speed it struck the wall at. It again slows down at a
constant rate of 0.2 ms™ until coming to rest. Sketch a velocity—time graph and a displacement—time graph for
the motion, measuring displacement from the wall, taking the direction away from the wall as positive.

A billiard ball is on the centre spot of a 6 m long table and is struck towards one of the cushions with initial
speed 3.1ms™!. It slows on the table at 0.2 ms™2. When it bounces off the cushion its speed reduces to 70% of
the speed with which it struck the cushion. The ball is left until it comes to rest.

a Sketch the velocity—time and displacement—time graphs for the ball, taking the centre of the table as the
origin for displacement and the original direction of motion as positive.

b What assumptions have been made in your answer?

A ball is released from rest 20 m above the ground and accelerates under gravity at 10 ms=2. When it bounces
its speed halves. If bounce n occurs at time ¢z, the speed after the bounce is v,,. Show that v, = 15-2.5¢, and
deduce that, despite infinitely many bounces, the ball stops bouncing after 6s.
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Checklist of learning and understanding

® The equations of constant acceleration are:

v=u+at
s=l(u+v)t
2

s—ut+lat2
2

s—vt—lar2
2

v2 = u? +2as

A displacement-time graph shows the position of an object at different times. The gradient is
equal to the velocity.

A velocity—time graph shows how quickly an object is moving at a given time. The gradient is
equal to the acceleration. The area under the graph is equal to the displacement.




END-OF-CHAPTER REVIEW EXERCISE 1

1

Chapter 1: Velocity and acceleration

A man playing with his young son rolls a ball along the ground. His son runs after the ball to fetch it.

a The ball starts rolling at 10 ms™! but decelerates at a constant rate of 2ms~2. Find the distance covered
when it comes to rest.

b Once the ball has stopped, the boy runs to fetch it. He starts from rest beside his father and accelerates at a
constant rate of 2ms~2 for 3s before maintaining a constant speed. Find the time taken to reach the ball.

A car is travelling at 15m s~ when the speed limit increases and it accelerates at a constant rate of 3ms~2 until

reaching a top speed of 30 ms™.
a Find the distance covered until reaching top speed.

b Once the car is at top speed, there is a set of traffic lights 600 m away. The car maintains 30 ms~! until it
starts to decelerate at a constant rate of Sms= to come to rest at the lights. Find the time taken from
reaching top speed until it comes to rest at the traffic lights.

In a race, the lead runner is 60 m ahead of the chaser with 200 m to go and is running at 4ms~". The chaser is

running at Sms™.

a Find the minimum constant acceleration required by the chaser to catch the lead runner.

b If the lead runner is actually accelerating at a constant rate of 0.05ms™2, find the minimum constant
acceleration required by the chaser to catch the lead runner.

1

A jet aeroplane coming in to land at 100 ms™ needs 800 m of runway.

a Find the deceleration, assumed constant, the acroplane can produce.

b On an aircraft carrier, the aeroplane has only 150 m to stop. There are hooks on the aeroplane which catch
arresting wires to slow it down. If the aeroplane catches the hook 50 m after landing, find the deceleration
during the last 100 m.

The sketch shows a velocity—time graph for a sled going down a slope. Sketch the v (ms!)
displacement-time graph, marking the displacements at each change in the motion. . 8“
0 — > ()

The sketch shows a velocity—time graph for rowers in a race.
Given that the race is 350 m long and finishes at time 50s, find the
value of v.

> (s)
0
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7 A footballer kicks a ball directly towards a wall 10 m away and walks after the ball in the same direction at a
constant 2ms~!. The ball starts at 4ms~" but decelerates at a constant rate of 0.5ms™2. When it hits the wall it
rebounds to travel away from the wall at the same speed with which it hit the wall.

a Find the time after the initial kick when the ball returns to the footballer.

b What assumptions have been made in your answer?

@ 8 Anentrant enters a model car into a race. The car accelerates from rest at a constant rate of 2ms~2 down a
slope. When it crosses the finishing line a firework is set off. The sound travels at 340 ms™'. The time between
the entrant starting and the firework being heard at the start of the course is 12s.

a Find the length of the course.

b Find the actual time it took for the model car to complete the course.

9 A lion is watching a zebra from 35m behind it. Both are stationary. The lion then starts chasing by accelerating
at a constant rate of 3ms™ for 5s. Once at top speed the lion decelerates at 0.5ms™2. The zebra starts moving
Is after the lion started, accelerating at a constant rate of 2ms~2 for 7s before maintaining a constant speed.

a Show that the lion has not caught the zebra after 8s.

b Show that the gap between them at time ¢ s, for ¢ > 8, after the start of the lion’s motion is given by
1

1 12 =51+ 571 and hence determine when the lion catches the zebra, or when the lion gets closest and how

close it gets.

@ 10 A car is behind a tractor on a single-lane straight road. Both are moving at 15ms™". The speed limit is 25ms™,
so the car wants to overtake. The safe distance between the car and the tractor is 20 m.

a To overtake, the car goes onto the other side of the road and accelerates at a constant rate of 2 m s~ until
reaching the speed limit, when it continues at constant speed. Show that the distance the car is ahead of the
tractor at time s after it starts to accelerate is given by > — 20 for 0 <t < 5, and deduce that the car is not
a safe distance ahead of the tractor before reaching the speed limit.

b The car pulls in ahead of the tractor once it is a safe distance ahead. Find the total time taken from the start
of the overtaking manoeuvre until the car has safely overtaken the tractor.

¢ To overtake safely on the single-lane road, when the car returns to the correct side of the road in front of the
tractor there must be a gap between his car and oncoming traffic of at least 20 m. Assuming a car travelling
in the opposite direction is moving at the speed limit, find the minimum distance it must be away from the
initial position of the overtaking car at the point at which it starts to overtake.

11 Two hockey players are practising their shots. They are 90 m apart and hit their balls on the ground directly
towards each other. The first player hits his ball at 6ms™ and the other hits hers at 4ms~!. Both balls decelerate
at 0.1ms~2. Find the distance from the first player when the balls collide.

12 The sketch shows a velocity—time graph for a skier going down a slope. v (ms)
Given that the skier covers 80 m during the first stage of acceleration, find the total
distance covered.

> (s)
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o 13 Two trains are travelling towards each other, one heading north at a constant speed of #ms™" and the other
heading south at a constant speed of vms~'. When the trains are a distance ¢ m apart, a fly leaves the
northbound train at a constant speed of wms™'. As soon as it reaches the other train, it instantly turns back
travelling at wms™ in the other direction. Show that the fly meets the southbound train having travelled a

) . . 2
wd and returns to the northbound train when the train has travelled a distance of Ld
(w+v)(w+u)

distance of

o 14 Two cars are on the same straight road, the first one s m ahead of the second and travelling in the same direction.
The first one is moving at initial speed vm s~ away from the second one. The second one is moving at initial

1

speed ums~! where > v. Both cars decelerate at a constant rate of @ ms™. Show that the second car overtakes

at time ¢ = irrespective of the deceleration, provided the cars do not come to rest before the second one

u—v
passes. Show also that the distance from the starting point of the second car to the point where it overtakes
depends on « and find a formula for that distance.

@ 15 A woman walks in a straight line. The woman’s velocity ¢s after passing through a fixed point 4 on the line is
vms~!. The graph of v against ¢ consists of four straight line segments (see diagram).

> 7 (s)

The woman is at the point B when ¢ = 60. Find:

i the woman’s acceleration for 0 < < 30 and for 30 <t <40 [31
ii the distance AB 12]
iii the total distance walked by the woman. 1]

Cambridge International AS & A Level Mathematics 9709 Paper 43 Q1 November 2011

@ 16 A car travels in a straight line from A4 to B, a distance of 12km, taking 552s. The car starts from rest
at A and accelerates for Ty s at 0.3ms™2, reaching a speed of ¥ ms~!. The car then continues to move at ¥ ms~!
for Ty s. It then decelerates for Tys at Ims™2, coming to rest at B.

i Sketch the velocity—time graph for the motion and express 7; and 73 in terms of V. [3]

i Express the total distance travelled in terms of ¥ and show that 1372 — 3312V +72 000 = 0.
Hence find the value of V. 151

Cambridge International AS & A Level Mathematics 9709 Paper 43 Q5 November 2013
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@ 17 The diagram shows the velocity—time graph for a particle P which travels on a straight line 4B,
where vms™ is the velocity of P at time ¢s. The graph consists of five straight line segments.
The particle starts from rest when ¢ = 0 at a point X on the line between 4 and B and moves
towards A. The particle comes to rest at 4 when ¢ = 2.5.

- > 1 (s)
0 5 45 14.5

i Given that the distance X4 is 4m, find the greatest speed reached by P during this stage of the motion. [2]

In the second stage, P starts from rest at 4 when ¢ = 2.5 and moves towards B. The distance 4B is 48 m. The
particle takes 12s to travel from 4 to B and comes to rest at B. For the first 2s of this stage P accelerates at
3ms~, reaching a velocity of ¥ ms~!. Find:

ii the value of I/ 12]
iii the value of ¢ at which P starts to decelerate during this stage [3]
iv the deceleration of P immediately before it reaches B. 12]
Cambridge International AS & A Level Mathematics 9709 Paper 42 Q6 November 2010
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Force and motion in one dimension

In this chapter you will learn how to:
relate force to acceleration
use combinations of forces to calculate their effect on an object

include the force on an object due to gravity in a force diagram and calculations
include the contact force on a force diagram and in calculations.
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PREREQUISITE KNOWLEDGE

Where it comes from What you should be able to do Check your skills
Chapter 1 Use equations of constant 1 Findfwhen u=4,v=6 and a =5.
acceleration. 2 Findvwhen u=3,a=4 and s =2.

What is a force and how does it affect motion?

When an object is moving, how will it continue to move? What makes it speed up or slow
down? What affects the acceleration or deceleration of an object? These are questions that
have been considered by many philosophers over the course of history. The first person

to publish what is now considered to be the correct philosophy was Isaac Newton (1643—
1727), which is why Mechanics is often referred to as Newtonian Mechanics. Newton used
his theories to explain and accurately predict the movements of planets and the Moon, as
well as to explain tides and the shape of the Earth.

DID YOU KNOW?

Newton was not the first to consider the idea of a force. Aristotle (384-322 BCE), the Ancient

Greek philosopher, believed that a cause (or force) was the thing that had an effect on an object Newton published his
to make it move. He came up with a theory of how force was related to motion, but he did not work in a book called
define forces clearly and he had no supporting evidence for his claims. His theory led to the Philosophiae Naturalis
conclusion that heavier bodies fall to Earth faster than lighter bodies, which is not true. Principia Mathematica
in 1687, often known
2.1 Newton’s first law and relation between force and acceleration simply as the Principia.

A force is something that can cause a change in the motion of an object. There are many
different types of force that can act on an object. Think of different ways to get an object
on a table to start moving or change speed.

Most forces are caused by objects being in contact with other objects. Pushing or dragging
an object can cause it to accelerate. A force can act through a string under tension; pulling on
the string can cause an attached object to speed up or slow down. A solid rod can act like a
string, but it can also push back when it is under compression and there is a thrust in the rod.

Objects that are in contact with each other may experience friction, which may include air
resistance. This generally slows objects down, but sometimes friction is required to cause
the motion. For example, a car engine gets the car to move by using the friction with the
ground to start the wheels rolling along the ground. In icy or muddy conditions there is not
much friction so cars cannot accelerate quickly.

If you gently push an object off the edge of a table it will accelerate towards the ground
despite nothing (apart from the air) being in contact with it. This is because there is a force
due to gravity. In fact, there is a force due to gravity between all objects, but other than the
gravity pulling objects towards the Earth, the forces are so small as to be negligible.

Gravity is the only force you will consider in this course that acts on an object without
being in contact with the object. Other forces that act in this way, for example magnetic
attraction or repulsion, will not be considered in this course.

Newton progressed from using mathematics to calculate the position, speed and
acceleration of an object with constant acceleration to explaining why objects move as
they do. He produced three laws of motion which are still used today in many situations to
calculate and describe how objects move.
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Chapter 2: Force and motion in one dimension

Newton’s first law states that an object remains at rest or continues to move at a constant velocity
unless acted upon by a net force.

This is not immediately obvious because the forces are not visible. You see that objects
sliding along the ground slow down and eventually stop without anyone trying to slow

them down and without the object hitting another object. A ball moving through the air Aristotle thought
appears to be changing direction as it falls under gravity, yet it does not touch anything that at every moment
while changing direction. something must be

causing an object to

Newton’s second law expresses how a force relates to the motion of an object. For an object continue to move.
&

of constant mass, the net force acting on the object is proportional to the product of its so an object flying
mass and acceleration. through the air must
be pushed by the air
F oma

to continue moving.

The force is measured in newtons (symbol N). One newton is defined as the amount Newton was the first

of force required to accelerate 1kg at Ims~2. Using kilograms for the unit of mass,
metres for length and seconds for time, so that acceleration is in ms~2, the constant of
proportionality is 1.

to contradict him.

Newton’s second law leads to the equation

Force = mass X acceleration

Force is a vector quantity, so may be positive or negative depending on which direction is
. .- FAST FORWARD
assigned to be positive.

Newton’s third law

relates forces between
objects and their effects
on each other. You
In all cases at this stage you will consider objects as particles, so you can ignore any will learn about this in
complexities due to the shape of the object. For many of the problems, it will have Chapter 5.

such a small effect that you can treat it as negligible. This means that the error it
causes in the calculations is small enough to be ignored.

For example, when you consider an object like a bag of sand, if the mass of the bag
is sufficiently small compared to the mass of the sand you say it is negligible and the
bag is termed light.

In some questions, there is a general force called resistance, which acts in the o FAST FORWARD
opposite direction to motion. This may be due to friction, air resistance or both. Friction will be

In some situations you will ignore resistance forces altogether. This is a modelling considered in more
assumption that you make to simplify the situation. detail in Chapter 4.
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WORKED EXAMPLE 2.1

a A cyclist on a bike, with combined mass of 100 kg, accelerates from rest with acceleration 0.2 ms~2. Find the
force the cyclist generates.

b A second cyclist on a bike, with combined mass of 80 kg, accelerates from rest by generating the same force
as the first cyclist. Find her acceleration.

¢ The first cyclist is travelling at 20 ms™! when he starts to brake with a force of 500 N. Find the distance
covered while coming to rest.

Answer
a F=ma=100x0.2=20N Use F = ma.
b F=ma Use F = ma and solve the equation.
20 = 80a

a= ! or 0.25ms™2
4

o F =ma Notice that the force is in the opposite
=500 = 100a direction to motion so is negative.

-0
a=-5ms™

v = u® +2as Use equations of constant acceleration.
0=20%+2x-5xs
s =40m

You can see that the same force was exerted by both cyclists, but the acceleration was smaller
for the larger mass. Mass can be said to be a measure of the amount of material present in an
object, but can also be described as the reluctance of an object to change velocity.

/) 1 Find the horizontal force required to make a car of mass 500 kg accelerate on a horizontal road at 2ms™

Z) 2 A wooden block of mass 0.3 kg is being pushed along a horizontal surface by a force of 1.2 N. Find its
acceleration.

A 3 A gardener drags a roller on horizontal land with a force of 360 N causing it to accelerate at 1.2 ms™. Find the
mass of the roller.

4 A man pushes a boy in a trolley, with total mass 60 kg, along horizontal land from rest with a constant force
of 42 N for 10s. Find the distance travelled in this time.

5 A snooker ball of mass 0.2 kg is struck so it starts moving at 1.2ms™". As it rolls, the table provides a constant
resistance of 0.08 N. It strikes another ball I m away.

a Find the speed with which it strikes the other ball.

b What assumptions have you made when answering this question?

6 Find the constant force required to accelerate a mass of 5kg from 3ms™ to 7ms~'in 8s on a horizontal surface.

Original material © Cambridge University Press 2017



Chapter 2: Force and motion in one dimension

7 A ship of mass 20 tonnes is moving at 10 ms~! when its engines stop and it decelerates in the water. It takes
500 m to come to rest. Find the resistance force, which is assumed to be constant, of the water on the ship.

8 A winch provides a constant force of 80 N and causes a block to accelerate on horizontal land from 2ms™ to

10ms~'in 6s. Find the mass of the block.

9 A Formula 1 car and its driver have total mass of 800 kg. The driver is travelling at 100 ms™ along a horizontal
straight when, 100 m before a bend, he starts to brake, slowing to 40 ms~!. Assuming a constant braking force,

find the force of the brakes on the car.

10 A strongman drags a stone ball from rest along a horizontal surface. He moves it 10 m in 4s by exerting a

constant force of 100 N. Find the mass of the stone ball.

11 A car and driver, of total mass 1350kg, are moving at 30 ms™' on a horizontal road when the driver sees
roadworks 400 m ahead. She breaks, decelerating with a constant force of 600 N until arriving at the

roadworks. Find the time elapsed before arriving at the roadworks.

12 A train travelling at 30 ms™!

The brakes provide a constant resistance of 100 kN. Find the mass of the train.

on a horizontal track starts decelerating 360 m before coming to rest at a station.

13 A block is being dragged along a horizontal surface by a constant horizontal force of size 45 N. It covers 8 m

in the first 2s and 8.5m in the next 1s. Find the mass of the block.

2.2 Combinations of forces

Newton’s first and second laws refer to net or resultant forces because there may be more
than one force acting on an object at any one time.

Newton’s second law is given more generally as

Net force = mass X acceleration

An object in equilibrium may have several forces acting on it, but their resultant is zero so it
remains at rest or moving at constant velocity.

Objects with a net force of zero acting on them are said to be in equilibrium and have no
acceleration.

You should use a diagram to work out which forces act in which directions. In this chapter
the diagrams will be simple and only include one or two forces horizontally or vertically.
You should get used to drawing diagrams for simple situations so that you are prepared for
more complicated situations in later chapters.

Consider an aeroplane flying through the air. The forces acting on it are its weight, lift from
the air on the wings, the driving force from the engine and propellers, and air resistance.
Compare the following two illustrations.
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It is normally easier to
put all the information
in a question into this
equation rather than
working out net force
separately.

o FAST FORWARD

You will consider
problems with objects
in equilibrium in
Chapter 3.

Ol

Always draw a force
diagram, even in simple
situations, to ensure
you have considered all
forces in the problem
and added them into
the relevant equations.
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— s —
lift 1?‘
air resistance \‘ air resistance <«——— ——> thrust
——> thrust
> You do not usually
' l include units on
diagrams where forces
weight weight are indicated by
unknowns, otherwise
Both illustrations have the same information, but the diagram on the right is simpler to there can be confusion
draw and clearly shows the important information. about whether a letter

refers to an unknown or
a unit. Remember to use
S.I. units throughout.

Diagrams are not pictures. In Mechanics you normally draw objects as circles or
rectangles and show forces as arrows going out from the object. Objects being pushed
from behind or dragged from in front are both shown as an arrow going forward from the
object. The net force (or resultant force) is not shown on the diagram.

Accelerations are shown beside the diagram using a double arrow.

WORKED EXAMPLE 2.2

a A car of mass 600 kg has a driving force of 500 N and air resistance of 200 N. Find how long it takes to
accelerate from 10ms™' to 22ms™.

a

n

T
200N <——ey ‘ O—> 500N

b The car stops providing a driving force and the brakes are applied. It decelerates from 22 ms™ to rest in
220 m. Find the force of the brakes.

Answer
a — 45 The diagram is very simple and clear.
<_,—|_) The car is shown as a rectangle.
200 500 .
va The forces are arrows going out from the
rectangle.
The acceleration is a double arrow above the
diagram.
No resultant force is marked on the diagram.
F = ma All the horizontal forces make up the net force.
500 — 200 = 600a Forces are negative if they are in the opposite
d=05ms> direction to the motion.
v =u+at Acceleration is constant so you can use the
22 =10+ 0.5¢ relevant equation of constant acceleration to

t=24s finish the problem.
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b a It is useful to draw new diagrams whenever the
e . .
situation changes.
202 <] Note that the air resistance is still there, but
—~ the driving force is not there. The unknown F

is now the braking force.

Note that acceleration is still in the direction of
motion, although it is clear it will be negative
because all the forces are acting the other way.

2 =u?+2as Use an equation of constant acceleration first
02 =222 + 24 %220 to find the acceleration.
Three of the variables are known.

=
§

a=-1.1ms>2

F=ma Use F = ma now that two of the variables in
—-200 — F = 600 x (-1.1) this equation are known.
F =460N

1 A boat and the sailor on it have a combined mass of 300 kg. The boat’s engine provides a constant driving
force of 100 N. It maintains a constant speed despite water resistance of 60 N and air resistance. Find the
magnitude of the air resistance.

2 A boy and his friends have a tug-of-war with his father. His father pulls on one end of the rope with a force
of 200 N. The boy and three friends each pull with equal force on the other end of the rope. The rope is in
equilibrium. Find the force each child exerts on the rope.

3 A team of sailors pulls a boat over the sand to the sea. Each sailor is capable of providing a force of up to
300 N. The resistance from the sand is 2200 N. Find the minimum number of sailors needed on the team to
maintain a constant speed.

4 A cyclist and her bike have a combined mass of 80 kg. She exerts a driving force of 200 N and experiences air
resistance of 150 N. Find the acceleration of the cyclist.

5 A car of mass 1500 kg experiences air resistance of 450 N. It accelerates at 3ms™ on horizontal ground. Find
the driving force exerted by the engine.

6 A boat of mass 2 tonnes has a driving force of 1000 N and accelerates at 0.2 ms™2. Find the resistance that the
water provides.

7 A water-skier of mass 75kg is towed by a horizontal rope with constant tension of 150 N. There is constant
resistance from the water of 120 N. Find the time taken to reach a speed of 10 ms™ from rest.

8 A learner driver is being tested on the emergency stop. The car has mass 1250 kg and is moving at 21ms™.
When the driver presses the brakes there is a braking force of 10000 N in addition to the air resistance of
500 N. Find the distance covered in coming to rest.
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9 A small aircraft is accelerating on a runway. Its engines provide a constant driving force of 20 kN. There is average
air resistance of 1000 N. It starts from rest and leaves the runway, which is 900 m long, with speed 80 ms™.

a Find the mass of the aircraft.

b What assumptions have been made to answer the question?

10 A drag racing car races over a track of 400 m. The car has mass 600 kg and accelerates from rest with a
constant driving force of 21kN. There is air resistance of 1800 N. Find the speed of the car at the finish line of
the race.

11 A wooden block of mass 6 kg is being dragged along a horizontal surface by a force of 10 N. It accelerates
from Ims~" to 3ms~' in 4s. Find the size of the friction force acting on the wooden block.

12 A motorcyclist is travelling at 20 ms™ on level road when she approaches roadworks and slows down to
10ms~! over a distance of 250 m. The combined mass of the motorcyclist and the motorcycle is 360 kg. There is
air resistance of 80 N. Find the braking force of the motorcycle.

13 An aeroplane of mass 8 tonnes is flying horizontally through the air at 240 ms™". There is air resistance of
20kN. The pilot reduces the driving force from the engines to slow to 160 ms™ over 40s before starting to
descend. Find the magnitude of the reduced driving force.

@ 14 A car of mass 1400 kg slows down from 30 ms™" to 20 ms™ when the driver sees a sign for reduced speed limit
400 m ahead. There is air resistance of 1000 N. Determine whether the driver needs to provide a braking force
or just reduce the amount of driving force exerted, and find the size of the force.

n 2.3 Weight and motion due to gravity

If an object falls under gravity it moves with constant acceleration, whatever the mass of
the object. This may seem contradictory, because an object like a feather will fall to Earth
much more slowly than a hammer. However, this is actually because of air resistance.
Commander David Scott on Apollo 15 demonstrated that on the Moon where there is no
atmosphere the two objects do land at the same time.

O DID YOU KNOW?

Galileo Galilei (1564-1642) was the first to demonstrate that the mass
does not affect the acceleration in free fall. It was thought he did this by
dropping balls of the same material but different masses from the Leaning
Tower of Pisa to show they land at the same time. However, no account
of this was made by Galileo and it is generally considered to have been

a thought experiment. Actual experiments on inclined planes did verify
Galileo’s theory.

The acceleration in freefall due to gravity on Earth is denoted by the letter g and has a
numerical value of approximately 10 ms=2.

If an object of mass m kg falls under gravity with acceleration gms™ then the force on
the object due to gravity must be F = mg. This force is called the weight of an object and
always acts towards the centre of the Earth, or vertically downwards in diagrams.
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The weight of an object of mass m kg is given by W = mg. It is the force due to gravity, so is
measured in newtons.

MODELLING ASSUMPTIONS

The value of g is actually closer to 9.8 ms™, but even that varies slightly depending
on other factors. Because of the rotation of the Earth, the acceleration of an object
in freefall is lower at the equator than at the poles. Gravity is also weaker at high
altitudes and may even be weaker at depths inside the Earth. There can also be very
slight local variations, for example due to being near large mountains of dense rock.
For the purposes of this course, we will assume that g is 10 ms™.

Above the surface of the Earth, the force due to gravity decreases. The difference is
negligible for small distances, but this becomes important in space. In deep space,
the gravitational pulls of not only the Earth but also the Sun become negligible.
Under Newton’s first law, objects like Voyager 1 and Voyager 2 in the far reaches of
the Solar System will continue to move with the same velocity until they reach close
enough to another star to feel its gravitational effect.

WORKED EXAMPLE 2.3

a A ball of mass 0.2 kg is thrown vertically upwards out of a window 4 m above the ground. The ball is
released with speed 8 ms~!. Assuming there is no air resistance, find how long it takes to hit the ground.
b Ifinstead there is a constant air resistance of 0.1 N against the direction of motion, find how long the ball
takes to hit the ground.
Answer
a Taking upwards as positive: Define clearly which direction is positive.
With only gravity acting, the acceleration is —g
if upwards is positive.
a=-g
0.2gN
s = ut+ 1 at? On the way up and the way down, there is
2 no change in the forces, so the whole motion
—4 =8t + ! x 107> can be dealt with as a single motion with
R 2 acceleration —g.
5t°=8t—4=0
t=2o0r-04
t is positive so the time to hit the ground is 2 s.
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b On the way up:

0.1N

0.2¢gN
F =ma
-0.2g-0.1=0.2a
a=-10.5

Vv=u-+at
0=28+-10.51
t =0.762

So the time to reach highest point is 0.762s

(3 significant figures).

v2 = u? + 2as

0% =82 +2x-10.5s

S = 3.05

So distance travelled upwards is 3.05m

(3 significant figures).

On the way down:

0.IN
a
0.2gN
F =ma
02g-0.1=0.2a
a=9.5
1
s = ut +— at’
2
1 P
s+ 4 = ()[2 + E X 95[2’
giving t, = 1.22(3 significant figures)

t=1H+t =198 s (3significant figures)

Separate the way up from the way down
because resistance forces oppose motion, so
the forces are different on the way down.

You first need to find how long it takes to reach
the highest point and the distance travelled in
this time.

Use Newton’s second law to find the
acceleration.

The maximum height is reached when the
velocity is reduced to zero.

You will need to know the height reached so you
can think about the motion on the way down.

It is better to use given values rather than
calculated values as far as possible.

Draw a new diagram for the new situation.

The motion is now downwards and the
resistance force is in the opposite direction to
the motion, so it now acts upwards.

The ball is moving down for this stage, so we
can define downwards as positive.

Use the equation of constant acceleration with
the total distance including the maximum
height s; found previously.

Note that answers to previous calculations are
written to 3 significant figures but you should
always use values from the calculator, by using
Answer key or memories, in later calculations to
avoid premature rounding errors.
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WORKED EXAMPLE 2.4

a A ballis dropped from a height of 30 m above the ground. Two seconds later, another ball is thrown upwards
from the ground with a speed of Sms™". They collide at a time #s after the first ball was dropped. Find .

b They collide at a height #m above the ground. Find /4.

Answer

a Taking upwards as positive: The mass is unknown but labelled as m,
although this does not affect the acceleration
because only gravity acts on the ball.

m g N
Let #; be the time after the first ball is dropped and s; be

its displacement from its starting position.

1 . .
ut + at? Measure height from the ground and time
from the time when the first ball is dropped.

N
Il

S1 = 011 + % X —10[12

h =30 -5t

The second ball has a similar diagram, also
with unknown, but possibly different, mass.

myg N
Let 7, be the time after the second ball is thrown and s,

be its displacement from its starting position.

s = ut+ 1 at? Again measure height from the ground and
; time from the time when the first ball is
$; =5t + 3% -103 dropped.

h=50t-2)=5(t-2)>

5(t=2)=5(t —2)> =30 - 5¢2 Solve the equations simultaneously.
25t = 60
t=24s
b 7=30-5>=30-5x24>=12m Substitute into the equation for height.
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Find the weight of a man of mass 70 kg.
A young goat has weight 180 N. Find its mass.
A ball is dropped from a height of 20 m. Find the time taken to hit the ground.

A water fountain projects water vertically upwards with initial speed 10 ms™'. Find the maximum height the
water reaches.

A ball is thrown vertically downwards with speed Sms~! from a height of 10 m. Find the speed with which it
hits the ground.

A wrecking ball of mass 1 tonne is dropped onto a concrete surface to crack it. It needs to strike the ground at
5ms~! to cause a crack. Find the minimum height from which it must be dropped.

A coin of mass 0.05kg is dropped from the top of the Eiffel Tower, 300 m high. It experiences air resistance of
0.0IN. Find the speed with which it hits the ground.

A winch lifts a bag of sand of mass 12 kg from the ground with a constant force of
240 N until it reaches a speed of 10 ms™". Then the winch provides a force to keep the

bag moving at constant speed. Find the time taken to reach a height of 40 m.

A firework of mass 0.4kg is fired vertically upwards with initial speed 40 ms™.
The firework itself provides a force of 2 N upwards. The firework explodes after
6s. Find the height at which it explodes.

A flare of mass 0.5kg is fired vertically upwards with speed 30 ms~!. The flare
itself provides a force of 0.8 N upwards, even when the flare is falling, to keep
the flare high for as long as possible. The flare is visible over the horizon when it
reaches a height of 25m.

a Find how long the flare is visible for.
b What assumptions have you made in your answer?

A feather of mass 10 g falls from rest from a height of 3m and takes 2s to hit the ground. Find the air
resistance on the feather.

A ball of mass 0.3kg is thrown upwards with speed 10 ms™'. It experiences air resistance of 0.15N. It lands on
the ground 1.2 m below. Find the speed with which it hits the ground.

A bouncy ball is dropped from a height of 5Sm. When it bounces its speed immediately after impact is 80% of
the speed immediately before impact.

a Find the maximum height of the ball after bouncing.

b Show that the height is independent of the value used for g.

A parachutist of mass 70 kg falls out of an aeroplane from a height of 2000 m and falls under gravity until

600 m from the ground when he opens his parachute. The parachute provides a resistance of 2330 N. Find
the speed at which he is travelling when he reaches the ground.

Original material © Cambridge University Press 2017



Chapter 2: Force and motion in one dimension

15 A ball is thrown vertically up at 10ms™". A second later another ball is thrown vertically up from the same
point at 8$ms~!. Find the height at which they collide.

16 A pebble is dropped from rest into a deep well. At time ¢ later it splashes into the water at the bottom of the
well. Sound travels at 340 ms™" and is heard at the top of the well 5s after the pebble was released. Find the
depth of the well.

17 A ball of mass 2 kg is projected up in the air from ground level with speed 20 ms~. It experiences constant air
resistance R. It returns to ground level with speed 15ms~". Find R.

2.4 Normal contact force and motion in a vertical line

When an object rests on a table, why does it not fall? There is a force due to gravity, so
there must be another force in the opposite direction keeping it in equilibrium. This is
called the reaction force.

reaction force

l//

mg

The reaction force is the force on an object from the surface it is resting on. It is usually
denoted by the letter R. It is perpendicular to the surface it is in contact with, so sometimes
N is used for the normal contact force.

The contact force between the object and the surface it is on is called the reaction force and is
always perpendicular to the surface.

When the object is on a horizontal surface, the contact force is usually the same
magnitude as the weight. It simply prevents the object leaving or falling through the
surface. However, when the surface is tilted with the object on it, or when other forces act
on the object pushing it into the surface or pulling it away from the surface, the normal
contact force is not usually the same magnitude as the weight.

@ FAST FORWARD

Some people mistakenly think the normal contact force is equal and opposite to the force of gravity.
You will look at Newton’s third law in Chapter 5, which is about forces that are equal and opposite.
There is a force that is equal and opposite to the force of gravity on an object, but it acts on the
Earth, not the object. Because the mass of the Earth is so large, the acceleration caused by the force
is usually negligible. However, when you consider the motion of planets, the effect of gravity on
both the Earth and other planets is important.
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In 1887, King Oscar II of Sweden and Norway established a prize for anyone who could solve the
three-body problem, which asks what happens to a system of three objects each with gravity acting
on them from each other, like the Sun, the Earth and the Moon as shown in the diagram. Henri
Poincarée (1854-1912) showed that, although we know the equations for the objects, there is no way
to solve them. Moreover, he showed that if there is the slightest change in the initial positions or
velocities of the bodies, the outcome may be entirely different. This led to the development of chaos
theory and this effect became known as the butterfly effect. Another example of this is the weather,
which is why it’s so difficult to predict.

MODELLING ASSUMPTIONS

If an object is on a table you may expect the table top to bend or even break if the
object is heavy enough. You will assume that this is never the case and that the forces

n will never cause the surface to bend or break.

As an object is lifted off the surface the contact force is reduced. When the force is
reduced to zero, you would expect the object to lose contact with the surface and
be lifted off. However, there are some cases where this does not happen in the real
world. Vacuum suction pads, for example, can provide a force pulling the object
towards the surface, as can electrostatic forces or sticky surfaces. You will ignore
these possibilities in this course.

Therefore, you will assume a normal contact force will be non-negative and there is
no limit to how large it can be.

WORKED EXAMPLE 2.5

a A crane is lifting a pallet on which rests a stone block of mass 5kg. The motion

is vertically upwards. The crane lifts the pallet from rest to a speed of 3ms~' in

6m. Find the contact force on the stone block during the acceleration.

b If the contact force exceeds 650 N the pallet may break and so this situation
is considered unsafe. Assuming the same acceleration as in part a, find how
many stone blocks the crane can lift safely.
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Answer

a Taking upwards as positive:

A R
a
VA Va4
Y seN
v2 =1 +2as Use an equation of constant acceleration to
32 202 420 %6 find the acceleration.
a=0.75ms™>
F =ma Use Newton’s second law to find the contact
R-5¢g=5x%x0.75 force.
R =53.75N

b Taking upwards as positive:

AR
a
We define the number of stone blocks as », but
/ still consider the blocks as a single object.
A SngN
F =ma
R —5ng =5nx0.75
R <650 The restriction is given as an inequality.
Sng 4+ 5nx 0.75 <650
n<l2.1
Hence the maximum number of blocks is 12. Note that the question asked for a number of
blocks, so it is the largest integer satisfying the
inequality.

EXPLORE 2.1

An electronic scale and an object can be used to measure the acceleration in an
elevator.

Use the scale to find the mass of the object. The scale works out the mass by
measuring the contact force and dividing by g.

Put the object on the scale on the floor of the elevator. As you go up and down in the
elevator, the reading on the scale should change.

As the elevator goes up, write down the maximum and minimum reading on the scale.
The contact force can be calculated by multiplying by g. By using F = ma for the object
you can now calculate the maximum acceleration and deceleration of the elevator.

Try this again when the elevator is going down.
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1 Anelevator is carrying a man of mass 70 kg upwards, accelerating at constant acceleration from rest to
10ms~'in 2s. Find the size of the contact force on the man.

2 An elevator is carrying a woman of mass 55kg upwards. It is travelling upwards at §ms~! and starts to slow
down at a constant rate when it is 9 m from where it stops. Find the size of the contact force on the woman.

1

3 Ancelevator is carrying a trolley of mass 30 kg downwards, accelerating at a constant rate from rest to 7ms”~
in 2s. Find the size of the contact force on the trolley.

4 Anelevator is carrying a child of mass 40 kg downwards. It is travelling at 8ms™' and starts to slow down at
constant acceleration when it is 6.25 m from where it stops. Find the size of the contact force on the child.

5 A forklift truck carries a wooden pallet. On the pallet is a box of tiles with mass
35kg. The truck lifts the pallet and tiles with an initial acceleration of 2ms™,

Find the contact force on the tiles.

6 A weightlifter is trying to lift a bar with mass 200 kg from the floor. He lifts with
a force of 1800 N but cannot lift it off the floor. Find the size of the contact force
from the floor on the bar while the weightlifter is trying to lift the bar.

7 A plate of mass 0.7 kg is being held on a horizontal tray. The tray is lifted from rest on the floor and
accelerates at a constant rate until it reaches a height of 1.25m after 5s. Find the contact force on the plate.

50 . . . . .
- 8 A man of mass 75kg is standing in the basket of a hot-air balloon. The balloon is rising at Sms~' and 4s later
it is descending at 3ms~!. Assuming constant acceleration, find the contact force on the man.

m 9 A girl of mass 45kg is sitting in a helicopter. The helicopter rises vertically with constant acceleration from
rest to a speed of 40 ms~! when it reaches a height of 200 m.
a Find the contact force on the girl.
b What assumptions have been made to answer the question?

@ 10 A drone carries a parcel of mass 4kg. The parcel is held in place by two pads, on its top and on its bottom.

The drone hovers at a height of 30 m before descending for 2s to a height of 8 m. Find the contact force acting
on the parcel as it descends and determine whether the force acts from the pad on top or bottom.

Checklist of learning and understanding

A force is something that influences the motion of an object. Its size is measured in newtons (N).
Force is related to acceleration by the equation: net force = mass x acceleration.
Objects acted on only by the force of gravity have an acceleration of g ms™.

The weight of an object is the force on it due to gravity and has magnitude W = mg.

The reaction force or normal contact force is the force on an object due to being in contact with
another object or surface. It acts perpendicular to the surface and is usually denoted by R (or
sometimes N).
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Chapter 2: Force and motion in one dimension

A cyclist travelling on a horizontal road produces a constant horizontal force of 40 N. The total mass of the
cyclist and the bicycle is 80 kg. Considering other forces to be negligible, find the distance covered as the cyclist
increases her speed from 10ms™ to 12ms.

A bag of sand of mass 20 kg is lifted on a pallet by a crane. The bag is lifted from rest to a height of Sm in 8s at
constant acceleration. Find the contact force on the bag of the sand.

A rower starts from rest and accelerates to 4ms~" in 20s. The combined mass of the rower and the boat is
100 kg. The rower provides a constant horizontal driving force of 60 N but is held back by a constant resistance
from the water. Find the size of the resistance force.

A stone of mass 0.3kg is dropped from the top of a cliff to the sea 40 m below. There is constant air resistance
of 0.4 N as it falls.

a Find the speed with which the stone hits the water.

b The sound of the stone hitting the sea travels at 340 ms~'. Find the time between releasing the stone and
hearing the sound at the top of the cliff.

A train of mass 9000 kg is on a horizontal track. Its engine provides a constant driving force of 4000 N. There is
constant air resistance of 400 N.

a Find the time taken to reach a speed of 48 ms~! from rest.

b When travelling at 48 ms™' the train enters a horizontal tunnel 400 m long. In the tunnel air resistance
increases to 1000 N. Find the speed at which the train leaves the tunnel.

A submarine has mass 20 000 tonnes. With the engines on full power it can travel at 11ms™" on the surface and
14ms~! underwater.

a  When at maximum speed on the surface, the engines are turned off and it takes 4 km to come to a stop.
Find the resistance from the water on the submarine.

b Assuming the same resistance from the water, find the distance it would take to stop from maximum
speed underwater when the engines are turned off.

¢ Why is it not a reasonable assumption that the resistance underwater is the same as the resistance when
the submarine is at the surface?

A diver of mass 60 kg dives from a height of 10 m into a swimming pool. Through the air there is resistance of
50 N.

a Find the speed at which the diver enters the water.

b Once in the water, the water provides an upwards force of 2000 N. Find the greatest depth in the water the
diver reaches.

A car of mass 400 kg is approaching a junction and needs to stop in 40 m. It is travelling at 15 ms™" and there is air
resistance of 1200 N. Determine whether the car needs to brake or accelerate and find the size of the relevant force.

A ball of mass 0.1kg is projected vertically upwards from ground level with speed 9 ms~. It reaches a height of
3m. There is air resistance against the motion.

a Find the size of the air resistance.
b Find the speed with which the ball hits the ground.

A car of mass 350kg is travelling at 30 ms~! when it starts to slow down, 100 m from a junction. At first, it slows
just using the air resistance of 200 N. Then, at a distance of s m from the junction, it slows using brakes
providing a force of 2000 N as well as the air resistance. Find the distance from the junction at which the brakes
must be applied if the car is to stop at the junction.
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A firework of mass 0.3kg has a charge which provides an upward force of 7 N for 3s.
a Assuming no air resistance, find the maximum height reached by the firework.

b The explosive for the firework has a fuse which burns at a rate of 12 mm per second. Find how long the
fuse should be so the firework explodes at the maximum height.

A boy drags a cart of mass 5kg along a horizontal road with force 10 N. There is air resistance of 2 N. At some
point the boy lets go of the cart and the cart slows down under air resistance until coming to rest. In total, the
cart has travelled 36 m. Find the length of time the boy was dragging the cart.

A light pallet is at rest on the ground with a stone of mass 30 kg on top of it but not attached. A crane lifts the
pallet by providing a force of 310 N upwards to a height of 8 m, at which point the pallet instantly stops and the
stone loses contact with it. Find the maximum height reached by the stone.

An air hockey table is 2m long. A puck of mass 50 g is on the table at the middle point. A player hits the puck
with initial speed 4 ms™! directly towards one side. Once it is moving there is air resistance of RN. Every time
the puck hits a side, the speed is reduced by 20%.

a Showthatif R < % the puck returns past the middle point of the table.
b Given that the puck does not return to the middle point a second time, find a lower bound for R.

A particle P is projected vertically upwards, from a point O, with a velocity of 8 ms~'. The point 4 is the highest
point reached by P. Find:

i  the speed of P when it is at the midpoint of OA4 4]
ii the time taken for P to reach the midpoint of OA4 while moving upwards. 12]
Cambridge International AS & A Level Mathematics 9709 Paper 43 Q3 November 2012

Particles P and Q are projected vertically upwards, from different points on horizontal ground, with velocities
of 20ms~' and 25ms™! respectively. Q is projected 0.4s later than P. Find:

i  the time for which P’s height above the ground is greater than 15 m [3]
ii  the velocities of P and Q at the instant when the particles are at the same height. [5]

Cambridge International AS & A Level Mathematics 9709 Paper 42 Q5 November 2010

A particle of mass 3kg falls from rest at a point 5m above the surface of a liquid which is in a container.
There is no instantaneous change in speed of the particle as it enters the liquid. The depth of the liquid in the
container is 4m. The downward acceleration of the particle while it is moving in the liquid is 5.5ms~2.

i  Find the resistance to motion of the particle while it is moving in the liquid. 2]

ii  Sketch the velocity—time graph for the motion of the particle, from the time it starts to move until the
time it reaches the bottom of the container. Show on your sketch the velocity and the time when the
particle enters the liquid, and when the particle reaches the bottom of the container. [7]

Cambridge International AS & A Level Mathematics 9709 Paper 41 Q6 November 2014
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In this chapter you will learn how to:

resolve forces in two dimensions

find resultants of more than one force in two dimensions
use F' = ma in two directions

find directions of motion and accelerations.
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PREREQUISITE KNOWLEDGE

Where it comes from | What you should be able to do Check your skills
IGCSE /O Level Use Pythagoras’ theorem. 1 Find the hypotenuse of a right-angled triangle
Mathematics with short sides of length Sm and 12 m.
IGCSE /O Level Use trigonometry for right-angled |2 A triangle, ABC, has a right angle at B.
Mathematics triangles. Length AC is 8m and ZBAC is 40°. Find
lengths 4B and BC.
IGCSE / O Level Use the sine rule and the cosine 3 A triangle, ABC, has length AC 6m, ZBAC
Mathematics rule. 40° and length BC 7m. Find ZABC and
length AB.
Pure Mathematics 1 U.se; the trlg;)nometry identity 4 If sin = 2’ tid s,
sin“ 6 + cos“ 6 =1 5
Pure Mathematics 1 U.se the trigonometry identity 5 If sing = 3 findl fan B,
sin 6 13
=tan6
cos 6

How do you combine forces that are not acting in the same line?

Imagine two children are playing with a toy. They both pull it with a force of 10 N.

What would be the net force? Before you can answer this question, you need to know the

directions in which the forces are acting. If both children want to take the toy to the same
n place and their forces act in the same direction, the net force would be 20 N. If they are

trying to take the toy away from each other and their forces act in opposite directions,

there would be no net force. But what if the forces are not parallel? For example, one could

be to the north and one to the east.

This chapter covers how to solve problems with forces in two dimensions.

3.1 Resolving forces in horizontal and vertical directions in equilibrium
problems

A force is a vector quantity. When vectors are added it is the equivalent of joining one
vector on to the end of the other.

This property can be used in reverse by splitting a vector into the sum of two others called
components. You choose the two vectors to be in perpendicular directions to make it
possible to set up equations. The components and the original vector will then always form
a right-angled triangle, so you can find the values of each component using trigonometry
for right-angled triangles or Pythagoras’ theorem.

You can use the trigonometric relationships sinf = _RBEE and cosf = _aliaoent
hypotenuse hypotenuse
to find how the components of a force relate to the original force. In the diagram:
F, = Fcos®
F, = Fsin6

Note that if you knew the other angle in this triangle, you would have to use sin to find F,
and cos to find F,.
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The components of a force are at right angles to each other. The original force is the hypotenuse of When drawing force
the triangle. diagrams, you can
draw the triangles

to help work out the
components, but it

is best not to mark
the components as
separate forces or you
may count the force

twice.
@ DID YOU KNOW?

The shape that a chain, wire or rope makes when it hangs between two points has a mathematical
formula. It is called the catenary curve after the Latin word for chain. You can resolve for each link
in the chain, or particle on a wire or rope, to form differential equations. You can then solve them
to get the equation of the curve. The formula for the curve is a hyperbolic function (derived from
the exponential function), but a small part of the curve looks very similar to a parabolic curve, like
those for quadratic graphs.

e

In equilibrium the net force in both perpendicular directions will be zero.

55
WORKED EXAMPLE 3.1 , .

A particle of mass 4kg is held in place by a force of magnitude 100 N acting at an angle 6 above the horizontal and
a horizontal force of F N. Find the values of 6 and F.

Components are not extra forces. They are the parts of a force already given, which act in
certain directions.

Equations are formed by finding the net component horizontally and the net component
vertically. This is called resolving the forces in each direction.

Answer

The dashed lines show the horizontal and
vertical directions to allow calculation of the
components of the 100 N force.

49N
100sin@ =4 g Resolving vertically.
6 = 23.6°
F =100cos® Resolving horizontally.
=91.7

There are no units as this is the value of F.
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| WORKED EXAMPLE 3.2

A boat is held in place by a force of 5N due east, a force of 10 N due south and a force F N, on a bearing of 6. Find

the values of F and 6.

Answer

10N
Fsing =95
Feosa =10
X -1
ano = 5
@& = 26,67

Therefore 6 = 333.4°.

F? =5 +10%
F=112

To be in equilibrium F must have a component
to the west to cancel out the 5 N force and a
component to the north to cancel out the 10 N force.

A triangle is drawn to make it easier to work out the
components, but the components are not marked.

Bearings are always measured clockwise from
north. If the bearing is not acute it is often easier to
mark an acute angle, here ¢, relative to one of the
four basic. Here the bearing 6 = 360° — o

Resolving east-west.

Resolving north-south.

Dividing the equations.

By Pythagoras’ theorem.

1 Find the components of the forces in the diagrams:

a horizontally, specifying whether it is left or right

b vertically, specifying whether it is upwards or downwards.

8N

I5N

ii 12N
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4
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a A force, F, has a horizontal component, F,, of 10 N and acts at 20° above the rightwards
horizontal, as shown in the diagram. Find F and the vertical component, F,.
F

b A force, F, has a vertical component, F,, of 8 N and acts at 25° to the right of the upwards vertical. Find F
and the horizontal component, F,.

¢ A force, F, has a vertical component, F}, of 8 N and a horizontal component, F;, of 10 N. Find F and the
angle, 6, that the force makes with the rightwards horizontal.

d A force of 25N has a horizontal component, F,, of 17 N and acts above the horizontal. Find the vertical
component, F,, and the angle, 8, above the rightwards horizontal at which the force acts.

e A force of 3.8 N has a vertical component, F,, of 3N and acts to the left of the vertical. Find the horizontal

component, F,, and the angle, 6, above the leftwards horizontal at which the force acts.

A particle in equilibrium has three forces of magnitudes 5N, 6 N and F N acting on it in the horizontal plane

in the directions shown. Find the values of F and 6.
F

6N

A lightshade of mass 2 kg is hung from the ceiling by two strings. One is fixed with tension 8 N at 20° to the
vertical. The other is fixed with tension 7" N at an angle 6 to the vertical.

a By modelling the lightshade as a particle, draw a force diagram for this situation.
b Resolve horizontally to find a value for 7'sin® and resolve vertically to find a value for 7 cos6.
¢ Hence, find the values of 7" and 6.

A ship is being blown by a breeze with a force of 100 N on a bearing of 280°, as A

shown in the diagram. It is pulled by a rope attached to the shore with force 50 N '
on a bearing of 170°. A tugboat holds it in place. Find the size and bearing of the

force F applied by the tugboat.

100N 80°

50N
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A wooden block of weight 20 N is at rest on a horizontal surface. It is pulled by a /\:O}:
force of 30 N acting at 10° above the horizontal, as shown in the diagram, and o
remains at rest because of a horizontal frictional force, F.
a Draw the force diagram for this situation. £
b Find the size of F and the size of the normal contact force.
A winch is dragging a caravan along a horizontal road at constant velocity. The 850N
caravan has mass 750 kg. The winch provides a force of 850 N and acts at angle )
6 above the horizontal, as shown in the diagram. There is friction of 700 N. T
a Draw the force diagram for this situation.

s £ 7

b Find the value of 8 and size of the normal contact force.

A box of weight 50 N is being dragged at constant velocity along a horizontal road by a force, F, acting at 15°
above the horizontal. It experiences friction of 10 N.

a Draw the force diagram for this situation.

b Find F and the normal contact force.

A small aeroplane of mass 5000 kg is towed along a runway at constant speed by a rope acting at 20° below

the horizontal. There is friction and air resistance horizontally with total force 4000 N. Find the tension in the
rope and the normal contact force.

A wooden block is held in position by three horizontal forces, as shown in the
diagram. One acts to the left with force 56 N. One acts with force F at an angle 6,

where sin@ = %, above the rightwards horizontal. One acts with force G at an 56N

angle @, where sin@ = %, below the rightwards horizontal. Find F and G.

A block with weight 44 N is held in equilibrium by two ropes, one with tension,

1

5 ) 1 . . .
Ti, acting at angle sin™ % to the upwards vertical and the other with tension, 75,

acting at angle sin™! % to the upwards vertical. Find 7} and 75.

A box with weight 400 N is at rest on a horizontal surface. A man is pulling on a rope to try to get the box to
move. The force he can exert depends on the angle at which he holds the rope, so that when the rope is at an
angle 6 above the horizontal, the force he exerts is 1600 sin @ N. He starts by holding the rope horizontally and
gradually increases the angle, thereby increasing the force. Another man tries to prevent this motion of the
box, by pulling horizontally. He can exert a maximum force of 700 N. Find the angle at which the box can no
longer remain on the ground. Hence, determine whether the box lifts off the ground first or slides along the
ground first.

A particle has three forces acting on it, as shown in the diagram, where sin6 = %
Show that F + G = 150~/3 by resolving horizontally, and write down another
equation by resolving vertically. Hence, show that G = 7543 + 100 and find F.
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0 14 A particle has three horizontal forces acting on it, as shown in the diagram.

14 —13 cos

Show that coso = and find an expression for sin o. Use

cos? a+sin® o = 1 to get an equation in 3. Hence, find & and B.
14N

3.2 Resolving forces at other angles in equilibrium problems
Try resolving horizontally and vertically for the forces in equilibrium in this diagram.

You should get the two equations:
Rcos65° = T cos 25°
Rsin65° + T'sin25° = 10

If there are two unknown forces and neither of them is vertical or horizontal, resolving
horizontally and vertically will lead to two equations, both of which involve two unknowns.

59
You can solve these equations simultaneously, but it could be challenging. It would be Fiupillnas thol .

. g s involve a slope,
easier if one equation involved only one unknown.
you should resolve

Sometimes it is easier to resolve forces in directions other than horizontal and vertical. forces parallel and
perpendicular to the

A force has no component in the direction perpendicular to its line of action. This means slope. In other cases,

that if you resolve perpendicular to an unknown force, the unknown force will not appear choose directions

in the equation. perpendicular to an
unknown force. Choose

If you resolve in a direction perpendicular to R in the example illustrated, R will not the directions carefully

appear in the equation so you can solve directly for 7. You will need to find the component so there are as few

of the 10 N force in this direction. unknowns as possible

in each direction,
As an alternative to drawing a right-angled triangle, it may be easier to consider the angle to make solving the

between the force and the direction in which you are resolving. When resolving parallel to equations easier.
a certain direction, as marked by p in the following diagram, the component of the force F

in that direction will be adjacent to the angle 6 between the force and the direction p.

Therefore, the component F), is found using the cosine of the angle.

The component of a force, F, parallel to a given direction, p, can be found by F, = Fcos®,
where 6 is the angle between the force and the direction p.
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WORKED EXAMPLE 3.3
A boat is held in equilibrium by three forces of 10 N, F' N and 20 N, as shown in the diagram. Find the values
of F and 6.
i e Resolving horizontally and vertically will leave
! o awkward simultaneous equations in F and 6.
: Since F is an unknown force, we resolve
30° perpendicular to F so it does not appear in
F the equations, to find 6.
10N Then you can find F.
Answer
To help, dashed lines are added to the force
diagram to create right-angled triangles, with

the forces as the hypotenuses and the other
two sides parallel and perpendicular to F.

Mark the angle o to compare the 20 N force
with the direction of F.

You can find 6 from o because they add up to 80°.
20 si =10 sin80° ;

n e o Resolve perpendicular to F.

& =29.5°

Therefore 8= 80° - & = 50.5° Notice F does not appear in this equation.

F +10 cos80° =20 cosox

Resolve parallel to F.
F=137

A block of mass 10 kg is held in equilibrium on a slope at an angle of 20° to the horizontal

by a force, F, acting at 15° above the slope. Find F and the normal contact force. When you draw a
diagram involving a
Answer slope, make sure the

. . slope does not look
The normal contact (reaction) force is fike itisatds®, a5 it

perpendicular to the slope. il maletbalaatei i
angles at other points
in the diagram are the
same as the angle of
the slope or not.

If you draw the weight arrow down to the
horizontal line from the bottom of the slope,
it may make it easier to find missing angles.

You will be resolving perpendicular and parallel
to the slope, so add dotted lines to form the
right-angled triangles, making sure the forces
are the hypotenuses of the triangles. This allows
you to find components in the directions of the
dotted lines.
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: WEB LINK
Fcos15° =10 g sin20° Resolve parallel to slope.

F =354N Notice R does not appear in this equation. You may want to
have a go at the

o 5 tova o . i
e Resolve perpendicular to slope. Milea 1 agual
R=848N resource at the Vector
Geometry station on
the Underground

Mathematics website.

Note that you do not
need to be able to use
i—j vector notation
for this Mechanics
syllabus.

1 Find the components of the following forces in the direction of the dashed arrow. Although it might seem
clear from the diagram, make sure you specify whether the component is in the given direction or in the
opposite direction.

a 150N b 14N

& - d 161°

65N 5 A 3.8N " L

2 Find the components of the following forces perpendicular to the direction of the dashed arrow. Make
it clear whether the component is in the perpendicular direction clockwise or anticlockwise from the
direction given.

a 42N b 123N

3 A particle has three forces acting on it, as shown in the diagram. By resolving o - -
perpendicular to and parallel to F, find F and 6. o 6

4 A boat is held in equilibrium by two tugboats. One pulls with a force of 100 N on
a bearing of 190°. One pulls on a bearing of 340° with tension 7". The wind blows F
with a force on the boat of F' on a bearing of 50°. By resolving perpendicular to 7,
find T'. Find also F.
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10

11

D 2

A book of mass 3kg is prevented from sliding down a slope at 15° to the horizontal by friction acting up the
slope and parallel to it. Find the force of friction and the normal contact force.

A wooden block of mass 4 kg is held at rest on a slope at angle 6 to the horizontal by a force of 12 N acting
up the slope and parallel to it. Find the slope’s angle and the normal contact force.

A particle of mass 2 kg is held in equilibrium on a slope at 13° to the horizontal by a force F acting at 10° to
the slope above it. Find F and the normal contact force.

A box of mass 12 kg is held in equilibrium on a slope at 18° to the horizontal by a force of size 50 N acting at an
angle 6 above the slope. Find 0 and the normal contact force.

A boy is dragging a bag of mass 8§ kg up a slope at an angle of 17° to the horizontal and exerts a force of 50 N
parallel to the slope to do this. Air resistance, F, parallel to the slope prevents the boy from increasing his
speed, so he maintains a constant speed. Find the magnitude of the air resistance and the normal contact force.

A girl is dragging a sled of mass 20 kg up a slope at angle 14° to the horizontal. She pulls at an angle of 6
above the slope with a force of 70 N. She maintains a constant speed despite friction of 10 N parallel to the
slope. Find 6 and the normal contact force.

A particle of mass 4 kg is at rest on a slope at an angle of 49° to the horizontal. There is a frictional force of
10 N acting up the slope and a force F going up the slope acting at 9° above the slope. Find F and the normal
contact force.

A heavy box of mass 50 kg is on a slope at angle 25° to the horizontal. There is no friction to prevent it sliding
down the slope, but there are three rods attached, at 40°, 50° and 60° above the slope, for people to drag it. A
man and two boys hold the rods to keep the box in equilibrium.

a Show that, if the man pulls with a force of 170 N and each boy can pull with a force of up to 90 N, they can
hold the box in equilibrium.

b Ifinstead the man pulls with force 180 N and each boy can pull with a force up to 70 N, determine whether
or not they can hold the box in equilibrium and state which rod each should hold.

A box of mass 20 kg is on a horizontal surface. There are three rods attached on one side, at 10°, 25° and
35° above the horizontal, for people to drag it. Three people are available to pull on these rods and they are
capable of providing forces of 150 N, 200 N and 250 N.

a The box is being pulled in the opposite direction by a horizontal force of 425 N. Show that only two of the
people are required to keep the box in equilibrium. State which of the rods each person holds.

b The horizontal force is increased to 550 N. Show that if the box is to be prevented from moving
horizontally, it cannot remain on the ground.

3.3 The triangle of forces and Lami’s theorem for three-force
equilibrium problems

The methods in this section are not required by the syllabus. However, they provide neat
and efficient methods for solving some problems. Although the questions can all be solved

using the methods from the previous sections, they may be solved more quickly using
alternative methods involving the triangle of forces or Lami’s theorem.

If three forces act on an object to keep it in equilibrium, they will have no resultant. This
means that we can draw them end to end and they will finish where they started and form a
triangle. We can then use trigonometry to solve the problem.
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By drawing a triangle of forces, we can use the sine rule or cosine rule directly without resolving
components. The lengths of the sides will be the magnitudes of the forces.

First, draw the force diagram as a triangle of forces.

(&)
A The forces can be

drawn in a triangle of
B forces in any order.
Choose an order where
B A it is easiest to work out
the angles.

You can add angles to the diagrams. You should extend the straight lines in the triangle,
as shown in the diagram.

B C
sin(180° — o) sin(180° — B)  sin(180° —y)’
sinag sinf8  siny’

Applying the sine rule to the triangle gives

Since sin® = sin(180° — @), this leads to

@ KEY POINT 3.5

Lami’s theorem states that for a particle in equilibrium with three forces on it, the ratio of the
magnitude of the force with the sine of the angle between the other two forces is the same for

each force.

AT e
sinog  sinf3 siny

Forces of size 5N, 6 N and 12 N act on an object. Can the object be in equilibrium?
Here are the opinions of two students.

If the forces were at different angles, it might
be possible for it to be in equilibrium.

There is no way of making two of them equal
to the third, so they cannot cancel out, and
the object cannot be in equilibrium.

Is one of the students correct? If the forces were of different sizes, in which
circumstances would each student be correct?
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WORKED EXAMPLE 3.5

An object is in equilibrium by the action of forces of 10 N, 8 N and 9 N, as shown in 10N
the diagram. Find the values of 6 and ¢.

&N
9N

Answer

Redraw the diagram as a triangle of forces.

10N

I 4
— 82 +10% — 92 :
cos(180° — @) = “oxixll Use the cosine rule to find the angle between
9= 19_] 90 the 8 N and 10 N forces.
— 924102 -8?
ﬂ ORI ) = 2% 9% 10 Use the cosine rule to find the angle between
@ =130.5° the 10N and 9N forces, and use the alternate
angles theorem using the parallel ‘north’ lines.
WORKED EXAMPLE 3.6
A ship is held in equilibrium by ropes on bearings of 120° and 220°. The wind is blowing due north and exerting a
force of 90 N on the ship. Find the tensions in the two ropes.
Answer
90N
120°
100°
T
T,
90 T
sin100°  sin140° Use Lami’s theorem.
T, =58.7N
9% _ B
sin100°  sin120° Use Lami’s theorem again.
T, =79.1N
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WORKED EXAMPLE 3.7

A particle is held in equilibrium by three forces, as shown in the diagram. 40N
Find the sizes of Fand o.

120°

50N FN
Answer

Using the method of resolving forces: Resolving perpendicular to F followed by

50sin(180° — o) = 40 sin 60° resolving parallel to F.

o =43.9°or 136.1° Note that o must be bigger than 60° or there

Here & = 136.1°, would be no component of the forces to the left

F = 50c0s(180° — ) + 40 cos 60° = 56.1 oftklle‘ 49 N force so the particle could not be in
equilibrium.

40 50
sinoe sin120°
o = 43.9° or 136.1°
Hete @ =136.1°,
F 50
Sin(360° — 120° — &) _ sin120°
= ¥ = 3.4

Using the method of the triangle of forces:

Using Lami’s theorem.

40 B 50
sin(180° — ¢z)  sin(180° — 1267)

Using the sine rule.

o =439 or 136.1°
Here o = 136.1°,

B =76.1°
F? = 40% + 50 =2 x 40 x 50 x cos 8 Using the cosine rule.
F =356.1

8N

1 A particle is held in place by forces of 8 N, 11N and 12 N, as shown in the
diagram. Find the values of 8 and ¢.

2 A mass of 5kg is held in equilibrium by two ropes with tensions of 30 N and 40 N.

Find the angles that the ropes make with the vertical.

1IN
12N
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3 A mass of 7kg is held in equilibrium by two ropes. One has tension 20 N and acts at 40° to the upwards
vertical. Find the tension in the other rope and the angle that it makes with the upwards vertical.

4 A shipis held in place by two ropes with forces 40 N and 35 N, as shown in the diagram, which prevent the wind
blowing it away. The wind has force F and acts at an angle 0 to the 35 N force, as shown. Find the sizes of 6 and F.

40N

50°
35N

F

5 Three ropes pull a boat, which remains in equilibrium. The ropes act due north and on bearings of 100°
and 210°. The one acting north has tension 25 N. Find the tensions in the other ropes.

6 A box has two ropes holding it in place. It is pushed by a force of 10 N. The angles between the force and the
ropes are 120° and 150°. Find the tensions in the ropes.

7 An8N force, a 9N force and a 10 N force on an object result in no net force. Find the angle between the 8 N and
the 9N forces.

@ 8 A land yacht is a vehicle with a sail that gets blown by the wind, but it moves on solid ground. An adult and
a child are holding ropes attached to the land yacht. The adult is capable of pulling with a force of 300 N.
The child is capable of pulling with a force of 80 N. They cannot pull in the same direction or they get in each
other’s way, so there needs to be an angle of at least 20° between their ropes.
a For what strength of wind can the two of them work together to prevent the yacht from moving?
b For what strength of wind can the adult prevent the child from moving the boat?
¢ When the wind is blowing with a force of 130 N, the adult pulls the land yacht directly against the wind.

The child can cause the path of the yacht to deviate from the direction in which the adult pulls. Find the
maximum angle of deviation the child can cause.

o 9 A particle is held in equilibrium by three forces. Two of the forces have the same size, ' N. Prove that the
third force acts along the line of the angle bisector of the lines of action of the other two forces.

o 10 Four forces on an object, 4, B, C and D, result in no net force. If the angle between forces 4 and B is & and
the angle between forces C and D is y, show that 4% + B? +2A4B coso. = C? + D> +2CD cosy.

3.4 Non-equilibrium problems for objects on slopes and known
directions of acceleration

You used Newton’s
second law in
g Chapter 2, Section 2.1.

When forces are not in equilibrium, the net force will not be zero, so we can apply Newton’s
second law. The object will accelerate.

We calculate the acceleration using F' = ma, but we need to resolve the forces into components in a
relevant direction and find the net force in that direction.

We need to choose carefully which directions to resolve in. When an object is on a slope it is clear the
object is not going to fly off the slope or go into the slope, so any acceleration will be parallel to the
slope, either up it or down it. In this situation there will be no net force in the direction perpendicular

to the slope, so we should resolve in directions perpendicular and parallel to the slope.

Alternatively, if a ship is being towed in a straight line by two tugboats, you may be able to see the

direction of motion from the bearing of the ship. There will be no acceleration perpendicular to the
direction of motion, so we should resolve in directions perpendicular and parallel to the motion.



Chapter 3: Forces in two dimensions

In some situations, as well as the acceleration being unknown, one of the forces or an angle

is also unknown. For example, suppose two people are pulling a car with ropes at known angles.
The force from person A is known, but person B is pulling with enough force to keep the car
following the path marked by the dotted line. Without knowing the size of the force, it is impossible
to work out the acceleration from one equation.

In this case, we must resolve forces in the perpendicular direction to get a second equation. We
know that there is no acceleration in this direction, so this equation is set up in the same way as
with equilibrium problems.

0)

l The net force in the direction perpendicular to the acceleration is zero.

MODELLING ASSUMPTIONS

The scenarios in these questions involve net forces that cause acceleration. Did the forces
instantly appear at those sizes? Forces like gravity will always be there, but someone
pulling on a rope may have to increase the force from zero.

If that happens, why was there not a smaller acceleration while the force was
increasing to the size given? There are different assumptions that may have been made
to model the situation more easily, without significantly affecting the values calculated.

In some cases, the object is said to be held in place. That means there is initially some
other force keeping the object in equilibrium. That force is instantaneously removed so
the forces under consideration are already at the values given. In other cases, the time
taken to reach the given force values is considered negligible, and it is modelled as if the
forces are instantly at the values given.

We have also noted earlier that we are ignoring the shape of objects and considering
them all to be particles. In many cases this does not have an impact because the
object slides along a surface like a particle does. However, round objects like balls,
wheels or cylinders can roll. This has an impact on the motion, but at this stage we
will treat them as if they are particles, just sliding.

WORKED EXAMPLE 3.8

A box of mass 25kg is dragged along the floor by a force of 30 N acting at 20° above the horizontal. Find the
acceleration and the normal contact force.

Answer

25¢N

F =ma

Resolving horizontally.
30c0s20° = 25a

a=1.13ms>2
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R +305in20° = 25¢ Resolving vertically, there must be no resultant
R = 240N force, otherwise the box would leave the floor or
sink into the floor.

WORKED EXAMPLE 3.9

A boat of mass 40 kg has an engine providing a driving force of 30 N in an easterly direction. It is also being blown
by the wind with a force T to the north. The boat moves on a bearing of 60°. Find T and the acceleration of the boat.

Answer
T

v d1re<.:t10n of
motion

30N
T'sin 60° = 30sin 30° Resolve perpendicular to the direction of motion first
T =173 because there will be no net force in this direction.
F = ma

Resolve in the direction of motion.
T cos60° + 30cos30° = 40a

a = 0.866ms™>

A table is sliding down a slope at an angle 20° to the horizontal. There is resistance of
10 N acting up the slope parallel to it. The table takes 5s to slide 10 m down the slope
from rest. Find the mass of the table.

Answer
R . .
10N The table is modelled as a particle, so we do
not worry about its shape for the diagram.
70°
\‘\
20° 3 Section 1.3, if you
mg need a reminder of the
o gt 4o 2 Use information given to find the acceleration equations of constast
2 acceleration.
| first.
10 = —a x5
2

2 WEB LINK
a=08ms™

You may want to have
a go at the Make it stop
resource at the Vector
Geometry station on
the Underground
Mathematics website.

F=ma Resolve parallel to the slope.

mg sin20°—-10 = mx 0.8 )
o5 3.80 ke Here F is the net force and, since we are
S taking the direction of motion as positive, the

10 N force is negative.
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1 A wooden block of mass 5kg is on a horizontal surface. It is dragged by a force of 20 N acting at 14° above the
horizontal, as shown in the following diagram. Find the acceleration of the block and the normal contact force.

R

A 20N

Y
5gN

2 A book of mass 2kg is dragged along a horizontal surface by a rope at 6° above the horizontal. It accelerates
at 0.3ms™2.
a Draw the force diagram for this situation.

b Find the tension in the rope and the normal contact force.

3 A box of mass 10kg is pulled along a horizontal surface by a rope with tension 20 N at an angle 6 above the
horizontal. The box accelerates at 1.2ms™2. Find 6 and the normal contact force.

4 A car of mass 1000 kg is being towed by two people holding ropes. One pulls with a tension of 80 N at an
angle of 18° to the direction of motion. The other pulls at an angle of 25° to the direction of motion, as
shown in the diagram. Find the tension, 7 in the second rope and the acceleration of the car. E

80N

————— 2 direction
of motion

T

5 A box of mass 20 kg is dragged by a force of 40 N at an angle of 15° to the direction of motion, and a force of
30 N at an angle of 6 to the direction of motion. Find the value of 8 and the acceleration of the box.

6 A truck of mass 15000kg is being towed by two ropes. One pulls with a tension of 3000 N at an angle of 20° to
the direction of motion. The other pulls with a tension, 7', at an angle of 10° to the direction of motion. There
is resistance of 500 N against the motion, in the same line as the motion.

a Draw the force diagram for this situation.

b Find T and the acceleration of the truck.

7 A ship of mass 10000 kg is being towed due north by two tugboats with acceleration 0.1ms=2. One pulls
with a tension of 2000 N on a bearing of 330°. The other pulls with a tension, 7', on a bearing of 8. There is
resistance against the motion of 1000 N. Find 7" and 6.

8 A train of mass 230 tonnes provides a driving force of 300000 N to accelerate up a slope at an angle of 5° to
the horizontal. The force diagram is shown. Find the acceleration of the train.

R 300000N

50
230000g N
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9 A logof mass 200 kg is dragged up a slope at an angle of 13° to the horizontal by a rope attached to a truck.
The rope is at an angle of 20° above the slope.

a Draw the force diagram for this situation.
b The log accelerates at 0.3ms™. Find the tension in the rope.
10 A windsurfer and his board have a total mass of 80 kg. They are being pushed by the water with a force

of 20N westwards. The wind is pushing them northwards with a force F. The windsurfer accelerates on a
bearing of 340°. Find the force F and the acceleration of the windsurfer.

11 A buoy of mass 12kg is on the surface of a lake. The tide pushes it with a force of 25N and the wind pushes
it with a force of 15N, as shown in the diagram. The buoy moves in the direction shown. Find the value
of 6 and the acceleration.

direction
25N of motion

12 A girl pulls a toy car of mass 0.8 kg by a string along a horizontal path. The tension in the string is 3N and
the string is held at an angle of 40° above the horizontal. There is air resistance of 2 N. Find the time taken to
4 reach a speed of 2ms™! from rest.

13 A shopper drags a trolley of mass 25kg from rest along horizontal ground. The shopper is pulling the trolley
by a force of 30 N with his arm, which is at 15° above the horizontal. There is friction of 10 N. Find the speed
of the trolley after being pulled a distance of 6 m.
-é}v 14 A ball of mass 3kg is rolled with initial speed 4ms~ up a slope at an angle 10° to the horizontal.
a Find the maximum distance up the slope the ball reaches.
b What assumptions have been made to answer the question?
15 A cyclist of mass 70 kg (including her bicycle) arrives at an uphill stretch of road of length 30 m with an angle

9° to the horizontal, travelling at 10 ms™'. She exerts a force of 15N parallel to the slope and there is wind
resistance of SN against her. Find the time taken to reach the top of the slope.

16 A ball of mass mkg is rolled up a slope at an angle 6 to the horizontal, where sin@ = % The ball passes a
point 4 with speed 7ms™. A point Bis 5m further up the slope than point 4. Find the time between passing

B on the way up and returning to B on the way down.

17 A van of mass 2000 kg is towed from rest by two ropes. One pulls with a tension of 130 N at 10° to the
direction of motion and the other acts at 15° to the direction of motion. Find the distance covered in 10s.

18 A ship of mass 15000kg is moving due east at 2ms~! when it starts being towed by a tugboat. The wind is

blowing it on a bearing of 60°, so the tugboat exerts a force of 5000 N on a bearing of 100° to make the ship
continue to go east. Find the speed of the ship after 5s.

19 A box of mass 9kg is dragged along horizontal ground by a force F acting at 30° above the horizontal. There
is friction of 5N. The box starts at rest and reaches a speed of 4ms™"in 10 m. Find the size of the force F.
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@ 20 A car of mass 1200 kg arrives at a steep upwards slope of length 130 m at 34° to the horizontal. It is travelling
at 12ms~! and there is air resistance of 100 N. Find the minimum force, assumed constant, the engine must
provide for the car to reach the top of the slope.

3.5 Non-equilibrium problems and finding resultant forces and
directions of acceleration
In the previous section, the direction of acceleration was known or could be worked out

from the situation. In the situation here, with forces 4 and B, the direction of acceleration
is unknown.

B

In situations like this, we can work out the single force equivalent to the combination of the
other forces by drawing the vectors end to end, as in the following diagram. This is called
the resultant of the other forces. If these are the only forces in the situation, the resultant is
the net force for use in Newton’s second law.

We can then use the diagram and trigonometry to work out the magnitude and direction of
the resultant of the forces 4 and B, which is shown by F.

In the following situation with forces 4, B and C, the direction of acceleration is again
unknown.

A

When there are three forces, if we draw the

vectors end to end we will get a quadrilateral.

It may not be easy to calculate the resultant
B from this diagram.

So, when there are more than two forces, we find the components of T

‘ the net force by resolving horizontally and vertically. By adding these F’,/’, E 5
horizontal and vertical components, we can find the horizontal and "/‘.’9 E !
vertical components, F, and F,, of the resultant force, F. We can S T

use the components of the resultant to calculate the magnitude and
direction of the resultant force.
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@ KEY POINT 3.7

The magnitude of the resultant force, F, with components F, horizontally and F, vertically, can be
calculated using Pythagoras’ theorem as F = \[F? + F7 .

The direction of the resultant force, F, with components F, horizontally and F, vertically, can be

. . 1 . . ot
calculated using trigonometry as tan 6 = Fy’ where 6 is the angle with the x-direction.
X

Do not show the resultant force on the force diagram because it is easy to confuse it with a separate force. ‘
Instead, to show the resultant force, draw a second diagram alongside the force diagram.

A

T
F .=
»? 'F
g 1 Ly
"¢ 9 1
B «:.._-_\. _________ .:
8

Two students are discussing the following situation. A heavy stone has three ropes
attached. They are pulled on bearings of 010°, 020° and 060°. Three people can pull
with forces of 200 N, 150 N and 100 N. Which person should pull on which rope to
maximise the net force if the direction is unimportant?

The total net force will be the same whoever | Who pulls each rope will affect both the net

pulls each rope, but the direction may force and direction. We will need to work out
change. each case to decide which gives the largest
net force.

Which one of the students is correct?

If student A is correct, what effect does the arrangement of the people pulling the
ropes have on the direction of motion and why?

If student B is correct, is there a general rule as to who should pull each rope to
maximise the net force and why does it work?

If instead the direction is more important than net force, how can you decide
who should pull each rope so that the net force is as close as possible to a given
direction?
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WORKED EXAMPLE 3.11

A boat of mass 100 kg experiences a force of 30 N eastward from the wind and a force of
40 N from the tide on a bearing of 35°, as shown in the diagram. Find the direction of the
subsequent motion and the acceleration.

Answer 30N
divection 6f fotion /'1 Draw a diagram with the resultant force to
/" show where the angle is being measured from.
I,'
4
,I
’
,/
4
'l
’
*
vl 0

Adding vectors is equivalent to drawing them
end to end.

Do not draw the resultant as a separate force
on the force diagram.

30N
» ) 2 o
| R® = 30" +40° — 2 x 30 x 40 cos 125 Use the cosine rule to find the resultant.
| R=623N
F=ma Use Newton’s second law in the direction of
R =100a acceleration.
a=0.623ms>2
| 40 R ;
B Use the sine rule to find the angle.
sin@  sinl25°
| 6=131.8°

So the direction of motion is on a bearing of 58°.
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WORKED EXAMPLE 3.12

A particle of mass 3kg is attached to three ropes in the horizontal plane with forces 2N
of 2N, 4N and 3N, as shown in the diagram.

Find the direction of the subsequent motion and the acceleration.

4N
30°
Answer 3N
direction of motion : :
% -7 Draw a separate diagram showing the
BT 'F resultant force.
.:::3.0__..-___: ¥
Fy Do not draw it on the force diagram.
F;=4+3 C_OS 370; =660 Find the components of the resultant
F, =2 - 3sin30° = 0.50 horizontally and vertically.
F, ,
tan6 = 3 Use trigonometry to find 6.
6 = 4.33°
so the direction is 4.33° above the positive x-direction.
Fo=F +F Use Pythagoras’ theorem to find the resultant.
F=662N
= ma Use Newton’s second law in the direction of ’%
=l acceleration.
a=221ms?

1 A particle of mass 3kg is at rest and has two forces acting on it. One has magnitude 5N and the other has
magnitude 3 N. They act in the directions shown. Find the magnitude and direction of acceleration of the
resulting motion.

3N

2 A mass of 4kg is held above the ground and released from rest. There is wind blowing it with a force of 20 N
horizontally. Find the angle from the downward vertical at which it initially falls.

3 A boat has its motor running, creating a force of 500 N. The wind is blowing it with a force of 200 N. The
directions of the forces are shown on the diagram. Find the direction of the subsequent motion.

500N

60°
200N
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4 A particle of mass 25kg has two forces acting on it, one of 20 N and one of 35N, in 20N
the directions shown. Find the magnitude and direction of the resulting acceleration.

5 Three coplanar forces act on a particle, as shown in the following diagram. X has
components 0 N in the x-direction and 20 N in the y-direction. Y has components 25N in
the x-direction and —10 N in the y-direction. Z has components —10 N in the x-direction

and —15N in the y-direction. Find the magnitude and direction of the resultant of the
three forces.

X

A

40 N
6 Three coplanar forces act on a particle, as shown in the diagram.

a Force F has components of —30 N in the x-direction and —40 N in the
y-direction. Find the value of «.

b Find the magnitude and direction of the resultant of the three forces.

V) 7 Three coplanar forces act on a particle, as shown in the following diagram. Show that the x component and
y component of the resultant are equal. Hence, determine the direction of the resultant force.

40N

60N
20N 40N

8 Three people drag a bag of sand of mass 150 kg, labelled 4 in the diagram. They pull in the horizontal plane
with forces 40 N, 25N and 35N in the directions shown, compared to the direction AB.

a Find the magnitude and direction of acceleration of the resultant motion.

b What assumptions have been made to answer the question?

B 40N
A

A

9 A boat of mass 1000 kg is pulled by three tugboats. One pulls due north with force 500 N, one pulls due east

with force 350 N and one pulls on a bearing of 040° with a force of 250 N. Find the bearing and acceleration of
the resultant motion.
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10

11

12

Q =

D 14

In a competition of strength, four people pull a mass with ropes at different angles. Arjun 330N
The direction in which the mass moves determines the winner. Arjun wants the mass
to go north, Bob wants it to go east, Chen wants it to go south and David wants it to
go west. The men pull with the forces in the directions shown in the diagram. Find
the direction of the resultant motion and determine who wins.

A rowing boat of mass 120 kg is being pulled from rest by three boats. One pulls north
with a force of 100 N, the second pulls on a bearing of 020° with a force of 80 N and the
third pulls on a bearing of 045° with a force of 90 N. There is resistance from the water Chen 300N
of 200 N directly against the motion. Find the bearing and acceleration of the resultant

motion.

A hovercraft has an engine providing a force of 150 N on a bearing of 340°. The wind blows on a bearing of
310°, which means the hovercraft accelerates from rest on a bearing of 320°. Find the force of the wind on the
hovercraft.

The wind is blowing a boat with force F. The motor of the boat can exert a driving force of D N, where D < F.
Show with a diagram that, whatever direction the wind is taking the boat with the motor switched off, the motor

is capable of deflecting the direction by a maximum of sin™! %

A building is unstable after a natural disaster. A car is stuck under the building and needs to be dragged out
as quickly as possible, although the exact direction is less important. Three people can pull ropes, one due
north, one at a bearing of 010° and one at a bearing of 030°. Akhil can pull with a force of 300 N, Ben can
pull with a force of 240 N and Khadijah can pull with a force of 210 N. Find who should pull each rope to
maximise the acceleration and what the net force will be.

A force can be split into components using the idea that force is a vector and can be written as
the sum of other vectors.

The components are usually found in two perpendicular directions with the force as the
hypotenuse of a right-angled triangle and the other two sides as components.

Directions chosen are usually horizontally and vertically, parallel and perpendicular to a slope,
or parallel and perpendicular to the direction of motion.

Resolving perpendicular to an unknown force means the unknown will not appear in the
equation.

When the direction of acceleration is unknown it is normally best to find components of a

resultant force and use them to find the direction and magnitude of the resultant.




Chapter 3: Forces in two dimensions

END-OF-CHAPTER REVIEW EXERCISE 3

1 Three forces act on a particle in equilibrium in the horizontal plane, as shown in the diagram. Find the size of
the unknown force F and the angle 6.

F

2 Three forces act on a particle in equilibrium in the horizontal plane, as shown in the diagram. By resolving in a
direction perpendicular to F, show that 6 = 47.2° and find F.

44N

150°

3 A girl is dragging a suitcase of mass 18 kg on horizontal ground, using a strap. The strap is at 40° to the
horizontal. She pulls with a force of 15 N. There is air resistance of 5N.

a Find the magnitude of the normal contact force from the ground on the suitcase.

b Find the acceleration of the suitcase.

4 Two people drag a car of mass 1200 kg forward with ropes. One pulls with force 400 N on a bearing of 005°. One
pulls with force 360 N on a bearing of 352°. Find magnitude of the acceleration and its direction to the nearest 0.1°.

5 A boat is in equilibrium held by a rope to the shore. The rope exerts a force T at . Vi
an angle 6 from north. The wind blows the boat with force 40 N in a northwest
direction. The current pushes it south with a force of 50 N. Show that
Tsin@ = 20+/2 and find an expression for 7 cos 6. Hence, show that

tanf = 8+11—0\/§ and find 8 and 7.

6 A car of mass 300kg is on a slope, which is at an angle of 5° to the horizontal.
When it is pulled down the slope by a rope parallel to the slope with a force of T, it
accelerates at 2 ms . Find the acceleration of the car when it is pulled up the slope
by a rope parallel to the slope with a force of 7.

@ 7 Three boys are having a strength competition. They hold ropes attached to the same object of mass 10 kg. One
pulls due north with force 32 N and another pulls on a bearing of 200° with force 45 N. The third wants to
make the object accelerate due east and pulls with a force of 24 N.

a Find the bearing at which the third boy should pull.

b Find the resultant acceleration.
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A girl can drag a stone block of mass 18 kg up a slope at an angle of 13° to the horizontal with an acceleration
of 0.7ms™2. Assuming this is the maximum force she can exert to drag the block, find the mass of the heaviest
stone block she would be able to drag up the slope.

A box of mass 8 kg is held at rest at the top of a slope 6 m long at an angle of 12° to the horizontal. Assume air
resistance and friction are negligible.

a The box is released. Find the time taken for the box to reach the bottom of the slope.

b Instead, a boy pushes the box downwards with a force of 20 N parallel to the slope. Find how much
sooner the box reaches the bottom of the slope than under gravity alone.

A girl is sitting on a sledge, which her friend drags across the horizontal surface of a frozen lake. The sledge is
initially at rest and then the friend pulls on a rope at an angle of 35° above the horizontal with a force of 8 N for
2 m before releasing the rope. The total mass of the girl and the sledge is 50 kg. There is air resistance of 2.4 N.

a Find the speed of the sledge when the friend releases the rope.
b What assumptions have been made to answer the question?

¢ After the rope is released, air resistance causes the sledge to slow down until coming to rest. Find the
total distance before the sledge comes to rest.

In a test of strength competition, a competitor must get a 10 kg stone as far as they can up a slope. The slope is
at 10° to the horizontal. The competitor can drag the stone for 5m from rest up the slope and then must release
it. Frictional forces are to be considered negligible.

a A competitor drags the stone with a rope at an angle of 16° above the slope and a force of 65N. Find the
speed at which the stone is released.

b  Find how far the stone travels after being released before coming to rest.

The four athletes in a bobsleigh team start the race by running along the ice. They push for 40 m on a horizontal
track, providing an average horizontal force of 180 N each. The total mass of the bobsleigh and the four athletes
is 600 kg.

a Find the speed at the end of the horizontal stretch of track.

The athletes then get into the bobsleigh. The track continues with a downhill stretch of length 1300 m on a
slope at an angle of 5° to the horizontal. There is air resistance of 175 N.

b Find the total time to complete the entire track.

A ball of mass m kg slides down a slope, which is at an angle of 8° to the horizontal. It passes two light
gates x m apart. At the first gate, the speed of the ball is measured as ums~!, and at the second its speed
is measured as vms~'. Assuming the resistance is constant, show the resistance force has a total size of

% (2xg sin @ + u? —v?),

A car of mass m kg is rolling down a slope of length x m, which is at an angle of 30° to the horizontal. It has a
booster that provides a force of mg N over a distance of 1 m, which the driver sets off at a distance s m after the
car starts moving. Assuming the booster is used before the end of the slope, show that the speed at the bottom
of the slope is given by v?> = g(x + 2) and deduce that the final speed is independent of when the booster is
applied. (Note that if the booster were applied for a fixed time rather than a fixed distance this would not be
true.)



Chapter 3: Forces in two dimensions

15

16

17

58N

5 31N
26N

Coplanar forces of magnitudes S8 N, 31N and 26 N act at a point in the directions shown in the diagram.
Given that tano = %, find the magnitude and direction of the resultant of the three forces. (6]

Cambridge International AS & A Level Mathematics 9709 Paper 43 Q2 November 2011

A

A particle P of mass 1.05kg is attached to one end of each of two light inextensible strings, of lengths 2.6 m
and 1.25m. The other ends of the strings are attached to fixed points 4 and B, which are at the same

horizontal level. P hangs in equilibrium at a point 1m below the level of 4 and B (see diagram). Find

the tensions in the strings. [6]

Cambridge International AS & A Level Mathematics 9709 Paper 43 Q3 November 2013

50N

i 3.5ms”!
8.5ms e —
—> o
B

A block of mass 60 kg is pulled up a hill in the line of greatest slope by a force of magnitude 50 N acting
at an angle or® above the hill. The block passes through points 4 and B with speeds 8.5ms ™ and 3.5ms™!
respectively (see diagram). The distance 4B is 250 m and B is 17.5 m above the level of 4. The resistance
to motion of the block is 6 N. Find the value of . [11]

Cambridge International AS & A Level Mathematics 9709 Paper 41 Q7 November 2014
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1 A car of mass1500kg is on a straight horizontal road. The car accelerates from 20ms™ to 24ms~"in 10s.
The car has a constant driving force and there is resistance of 100 N. Find the size of the driving force. 4]

2 A particle starts from rest at a point X' and moves in a straight line until 40 later it reaches a point ¥, which
is 145m from X. For 0s < <5s the particle accelerates at 0.8 ms=. For 5s <t < 30s it remains at constant
velocity. For 30s <t <40s it decelerates at a constant rate, but does not come to rest.

a Find the velocity at time ¢ = 5s and ¢ = 40s. ' [5]
b Sketch the velocity—time graph. 2]

3 A particle P is released from rest down a slope, which is at an angle of 20° to the horizontal. There is no
friction between the particle and the slope.

a Find the particle’s speed after 0.7s. 12]
b Find the speed when the particle has travelled 1.2 m. [2]

4 A crate of weight 400 N is lifted by a forklift truck. The truck lifts the crate from rest to a height of 2m in 5s.
Assuming constant acceleration, find the normal contact force from the truck on the crate. [4]

5  Aforce F acts in a horizontal plane and has components 25 N in the x-direction and —17 N in the y-direction
relative to a set of axes. The force acts at an angle o below the x-axis.

a Find the sizes of F and o. [l
b Another force has magnitude 29 N and acts at an angle of 70° above the positive x-axis. The resultant of
n these two forces has magnitude R N and makes an angle of 6 with the positive x-axis. Find the values
of R and 6. [31
6  The graph shows the velocity of a parachutist as she falls from an aircraft y (ms1)

until she hits the ground 50 later.

There are four stages to the motion: falling freely under gravity with the
parachute closed; decelerating with the parachute open; falling at constant
speed with the parachute open; and coming to rest instantaneously on hitting

the ground.
a Find the total distance fallen. 2]
b The parachutist has mass 70 kg. Show that the upward force on the parachutist
due to the parachute during the second stage is 1148 N. [5]
7 A particle of mass 6.3kg is attached to one end of a light inextensible string. X

The other end of the string is attached to a fixed point X. It is held in equilibrium
by a horizontal force ' when the string is at an angle « to the vertical,

4]

where tano = -i—? Find the tension in the string and the size of F.

8  Two forces, each of size 8 N, have a resultant of 13 N.

a Find the angle between the forces. 12]

b The two given forces of magnitude 8 N act on a particle of mass m kg, which remains at rest on a
horizontal surface with no friction. The normal contact force between the surface and the particle has
magnitude 7 N. Find m and the acute angle that one of the 8 N forces makes with the surface. 13]
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Cross-topic review exercise 1

Three coplanar forces of magnitudes 7N, 10 N and 12 N act at a point 4, 7N
as shown in the diagram.

a Find the component of the resultant of the three forces in the direction

AB and perpendicular to the direction AB. [31

b Hence, find the magnitude and direction of the resultant of the three forces. [3]
g ; ; : 10N
a A cyclist lets her bike accelerate down a slope with constant gradient, at constant
acceleration. She passes a point A, then 4s later passes a point B 32 m away. Another 2s later she
passes a point C a further 19 m away. Find the acceleration of the cyclist. [5]
b Assuming there is no friction or resistance and the cyclist is not pedalling, find the angle that the slope
makes with the horizontal, giving your answer to the nearest 0.1°. [3]

A particle P is in equilibrium on a smooth horizontal table under the action
of four horizontal forces of magnitudes 6 N, SN, F N and F N acting in the
directions shown. Find the values of o and F.

6]

Cambridge International AS & A Level Mathematics 9709 Paper 42 Q3 November 2010

A cyclist starts from rest at point A4 and moves in a straight line with acceleration 0.5m s for a distance of 36 m.
The cyclist then travels at constant speed for 255 before slowing down, with constant deceleration, to come to rest
at point B. The distance AB is 210 m.

i Find the total time that the cyclist takes to travel from A4 to B. I5]

24s after the cyclist leaves point A, a car starts from rest from point A, with constant acceleration 4ms2,
towards B. It is given that the car overtakes the cyclist while the cyclist is moving with constant speed.

ii Find the time that it takes from when the cyclist starts until the car overtakes her. I5]

Cambridge International AS & A Level Mathematics 9709 Paper 41 Q7 November 2015

A small bead Q can move freely along a smooth horizontal straight FN

wire AB of length 3m. Three horizontal forces of magnitudes F N, 10 N - ,

and 20 N act on the bead in the directions shown in the diagram. The A = o g B
magnitude of the resultant of the three forces is RN in the direction 0 TN
shown in the diagram. 10N

i Find the values of F and R. I5]
ii Initially the bead is at rest at 4. It reaches B with a speed of 11.7 ms™'. Find the mass of the bead. 3]

Cambridge International AS & A Level Mathematics 9709 Paper 41 Q5 November 2015

A particle P of weight 21N is attached to one end of each of two A B
light inextensible strings, S; and S,, of lengths 0.52m and 0.25m
respectively. The other end of S| is attached to a fixed point 4, and the
other end of S, is attached to a fixed point B at the same horizontal
level as A. The particle P hangs in equilibrium at a point 0.2 m below
the level of AB with both strings taut (see diagram). Find the tension in
S) and the tension in S,. [6]

Cambridge International AS & A Level Mathematics 9709 Paper 43 Q4 November 2012




Friction

In this chapter you will learn how to:

calculate the size of frictional forces
use friction to solve problems in motion
determine the direction of motion of an object

solve problems where a change in direction of motion changes the direction of friction.




Chapter 4: Friction

PREREQUISITE KNOWLEDGE

Where it comes from | What you should be able to do | Check your skills
IGCSE /O Level Use Pythagoras’ theorem. 1 Find the hypotenuse of a right-angled triangle with
Mathematics short sides of length 8 m and 15m.
IGCSE /O Level Use trigonometry for right- 2 A triangle, ZABC, has a right angle at B. Length
Mathematics angled triangles. BCis 7m and ZBAC is 35°. Find length AC.
Chapter 2/ Chapter 3 | Resolve forces and use 3 A box of mass 5kg is on a slope at an angle of
Newton’s second law. 10° to the horizontal. It is pulled down a slope
with force 8 N parallel to the slope. Find the
acceleration of the box.

How does friction work?

When a box is at rest on the floor it is in equilibrium with the weight balanced by a contact
force. It does not matter if there is friction or not because no frictional force is required
for the box to stay in equilibrium. However, when you gently push the box horizontally,

it may still remain in equilibrium and not move. This is because friction prevents it. As
you increase the pushing force the box may still not move. This suggests that friction can
change value in order to prevent motion.

the box will slide along the floor. What factors affect the point at which this occurs? Does
it depend on the size or shape of the object? It is reasonable to expect the size of the force
will depend on the two surfaces in contact. But what else affects it?

At some point the pushing force on the box will be large enough to overcome friction and .
83

Once the force is large enough to overcome friction, how does friction behave? Does
friction remain fixed or does it change depending on the motion?

All these questions will be considered in this chapter.

4.1 Friction as part of the contact force

EXPLORE 4.1

Connect a spring balance to a block of wood on a horizontal surface. Increase the
force on the spring balance horizontally until the block starts moving. When the
block is at rest, the friction force takes a large enough value to prevent motion. When
it starts moving, try to keep it moving slowly at a constant speed and read off the
force on the spring balance. This will be equivalent to the frictional force. Try this
on different surfaces and you should see that some surfaces have different amounts
of friction. Try moving the block at different constant speeds. The size of friction
should not be affected by the speed of the object.

Try resting a small mass on top of the block before pulling it horizontally. The f
frictional force should be larger now. This suggests that the mass may affect the size of '
friction. However, the mass also affects the normal contact force. By adding a mass and
simultaneously lifting the block slightly with another spring balance (quite difficult in
practice), the size of the force of friction goes down again despite the larger mass. This
suggests it is the size of the normal contact force that affects friction, not the mass.
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If there is friction between two surfaces, the contact is called rough. If there is no friction
the contact is called smooth.

If there is no motion, friction takes whatever value is required to prevent motion. This means that
if an object is at rest on a horizontal surface with no forces other than its weight acting on it, there
will be no friction. When a force acts on the object, but is not strong enough to cause motion,
friction will act in the opposite direction to the force. As the force is increased friction will
increase until the point when the force is large enough to overcome the friction and cause motion.

When the force on the object is large enough that the object is still in equilibrium but any
more force would cause motion, the object is said to be in limiting equilibrinum. At this point
friction will take a fixed, maximum value. That value depends on two main factors: how
rough the surfaces are and the normal contact force between them. Each pair of surfaces
has a coefficient of friction, denoted by i, which gives a numerical value for how rough the
surface is. The size of friction is limited to a value u times the normal contact force.

DID YOU KNOW?
Surprisingly, friction will not noticeably depend on the amount of area in contact between the two

surfaces. A larger area would create more friction, but it also spreads out the normal contact force
over a larger area so has almost no net effect.

@ KEY POINT 4.1

Friction can take any value up to its limiting value.
F=uR
If the object is moving relative to the surface, friction will take the limiting value:
H= R
where R is the normal contact force.

A typical value for u is between 0.3 and 0.7, although surfaces that are not as rough may
have a smaller coefficient of friction and surfaces that are extremely rough may have a
larger coefficient of friction, possibly bigger than 1, although this is unusual. A ‘smooth’
surface has no friction, which is equivalent to ¢ and takes the value 0.

Friction depends on the normal contact force between the surfaces, so we say it is ‘part
of the contact force’, and it acts parallel to the surface whereas the normal contact force
is perpendicular. This means the total contact force is the resultant of the normal contact
force and the friction force. We calculate it in the usual way by considering a right-angled
triangle and using Pythagoras’ theorem.

2)

The total contact force can be found from C =« R> + F2.

L : 1
The direction of the total contact force is at an angle of tan™' (-13) to the normal contact force.

When an object is stationary, but about to move, friction will take the limiting value. We
say the object is in limiting equilibrium, or we can use the phrase ‘on the point of slipping’.
This means that any extra force would make the object start moving.

Sometimes it is not clear which way friction acts. Suppose a car is on a rough slope with a
tow rope attached on the end of the car facing up the slope. Tension in the rope is acting



parallel to the line of greatest slope in an upwards direction. We don’t know if the tension
is there to try to pull the car up the slope, or to help prevent the car moving down the slope.
Friction will act in different directions depending on the situation.

The two possibilities are shown by the two force diagrams. If the tension in the rope is
large, friction may act down the slope to prevent the car going up the slope (shown in the
left diagram). If the tension is small, friction may act up the slope to prevent the car going
down the slope (shown in the right diagram).

R R
T T
F
F
9 0
mg mg

In situations where it is not clear which way friction acts, you must make an assumption
about what happens in the subsequent motion. You need to be aware of the significance of
getting a negative value.

If you assume friction acts in one direction and then solving the equations gives a negative value for
friction, it means your assumption was wrong. It means that friction has the same magnitude but in
the other direction. You should state that the direction is not as marked on your diagram.

The value of friction given by equations may be too large because friction is limited to uR.
If that happens, then the object cannot be in equilibrium.

@ KEY POINT 4.4

If the value calculated for friction to keep the object in equilibrium is larger than the limiting value,
the object cannot remain in equilibrium.

WORKED EXAMPLE 4.1

Chapter 4: Friction

Forces ‘parallel to the
slope’ act along the line
of greatest slope. Any
other direction parallel
to the surface will not
be as steep, which is
why roads up steep
slopes wind up rather
than go straight up.

In this course, forces
will generally act along
lines of greatest slope.

total contact force.

Answer
AR
F<«—1—> 8N
YsgN
R=5g=50N Resolve vertically to find R.
F =8N Resolve horizontally to find F.

magnitude to prevent motion.

C=+vF>+R? =50.6N

A box of mass 5kg is at rest on horizontal ground. The box is being pulled by a horizontal force of 8 N. Find the

Note that the box is at rest, so friction must be of the

Use Pythagoras’ theorem to find the total contact force.
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and the magnitude of the contact force.

Answer
a R
10N

20°
8¢ N

R=8gcos20=752N

8gsin20=F +10

;‘ F=174N
F=uR
F
p=-a

R = 8g cos 20

= 732N

a A book of mass 8 kg is at rest on a rough slope, which is at an angle of 20° to the horizontal. The book is
held in limiting equilibrium by a force of 10 N up the line of greatest slope. Find the coefficient of friction

b Find the largest force up the slope for which the book remains at rest.

The force diagram assumes the book is on the point of
slipping down rather than up the slope.

Note that it may not be obvious from the question
whether the book is on the point of slipping up or down
the slope.

Resolve perpendicular to the slope first to find R.

Resolve parallel to the slope to find F.

If you had assumed the book was about to slip up the
slope and marked friction as acting down the slope, you
would have got —17.4 N for friction and realised you
had made the wrong assumption: friction should be the
other way.

The book is on the point of slipping, so friction is
limiting.

Use Pythagoras’ theorem to find the contact force.

If the force up the slope is the largest possible to prevent
motion, friction must act down the slope.

Resolve perpendicular to the slope first to find R as before.

Resolve parallel to the slope to find P.

Since the book is on the point of slipping, friction is limiting
so we can find F using the value for 1 found in part a.
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| WORKED EXAMPLE 4.3

A waste container of mass 400 kg is in equilibrium on a rough slope at an angle of 18° to the horizontal. The
coefficient of friction between the slope and the skip is 0.3. It is held in equilibrium by a winch with tension 7" N.

Find the range of possible values for T

Answer
When 7 is minimal: R
TN
F
18°
400g N
R =400g cos 18 = 3800 N
400gsin 18 =T + F
F=uR =1140
T =948
When T is maximal: R
TN
F
18°
400g N

R =400g cos 18 = 3800 N

400gsin 18+ F =T

F=uR=1140
T =2380

Therefore, the range of values for T'is 94.8 < T' < 2380.

Firstly, consider the case where the winch is providing
the minimum force to prevent the skip from sliding down
the slope.

Resolve perpendicular to the slope first to find R.

Resolve parallel to the slope next to find 7

Since the tension is the minimum possible, friction must
take the maximum value.

Secondly, consider the case where the winch is providing
the maximum force, which is not enough to make the
skip slide up the slope, so friction acts down the slope in
this case.

Resolve perpendicular to the slope first to find R as
before.

Resolve parallel to the slope next to find 7.

Since the tension is the maximum possible, friction must
take the maximum value.

1 A box is at rest on horizontal ground.

a When it is pulled to the right by a force of 40 N, as shown in the diagram, AR

find the size and direction of the force of friction.

b When it is instead pushed to the left by a force of 25 N at 20° above the
horizontal, find the size and direction of the force of friction.

¢ When there is no sideways force acting on the box, find the size of the force

of friction.

3—>40N

‘ng
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2 A box of mass 14kg is at rest on a slope that is at 15° to the horizontal.
a When there is no external force acting on the box, find the size and direction of the force of friction.

b When it is pulled up the slope by a force of 50 N parallel to the line of greatest R
slope, as shown in the diagram, find the size and direction of the force of
friction. (Note that friction is not marked. You will have to decide which
direction you think friction is acting and come to a conclusion based on

S0N

15°

whether the answer you get is positive or negative.) oo
g

¢ When the box is dragged down the slope by a force of 20 N at 10° above the line
of greatest slope, find the size and direction of the force of friction.

d When it is pulled up the slope by a force of 15N at 35° above the horizontal, find the size and direction of
the force of friction.
3 A box of mass 20 kg is at rest on rough horizontal ground. Find the magnitude of the total contact force in
each of these cases.
a The box is pulled horizontally to the right by a force of 40 N. SON
b The box is pushed to the left by a force of 50 N at 15° above the horizontal, S

as shown in the diagram.
¢ The box is pushed to the left by a force of 50 N at 15° below the horizontal.
4 A book of mass 4kg is at rest on a rough slope at angle 14° to the horizontal. Find the magnitude of the total
contact force in each of these cases.
a No other force acts on the book.

b The book is pulled down the slope by a force of 5N parallel to the line of
greatest slope.

¢ The book is pulled up the slope by a force of 15N at 9° above the line of

greatest slope, as shown in the diagram.

5 A tin of mass 0.5kg is on a rough horizontal table with coefficient of friction 0.3. Find the largest horizontal
force that can be exerted on the tin before the tin starts to move.

6 A block of wood of mass 3kg is on a rough slope, which is at an angle of 25° to the horizontal. The coefficient
of friction between the block and the slope is 0.4. It is held in place by a force, P, going up the line of greatest
slope.

a Find the smallest possible size of P to prevent the block sliding down the slope.

b Given that the block remains in equilibrium, find the largest possible size of P.

7 A chair of mass 6kg is at rest on a rough horizontal floor with coefficient of friction 0.35. It is pulled
horizontally by a force of 25 N. A boy pushes down on the chair so that the chair is on the point of slipping
but remains at rest. Find the force that the boy exerts on the chair.

8 Two men are trying to drag a bin of mass 100 kg up a rough slope at an angle 20° to the horizontal. The
coefficient of friction is 0.25. One man pulls up the slope with a force of 400 N. The other tries to lift the bin
perpendicularly to the slope, providing a force such that the bin is on the point of slipping up the slope. Find
the force exerted by the second man.

9 A sledge of mass 200 kg is being pulled by a woman along rough horizontal ground. She exerts a force of
500 N at 18° above the horizontal and the sledge is on the point of slipping. Find the coefficient of friction.
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A gardener is trying to move a heavy roller of mass 150 kg along rough ground at an angle of 5° to the
horizontal. He exerts a force of 200 N down the slope and parallel to it and the roller is on the point of slipping.

a Find the coefficient of friction.

b What assumptions have been made to answer the question?

In a factory, a machine picks up a box by clamping it on both sides. The box of mass 4 kg is held clamped on
both sides by identical clamps with the contacts horizontal. The machine provides a contact force of 50 N
with each clamp. Find the minimum coefficient of friction between each clamp and the box for the box not
to slip.

A box of mass 30kg is at rest on a rough slope at an angle of 20° to the horizontal. When a girl pushes up the
slope along the line of greatest slope with a force of 25N, the box does not slip down. Find the range of values
for the coefficient of friction between the box and the slope.

A ring of mass 2.5kg is threaded on to a fixed horizontal wire. It is made of a 60N
rubbery material to give it an extremely high coefficient of friction (above 1) and 500
prevent it sliding along the wire. When it is at rest, the higher part of the ringisin . ()~~~
contact with the wire, so the normal contact force from the wire is upwards, as ¢1

R

shown in the diagram. The ring is attached to a string, which provides a tension of
60 N at an angle of 50° above the horizontal. The ring is now in limiting
equilibrium. The force diagram for the situation is given in the diagram. Note that
the normal contact force is now acting downwards because there cannot be a
vertical component of acceleration, so the lower part of the ring is now in contact
with the wire. Find the coefficient of friction between the ring and the wire.

60N

3

25g N

A box of mass 50kg is at rest on a slope, which is at an angle of 26° to the horizontal. The coefficient of
friction is 0.4. The box is held in place by a rope attached to a winch pulling up the slope and parallel to it.
Find the minimum and maximum possible values for the tension, 7', which the winch could provide for the
box to remain in equilibrium.

A car of mass 1350 kg is at rest on a rough slope at an angle of 7° to the horizontal. A man tries to push it
down the slope, exerting a force of 500 N, but cannot get it to move.

a Find the angle that the total contact force makes with the slope.

b When the man stops pushing, the car remains in equilibrium. Find the angle that the total contact force
makes with the slope.

A ring of mass 2 kg is held in place at rest on a rough horizontal wire. It is attached to a string that is at an
angle of 40° above the horizontal.

a Explain why once the ring is released it can never be in equilibrium, however high the coefficient of
friction, when the tension in the string satisfies 7" sin40 = 2g.

b Show that when the tension is 100 N the coefficient of friction must be at least 1.73 for the ring to be in
equilibrium, but when the tension increases to 200 N the coefficient of friction can be as low as 1.41 with
the ring remaining in equilibrium. Explain why.

A ring of mass 3kg is at rest on a rough horizontal wire. It is attached to a string that is at an angle of 60°
above the horizontal. The coefficient of friction between the ring and the wire is 0.7. Find the set of values for
the tension, 7', which will allow the ring to remain in equilibrium.
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4.2 Limit of friction

We have seen that when an object is in limiting equilibrium or on the point of slipping, friction
takes the maximum value. When an object is moving, friction will remain at the limiting value.

If the object is moving relative to the surface, friction will take the value F = pR.

When an object is moving or about to start moving, mark the friction as 4R on the force diagram.

When an object moves at constant speed it is in equilibrium. However, when an object on
a surface is accelerating, it will accelerate parallel to the surface. On horizontal ground
the acceleration will be horizontal. On a slope, the acceleration will be along the line of
greatest slope.

If we resolve parallel to the surface to find acceleration, we will not find a solution because
the size of friction is not known. The size of friction will depend on two factors, 1, which
may be given, and R. We will normally need to resolve perpendicular to the surface where
there is no acceleration to calculate the normal contact force first. This will allow us to
find the value of R and, hence, friction. Then we can resolve parallel to the surface using
Newton’s second law to find acceleration.

@ KEY POINT 4.6

In order to calculate the acceleration in the direction parallel to a rough surface, resolve
n perpendicular to the surface first to find the normal contact force and, hence, the frictional force.
Then resolve parallel to the surface and calculate acceleration using F = ma.

EXPLORE 4.2

Two students, Basma and Bijal, are discussing the best way to drag a heavy box along
a rough horizontal surface. Here are their arguments.

I would pull horizontally to get all the force I | I would pull at an angle above the horizontal.
can exert on the box working in the direction | This would reduce the contact force and
I want to go. therefore reduce the friction.

Discuss which argument is more convincing.

Practical experiments may help you answer the question. Test the situation using a

wooden block and spring balance. Increase the horizontal force until it is just less than
the force required to start the block moving. Try to keep the force the same, but change
the angle at which it acts. Does the block start moving if the force is acting at an angle?

In Section 4.1 we considered the situation where a car is held on a slope, but we didn’t
know which way friction was acting. You also need to know how to deal with situations
where it is not known if there is motion nor, if there is, in which direction the motion would
be. Start by assuming the situation that seems likely to be correct, but be ready to spot a
contradiction.

Consider the same example where a car is on a rough slope and there is a rope pulling up
the line of greatest slope, but this time we do not know whether the car remains stationary.
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If we assume the car slips down the slope, the friction must be limiting and act up the
slope. However, if we solve the equations and get a negative value for acceleration, this
contradicts the assumption and suggests the car does not, in fact, slide down the slope.

If instead we assume the car is pulled up the slope, the friction must be limiting and act
down the slope. However, if this leads to a negative value for acceleration, this again would
contradict the assumption and suggests the car is not, in fact, pulled up the slope.

These two results together would lead to the conclusion that the car is in equilibrium and
friction may not be limiting.

You may want to
@ have a go at the
resource A frictional
It may be necessary to make an assumption about the direction of motion when setting up the force story at the Vector
diagram. If the outcome contradicts the assumption, then you need to change your initial assumption. Geometry station on

the Underground
Mathematics website.

MODELLING ASSUMPTIONS

We have assumed that the limiting value for friction is the same whether the object
is moving or not. In reality, there is a small difference between static friction and
dynamic friction. From the experiment in Explore 4.2 you may have realised that to
start the block moving takes slightly more force than the amount required to keep
it at constant velocity once it is already moving. The difference is slight and for the
purposes of this course we will ignore it and assume they are both the same.

Once the object moves, the exact point on the surface in contact with the object
is always changing, so each part of the contact may have a different value for the

coefficient of friction. We will assume that the difference in the values of i across a
broadly similar surface is negligible. If the surface changes significantly, this will be
stated in the question and we will use a different value for u for the different surface.

Awkward shapes may make it difficult for an object to slide smoothly along a surface.
For example, a hook shape may lodge itself in the surface. However, in this course we
are treating objects as particles so, whatever the size and shape of the actual object,
the size of friction will not be affected by those factors.

@ DID YOU KNOW?

Frederick the Great, King of Prussia from 1740 until 1786, wanted to build a fountain 30 m
tall for his gardens at Sanssouci. He asked Leonhard Euler (1707-1783), one of the greatest
mathematicians of the age, to help calculate how to get the water from the river under enough
pressure to create the fountain. Euler did his calculations assuming no friction, but advised the
engineers that he would need to do experiments to see if the calculations were valid.

The engineers did not take his advice and the fountains were built according to theory alone. The
pipes burst and the water never made it to the fountain. Frederick blamed Euler, despite Euler’s
warnings.

Euler was the first to create equations modelling frictionless fluids, but it took more than a century
to work out how to add friction to the model of fluid dynamics in equations known as the Navier—
Stokes equations. These are still not fully understood and there is a $1million prize for solving other
aspects of these equations.
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a

WORKED EXAMPLE 4.4

a A curling player tries to slide a curling stone of mass 20kg along a horizontal ice rink to stop on top of a

target that is 46 m away from where it was released. The coefficient of friction between the ice and the stone
is 0.05. The player releases the stone with a speed of 6.5ms™!. Find how far from the target it stops.

In a game of curling there are sweepers who sweep the ice to polish it and reduce the coefficient of friction.
Assuming they lower the coefficient equally along the entire path, find the reduced coefficient of friction

required to get the stone to land on the target.

Answer

a
—
direction of

motion

UR (—6)

Y 20gN

=

Il
N
S

0q

N}

Oa

a=-0.5ms>2

—UR =

2 2
V- =u“ +2as

0% =6.52 -2x-0.5s

§=42.25
Distance from target = 46 — s
= 3. 7om
v2 = u? + 2as

02 =6.52 - 2ax 46
a=-0459ms2
As before,
R =20g
= 200
and
—UR = 20a

u = 0.0459

It is useful to add the direction of motion to
the diagram and show the acceleration in that
direction, even though the acceleration will be
negative.

Resolve vertically first to find R.

Resolve horizontally to find a.

Use an equation of motion for constant
acceleration to find the distance.

Make sure you answer the question.

Use an equation of motion for constant
acceleration to find the acceleration.

Solve the equations to find .
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WORKED EXAMPLE 4.5

A woman drags a box of mass 20 kg up a rough slope. The slope is at an angle of 10° to the horizontal and the
coefficient of friction between the box and the slope is 0.45. The woman pulls the box using a rope held at an angle
of 20° above the slope, with a tension of 120 N. Find whether the force is large enough to create motion and, if it is,
find the acceleration.

Answer

Draw a force diagram, making the 20° angle
with a dotted line parallel to the slope.

This diagram assumes that there will be
motion up the slope, so friction will be limiting

REN down the slope.
R +120 sin 20 = 20g cos 10 Resolve perpendicular first to find R.
R=156N

F = ma Resolve parallel to the slope to find a.
120 cos 20 — 20g sin 10 — uR = 20a

a=0393ms™ This is positive, so consistent with the

assumption that there is motion up the slope.

1 A box of mass 14kg is on horizontal ground. It is dragged by a horizontal force of 21 N. The surface is rough
and the coefficient of friction between the surface and the box is 0.1.

a Resolve vertically to find the size of the normal contact force.
b Find the size of the frictional force.
¢ Find the acceleration of the box.
2 A skip of mass 3000 kg is held at rest by a winch on a slope at an angle of 15° to the horizontal. The slope is

rough and the coefficient of friction between the slope and the skip is 0.25. When the winch is removed the
skip starts to slide down the slope.

a Resolve perpendicular to the slope to find the size of the normal contact force.
b Find the size of the frictional force.
¢ Find the acceleration of the skip.

3 A boyisdragging a box of mass 20 kg up a rough slope at an angle of 12° to the horizontal. The coefficient of
friction is 0.28. He provides a force of 100 N parallel to the slope. Find the acceleration of the box.
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A gardener is pulling a wheelbarrow of mass 8 kg from rest along rough horizontal
ground. The coefficient of friction between the wheelbarrow and the ground is 0.6.
The gardener provides a force of 50 N at an angle of 30° above the horizontal, as

shown in the diagram.

a Find the acceleration of the wheelbarrow.

b What happens when the wheelbarrow has 20 kg of soil in it and the gardener exerts the same force at the
same angle?

A ski-plane has skis to land and take-off on snow. It has a mass of 3000 kg and has a propeller providing a
force of 20000 N horizontally. It accelerates from rest on horizontal ground at 2.2 ms™. Find the coefficient
of friction between the ground and the ski-plane.

A bin of mass 16 kg is held on a downhill slope at an angle of 20°. When the bin is released, it slides down the
slope with acceleration 1.2 ms™2. Find the coefficient of friction between the bin and the ground.

A ring of mass 2 kg is on a fixed rough horizontal wire with coefficient of friction 0.4. It is pulled by a rope
with tension 15N at an angle of 5° above the horizontal. Find the acceleration of the ring.

A ring of mass 3kg is on a fixed rough horizontal wire. It is pulled by a rope with tension 20 N at an angle of
10° above the horizontal and accelerates at 2ms~2. Find the coefficient of friction between the ring and the
wire.

A ski-plane of mass 5000 kg accelerates from rest along a rough horizontal runway of length 600 m. It needs
to reach a speed of 25ms™ by the end of the runway to take off. The propeller provides a horizontal force of
16000 N. Find the maximum coefficient of friction to allow the ski plane to take off.

A downhill skier of mass 80kg is accelerating down a rough slope of length 400 m at 22° to the horizontal.
There is air resistance of 50 N and the coefficient of friction between the snow and the skis is 0.3. The skier is
moving at 20ms™ at the top of the slope. Find the speed of the skier at the bottom of the slope.

A bag of sand of mass 200 kg is being winched up a slope of length 10 m, which is at an angle of 6° to the
horizontal. The slope is rough and the coefficient of friction is 0.4. The winch provides a force of 1000 N
parallel to the slope. At the bottom of the slope the bag is moving at 2ms~.. Find the distance it has moved
when its speed has reduced to 1.5ms™".

A man wants to drag a block of wood of mass 50kg along horizontal rough ground, where the coefficient
of friction is 0.45. If he pushes it he can generate a force of 250 N horizontally. Alternatively, he can pull
via a string with a force of only 230 N at an angle of 25° above the horizontal. Which would give the larger
acceleration?

Two men are pushing a palette of bricks of mass 120kg along rough horizontal ground. The first man pushes
horizontally with a force of 150 N. The second man pulls via a rope at an angle of 20° above the horizontal
with a force of 140 N. They maintain a constant velocity.

a Find the coefficient of friction between the palette and the ground.
b The second man no longer pulls the rope. By first finding the new normal contact force, find the

deceleration of the palette.

A snooker ball of mass 0.4kg is struck towards a cushion from 0.8 m away with speed 3m s~ The surface
of the snooker table has a coefficient of friction of 0.3. When the ball bounces from the cushion its speed is
reduced by 20%. Find how far from the cushion it stops.
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15 A wooden block of mass 10 kg is on rough horizontal ground with coefficient of friction 0.6. It is dragged by a
force of 80 N acting at 15° to the horizontal.

a Find the acceleration if the force is above the horizontal.

b Find the acceleration if the force is below the horizontal.

«:@ 16 A box of mass 50kg is slowing down from 10 ms~! on rough horizontal ground. The coefficient of friction
between the box and the ground is 0.3. To start with, the box is being slowed by a string providing a tension
of 25N horizontally. Then the string breaks and the box comes to a halt under friction alone after a total

distance of 14.5m.
a Find how far the box travelled before the string broke.

b What assumptions have been made to answer the question?

4.3 Change of direction of friction in different stages of motion

A shopper is pushing a shopping trolley, but rather than just pushing it, the shopper gives it ﬁ W
a shove, lets go and walks after it. After a few metres, the trolley stops because of friction. 5 2

When the shopper does the same thing up a slope, friction also causes the trolley to stop,
but once the trolley has stopped, friction then acts in the opposite direction to prevent the
trolley falling back down the slope.

When the shopper does the same thing up a steeper slope, the trolley may start moving
back towards the shopper. In this situation, friction will be limiting to start with and act
down the slope to stop the trolley moving up the slope. Once the trolley comes to rest,
friction will act up the slope to try to prevent the trolley moving back down the slope. If
the force due to gravity is large enough, the trolley will start moving back down the slope
and friction will again become limiting, but will now act up the slope.

KEY POINT 4.8

When the motion of an object can be split into different stages, you need to draw a different force
diagram for each stage and deal with the stages separately. The direction of the frictional force will
be different if the object changes direction.

EXPLORE 4.3

Two students, Nina and Jon, are discussing the problem of a ball rolling up a slope
and then back down the slope.

Nina says she can save a lot of time in working out how long it takes to return to
the starting point, by working out how long it takes to reach the highest point and
doubling it. She says the speed when it reaches the starting point on the way down
will be the same as when it started on the way up.

Jon says that’s not true. The uphill stage and downhill stage have to be worked out
separately. He says that the downhill bit will take longer and the speed will be lower
because friction has slowed down the ball.
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Nina says that’s nonsense. Of course friction will slow it down more quickly when
going uphill, but that just means it stops after a smaller distance and a smaller time
than without friction. It will still return to the starting point after twice the time it
took to reach the highest point.

Who is correct?

MODELLING ASSUMPTIONS

When an object is placed on a slope, it may topple over rather than slide down the
slope. However, for this course, we are considering all objects as particles, so they
have no shape and cannot fall over.

When a ball is placed on a slope, the centre of the ball is always above a point lower
on the slope than the point where the ball touches the slope. Therefore, the ball will
always roll down the slope, regardless of how much friction there is. Rolling is also
different from sliding. However, because we are considering all objects as particles,
objects like balls or cylinders, which may roll, are treated as particles that are sliding
and we will ignore any differences this might give.

WORKED EXAMPLE 4.6 |

a A box of mass 10 kg is pushed from rest along rough horizontal ground by a
horizontal force of size S0N for 3s. The coefficient of friction is 0.45. Find the
speed when it stops being pushed.

b The box then slows down because of the friction. Find the total distance the
box has moved.

Answer

a AR Draw the force diagram with friction limiting

because we know the box will move.
UR <— > 50N
Yi0gN

R =10g Resolve vertically first to find R.

=100N
i & Resolve horizontally, taking the direction of
50— uR = 10a motion as positive, to find a.

~ - 2D
a=05ms~

V=u-+at . .
Use an equation of constant acceleration to

=0+0.5x3 find the velocity.
& 1.5my™
b § = ut + % at? Use an equation of constant acceleration to

< find the displacement for the first stage.
1 & D
So § = O><3+;><0.3><3-

|
[\
[\ 0)

25
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A Draw a new force diagram for the second Look back to
stage of the motion because the situation has Chapter 1, Section 1.3,
LR < _"| changed. if you need a reminder
of the equations of
constant acceleration.
V1ogN )
R=10g =100N Resolve vertically to find the new value for R,

which in this case is the same as the old value.
=i =10 Resolve horizontally, taking the direction of
N

a=-45ms™" motion as positive, to find the value for a for
the second stage.

v2 = u? + 2as
So 02 =1.52+2x —4.5s,
8y =d0i25

Use an equation of constant acceleration to
find the displacement for the second stage.

Hence s =51 + 5 Find the total distance for the two stages of the
=2.25+0.25 motion.

= 24

WORKED EXAMPLE 4.7

a A ball of mass 3kg rolls up a slope with initial speed 10 ms™". The slope is at an angle of 20° to the
horizontal and the coefficient of friction is 0.3. By modelling the ball as a particle, find the distance up the
slope when the ball comes to rest.

b Show that after coming to rest the ball starts to roll down the slope.

¢ Find the speed of the ball when it returns to its starting point.

Answer )
R : o -
. Draw the force diagram with friction acting
down the slope against the direction of motion.
UR
20°
3g N
R =3g cos 20 Resolve perpendicular first to find R.
=282N
F =ma

Resolve parallel, assigning up the slope as
—MR—3g sin 20 = 3a positive, to find a.

g ==6.24ms™
v2 = u? + 2as Use an equation of constant acceleration to
0 =107 — 2% 624 % 5 find the distance.

s =8.0lm
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R .
Draw a new force diagram because the
__whR situation has changed and friction now acts up
the slope to prevent motion down the slope.
20° Friction is limiting because we are assuming
3g N

there will be motion down the slope.

R =3g cos 20
=28.2N

Resolve perpendicular to find the new value
for R, which in this case is the same as the old
value.

3¢ sin 20 — = s
g sin Ay~ yR = 3a Resolve parallel, assigning down the slope as !

a=0.60lms™ positive, to find a.

This is positive, so the ball will roll back down the slope. The acceleration down the slope should |
come out as positive to be consistent with the
assumption that there is motion down the
slope.

Alternatively, suppose the ball is in equilibrium. This could also be done by calling the friction

F and finding the size of F required to prevent
motion and showing F > uR.

Then, F = 3g sin 20
But uR = 8.46 < F, which is not possible.

v = u® + 2as Use an equation of constant acceleration to ,}
|

= 02 +2x0.601x8.01 find the speed. "
y=2310ms™ |

At the end of a downbhill run, a skier of mass 80 kg slides up a rough slope at an angle of 10° to the horizontal,
to slow down. He arrives at the upward slope with an initial speed of 12ms™'. The coefficient of friction
between the skier and the slope is 0.4. Find how far up the slope he comes to rest, and show that he remains at
rest there without falling back down the slope.

A ball of mass 3kg rolls with initial speed 8 m s~ up a rough slope at an angle of 15° to the horizontal. The
coefficient of friction between the ball and the slope is 0.6.

a By modelling the ball as a particle, find how long it takes for the ball to come to rest and show that the ball
remains at rest there.

b Why is this model different from reality?

A book of mass 3kg is at rest on a rough slope at an angle of 15° to the horizontal. It takes a force of 20 N
parallel to the slope to break equilibrium and drag it up the slope.

a Find the coefficient of friction between the slope and the book.

b Find the acceleration of the book down the slope if the 20 N force is applied down the slope.

A box of mass 12kg is at rest on a rough slope at an angle of 18° to the horizontal. The coefficient of friction
between the slope and the box is 0.4.

a Find the force it takes parallel to the upwards slope to break equilibrium and drag the box up the slope.

b If the force were applied down the slope and parallel to it, find the acceleration.
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A car of mass 1250 kg is at rest on a rough slope at an angle of 35° to the horizontal. It takes a force of
13000 N to move it up the slope. Show that without any force the car would slide down the slope, and find the
minimum force to prevent it moving down.

A bin of mass 10 kg is at rest on a rough slope at an angle of 32° to the horizontal. It is held on the point of
moving up the slope by a force of 90 N parallel to the slope. Show that when the force is removed the bin
would slide down the slope, and find its acceleration.

A trolley of mass Skg is rolling up a rough slope, which is at an angle of 25° to the horizontal. The coefficient
of friction between the trolley and the slope is 0.4. It passes a point 4 with speed 12ms™'. Find its speed when
it passes A4 on its way back down the slope.

A ball of mass 1.5kg is sliding up a slope, which is at 30° to the horizontal. The coefficient of friction between

the ball and the slope is 0.45. It passes a point 4 at 10 ms™. By modelling the ball as a particle, find the time
taken to return to A.

A pinball game involves hitting a ball up a slope whenever it reaches the bottom of the slope. The pinball has
mass 0.2 kg and rolls down a rough slope of length 1.2 m at angle 12° to the horizontal and with coefficient of
friction 0.1. The ball starts at the top of the slope at rest. When it reaches the bottom of the slope it is hit back
up and its speed is increased by 50%.

a Find the maximum height up the slope the pinball reaches after it has been hit back up the slope.

b What assumptions have been made to answer the question?

A wooden block of mass 3.5kg is sliding up a rough slope and passes a point A with speed 20 ms~.. The slope
is at 29° to the horizontal. The block comes to rest 25m up the slope. Find its speed as it passes point 4 on the
way down.

A boy drags a sledge of mass 4 kg from rest down a rough slope at an angle of 18° to the horizontal. He pulls
it with a force of 8N for 3s by a rope that is angled at 10° above the parallel down the slope. After 3s the rope
becomes detached from the sledge. The coefficient of friction between the slope and the sledge is 0.4. Find the
total distance the sledge has moved down the slope from when the boy started dragging it until it comes to
rest.

A particle slides up a slope at angle 34° to the horizontal with coefficient of friction 0.4. It passes a point P on
the way up the slope with speed 3ms~! and passes it on the way down the slope with speed 2ms™". Find the
coefficient of friction between the particle and the slope.

A particle slides up a slope at angle 6 to the horizontal with coefficient of friction u. It passes a point A
on the way up the slope at speed ums~ and passes it on the way down the slope with speed vms~. Prove that:

o sin 6 — u cos 6
sin 6+ p cos 0

so vis independent of the mass of the particle and the value of g. Deduce also that the speed on the way down
is always smaller than the speed on the way up.

A toy car of mass 80 g rolls from rest 80 cm down a rough slope at an angle of 16° to the horizontal. When it
hits a rubber barrier at the bottom of the slope it bounces back up the slope with its speed halved, and reaches
a height of 10 cm. Find the coefficient of friction between the car and the slope.
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4.4 Angle of friction

The concept of the angle of friction is not required by the syllabus. However, an
understanding of the angle of friction can make some problems on the syllabus easier to
solve and can help give alternative methods to solve problems on topics beyond the syllabus.

If a box is being pulled horizontally by a rope with tension 7" and is on the point of
slipping, the force diagram would look like the first diagram. This diagram has four
forces, but we can draw a simpler diagram with only three forces if we combine the normal
contact force and friction into a single contact force, C, as shown in the second diagram.

R C 1
A \ :
Al
AL
T
—> T
HR <€ > T
Y
"mg ‘mg

The angle of friction A is the angle between the normal contact force and the
total contact force when friction is limiting.

By drawing the components of the total contact force in a right-angled

triangle it can be seen that tan A = % = U.

KEY POINT 4.9

The angle of friction is related to the coefficient of friction by A = tan~!y.

By considering the total contact force as a single force rather than two forces (the normal " REWIND

contact force and friction), problems like the previous one with four forces can be reduced

to problems with three forces. This means that you can use methods involving the triangle Look back to

of forces or Lami’s theorem. Chapter 3, Section 3.3,

if you need a reminder
of the triangle of
forces and Lami’s

In the simplest case of an object on a slope in limiting equilibrium under gravity, a problem
with three forces becomes a problem with two forces.

R theorem.

UR

mg

It is now easy to determine the total contact force. The contact force and the weight must
be equal in magnitude and act in opposite directions, so the contact force will be vertical.

The angle between the normal contact force and the total contact force is the angle
between the normal contact force and the vertical. This is also equal to the angle between
the slope and the horizontal. If the object is in limiting equilibrium, then tan A = u and we
have the coefficient of friction.
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KEY POINT 4.10

The angle of friction is the steepest slope on which an object can remain at rest without slipping
under gravity.

EXPLORE 4.4

The coefficient of friction can be found by experiment using the angle of friction.
Two people will be required to find it safely.

To find the coefficient of friction between an object and a table, place the object on
the table. Then gradually lift one side of the table so the surface is at an angle to the
horizontal. At the point where the object starts to slip down the table, remove the
object from the table and measure the angle between the table and the horizontal.
Use the equation tan A = u to find the coefficient of friction.

WORKED EXAMPLE 4.8

A man tries to drag a suitcase of mass 18kg along a rough horizontal surface. He drags it with a rope at an angle
of 20° above the horizontal. The coefficient of friction between the ground and the suitcase is 0.4. The suitcase is
in limiting equilibrium. Find the tension in the rope.

Answer 101
< : Mark the contact force as a single force so the
tan- 1) T problem now has only three forces.
i
20 There is limiting equilibrium, so the angle
between C and the normal is tan™! p.
l 18g N
z B 18¢g

sin(180 — tan~"gt) ~ sin(70 + tan~'p) We can now apply Lami’s theorem.

T =0669N

WORKED EXAMPLE 4.9

a A 2kg brick is at rest on a plank. The plank is lifted at one end to make an angle of 20° with the
horizontal and the brick remains stationary on the plank. Find the total contact force between the brick
and the plank.

b The plank is lifted further to an angle of 25° and the brick is on the point of slipping down the slope. Find
the coefficient of friction between the plank and the brick.

¢ The plank is lifted further to an angle of 35° and the brick is held in place by a force at an angle of 15° above
the angle of the upwards slope. Find the size of the force.




102

Cambridge International AS & A Level Mathematics: Mechanics

Answer
a €
20°
2gN
C=2F
=20N
b . e
AY
AY
25°%
2¢ N
u = tan 25
= 0.466

2g N

r  2g
sin 10 sin 130
2gsin 10

sin 130
=4.53N

The only two forces are the total contact force
and the weight, so they must cancel each other
out by being equal in magnitude but opposite
in direction.

Resolving vertically gives C immediately.

As before, the total contact force must be
vertically upwards, so the angle between the
normal and the total contact force is 25°.

Because the brick is now in limiting
equilibrium, the coefficient of friction is found
from the tan of the angle between the contact
force and the perpendicular.

Using the total contact force, the force diagram
now has only three forces in it and the triangle
of forces can be used.

Since there is limiting friction, the angle of
friction between C and the perpendicular to
the slope will be the same as in the previous
part, which was also limiting.

Angles in the triangle can often be found more
easily by extending the sides if required or by
comparing with vertical or horizontal lines on
the original diagram.

Use the sine rule to find T'.
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A boy is trying to drag a box along a rough horizontal surface by pulling horizontally. The box has mass
12 kg. The coefficient of friction between the box and the surface is 0.4. The box is on the point of slipping.
Find the size of the force exerted by the boy.

A girl tries to drag the box of mass 12 kg along the rough horizontal surface with coefficient of friction 0.4.
She exerts a force at an angle of 10° above the horizontal and the box is on the point of slipping. Find the size
of the force exerted by the girl.

A builder tries dragging a sack of sand of mass 25 kg along a rough horizontal surface with coefficient of
friction 0.5. He pulls at 12° above the horizontal and the sack is on the point of slipping. Find the size of the
total contact force.

A bench has mass 17 kg and is at rest on horizontal ground. A woman tries to move it by pulling it with a force
of 80 N at 15° above the horizontal and the bench is on the point of slipping.

a Find the angle of friction.

b Hence, find the coefficient of friction between the bench and the ground.

A trailer has mass 120 kg. A winch pulls the trailer with a force of 500 N at an angle 6 above the horizontal.
The trailer is in limiting equilibrium on horizontal ground with coefficient of friction 0.45. Find 6.

A metal block of mass 20 kg is on a rough slope at an angle of 12° to the horizontal. The coefficient of friction
between the book and the slope is 0.4. A boy is trying to move the block up the slope by pushing parallel to
the slope. He increases the force until equilibrium breaks. Find the maximum size of the force the boy pushes
with before the block slips.

A girl drags a sledge up a rough slope, which has an angle of 10° to the horizontal. The sledge has mass 8 kg and
the coefficient of friction between the slope and the sledge is 0.3. She pulls the sledge with a rope at an angle of 12°
to the slope and increases the tension until equilibrium is broken. Find the tension in the rope when this happens.

A car is towed down a rough slope, which is at an angle of 5° to the horizontal. The coefficient of friction
between the car and the slope is 0.35. The car is towed using a rope at an angle of 13° to the slope. Equilibrium
is broken when the tension in the rope is 4000 N. Find the mass of the car.

A box of mass 12 kg is at rest on a rough horizontal surface with coefficient of friction 0.6. A force is exerted
on it at an angle 6 above the horizontal so that the force required to break equilibrium is minimised. Show
that 6 is the angle of friction and find the size of the force required to break equilibrium.

A box has mass 40 kg and is on a rough slope with coefficient of friction 0.3. It is pulled up the slope by a
force of 300 N at 10° above the slope and is in limiting equilibrium. Find the angle that the slope makes with
the horizontal.

A ring of mass mkg is at rest on a fixed rough horizontal wire with coefficient of friction p. It is attached to a
mg sin o

string that is at an angle of o above the horizontal. Show that when 7' <
cos(a — 0)

and 6 = tan™' u the ring
will be in equilibrium.
mg sin o

cos(a — 0)

Show further that if o + 6 <90° and T > the ring will always move, but if o + 8 >90° and

mg sin 0

m the ring will remain in equilibrium.
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o 12 A particle of weight I¥ is at rest on a rough slope, which makes an angle of & to the horizontal. The coefficient
of friction between the particle and the slope is i. Assuming 6 + o < 90°, where 6 = tan~! u, show that the
minimum force F required to break equilibrium and make the particle slide up the slope is F = W sin(0 + @)
and that F makes an angle 6 to the slope above the particle.

Show further that in the case where o < 6, the minimum force F required to break equilibrium and make the
particle slide down the slope is F = W sin(6 — &) and that F makes an angle 6 to the slope below the particle.

Checklist of learning and understanding

Friction can take any value up to the limiting value, which depends on the normal contact force,
R, and the coefficient of friction, f.

F=uR

If there is motion, or the object is on the point of slipping or in limiting equilibrium, friction
will take the maximum possible value.

The total contact force is the combination of the normal contact force and the friction.

If a situation becomes different because a force changes or the direction of motion switches,
the normal contact force may be affected, so the friction may change. It is best to draw a new
diagram every time a different situation arises.
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END-OF-CHAPTER REVIEW EXERCISE 4

1

10

11

A horizontal force, T, acts on a particle of mass 12 kg, which is on a rough horizontal plane. Given that the
particle is on the point of slipping and that the coefficient of friction is 0.35, find the size of 7.

A particle of mass 15kg is on a slope at an angle 25° to the horizontal. The coefficient of friction between the
particle and the slope is 0.3. A force, P, acts up the slope along the line of greatest slope. Find the set of values
for P for the particle to be in equilibrium.

A bowler rolls a ten-pin bowling ball of mass 4 kg along a horizontal lane. The ball is released with a speed of
9ms~ . The coefficient of friction between the ball and the lane is 0.04. The first pin is 18.5m away. Find the
speed at which the ball hits the pin.

A brick of mass 4.3kg is being pushed up a slope by a force of 40 N parallel to the slope. The slope is at 13° to
the horizontal and the coefficient of friction between the brick and the slope is 0.55. Find the acceleration of
the brick.

A boat of mass 5 tonnes is being launched from rest into the sea by sliding it down a ramp. The ramp is at 5° to
the horizontal and is lubricated so the coefficient of friction is only 0.08. The ramp is 40 m long before the boat
enters the sea. Find the speed with which the boat enters the sea.

A bag of mass 49 kg is on rough horizontal ground with coefficient of friction 0.3. A force T acts at 6 above the
horizontal, where sin 6 = % and the bag is in limiting equilibrium. Show that R = STT, where R is the normal
contact force, and find another equation relating R and T'. Hence, find R and T'.

A book of mass 1.3kg is on a plank of wood, which is held at an angle of 16° to the horizontal. The coefficient
of friction between the book and the plank is 0.45.

a Show that the book remains at rest and find the size of the frictional force.

b The book is held stationary while the plank is raised to make an angle of 27° with the horizontal. Show
that when the book is released it accelerates down the slope, and find the size of the acceleration.

Two boys are arguing over who gets to play with a toy. The toy has mass 3kg and is at rest on rough horizontal
ground with a coefficient of friction of 0.3. The older boy pulls with a force of 26 N at an angle of 39° above
the horizontal. The younger boy pulls in the opposite direction with a force of 24 N at an angle of 9° above the
horizontal. Determine whether the toy moves. If it accelerates, find the size of the acceleration and direction. If
not, find the size of the friction.

A mass of 6kg is on a slope at an angle of 14° to the horizontal. The coefficient of friction between the slope
and the mass is 0.4. There is a force of 5N acting down the slope and parallel to it.

a Show that the force is not great enough to overcome friction, and find the magnitude of the total contact
force between the mass and the slope.

b  When the force of 5N is removed, find the total contact force and the angle it makes with the slope.

A box of mass 9kg rests on a slope, which is at an angle of 34° to the horizontal. It is held in place by a
horizontal force of 20 N.

a By considering the total contact force as a single force, or otherwise, find the size of the total contact force.
b  Given that friction is limiting, find the coefficient of friction between the box and the slope.

A particle of mass 6 kg is on a slope at an angle of 20° to the horizontal. The coefficient of friction between the particle
and the slope is 0.1. The particle is 5 m from the bottom of the slope. It is projected up the slope with speed 4m s~

a Find the distance travelled up the slope from the starting point until the particle comes to rest.

b Find the time until the particle reaches the bottom of the slope.
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A particle of mass 8 kg is at rest on a slope at angle 15° to the horizontal. The
coefficient of friction between the particle and the slope is 0.05. The particle is pulled
up the slope by a rope with tension 30 N at an angle of 20° above the line of the slope.

a Find the acceleration of the particle.

After travelling 10 m the string is cut and there is no tension.

b Find the speed of the particle when the string is cut.

The particle slows down until coming to rest.

¢ Find how far the particle has travelled in total when it reaches its highest point on the slope.
d Find the total time until it reaches that point.

A particle of mass m is on rough, horizontal ground with coefficient of friction . It is initially moving at speed
ums~!. After a distance xm the surface changes to another surface with coefficient of friction u,. The particle

u? —218x

2gy
A mass of m is at rest on a plank of wood on level ground with coefficient of friction g . One end of the plank
is lifted until the mass starts to slip. The angle at which this happens is .

comes to rest, having travelled a distance of y m on this surface. Show that u, =

a Show that y; =tana.

The angle of the plank is then raised to an angle 3 and the mass is held in place. The mass is then released and
travels a distance x down the slope. At the end of the slope the particle slides along the level ground, slowing
down under friction where the coefficient of friction is 1, until coming to rest at a distance y from the bottom
of the slope. You may assume the mass starts sliding along the floor at the same speed as it has when it reaches
the end of the slope.

x(sin B —tan & cos f3)
5 a

b Show that u, =

A particle moves up a line of greatest slope of a rough plane inclined at an angle & to the horizontal, where
sina = 0.28. The coefficient of friction between the particle and the plane is %
i Show that the acceleration of the particle is -6 ms™2. [3]

i Given that the particle’s initial speed is 5.4ms™, find the distance that the particle
travels up the plane. 2]

Cambridge International AS & A Level Mathematics 9709 Paper 43 Q1 November 2013
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7.2N

A block of weight 7.5 N is at rest on a plane which is inclined to the horizontal at angle o, where tan o = 27—4

The coefficient of friction between the block and the plane is p. A force of magnitude 7.2 N acting parallel to a
line of greatest slope is applied to the block. When the force acts up the plane (see Fig. 1) the block remains at
rest.

. 17
Show that yu=—. 4
i ow that u o (4]
When the force acts down the plane (see Fig. 2) the block slides downwards.
31
i Show that u < =—. 2
i ow that u 2 2]

Cambridge International AS & A Level Mathematics 9709 Paper 41 Q3 November 2014

The diagram shows a particle of mass 0.6kg on a plane inclined at 25° to the horizontal. The particle is acted
on by a force of magnitude P N directed up the plane parallel to a line of greatest slope. The coefficient of
friction between the particle and the plane is 0.36. Given that the particle is in equilibrium, find the set of
possible values of P. [9]

Cambridge International AS & A Level Mathematics 9709 Paper 43 Q6 November 2012
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Connected particles

In this chapter you will learn how to:

m use Newton’s third law for objects that are in contact

m calculate the motion or equilibrium of objects connected by rods

m calculate the motion or equilibrium of objects connected by strings

m calculate the motion or equilibrium of objects that are moving in elevators.




Chapter 5: Connected particles

PREREQUISITE KNOWLEDGE

Where it comes from | What you should be able to do Check your skills

Chapter 1 Use the suvat equations 1 A ballis thrown vertically upwards with initial
for motion with constant speed Sms~.
acceleration.

a How high does it rise?

b How long does it take to reach the maximum
height?

Chapter 2 Use Newton’s second law, know |
that weight = mg and know
about normal contact forces.

A box of mass 20 kg is at rest on a smooth surface.

a Work out the normal contact force.

b What assumptions have you made in
answering part a?

Chapter 3 Resolve forces in equilibrium 3 A box issitting on a slope that makes an angle
and deal with non-equilibrium 30° with the horizontal. The box has weight 4 N.
problems. a Work out the frictional force that is preventing

the box from slipping down the slope.

The angle that the slope makes with the
horizontal is increased to 6. The box starts
from rest and slides with constant acceleration

=)
2.5ms™ down the slope. 109

b Work out the frictional force in this situation.

How is the motion of an object affected by it being attached to
something else?

When a car tows a trailer, the motion of the car is altered by the trailer. Mostly this is due to
the extra weight of the trailer, although there may be additional resistance forces on the trailer.
Would the motion of the car be the same if the trailer and its contents could be put inside the car?

In this chapter you will study the forces acting on different types of connected objects and
look at how these forces affect or prevent motion. In particular, you will consider objects
connected by rigid rods (such as a car towing a trailer), objects connected by strings (such
as masses hanging on the ends of a rope that passes over a pulley) and objects in moving
lifts (elevators). You will not be considering objects such as planets that affect each other
‘remotely’ using gravitational attraction.

You will use Newton’s second law to calculate the acceleration of moving systems and
Newton’s third law to calculate normal contact forces (normal reaction forces).

5.1 Newton’s third law

Newton’s third law states that for every action there is an equal and opposite reaction. This
means that in every interaction there is a pair of forces that have the same magnitude but
act in opposing directions.

For example, when a boy uses a rope to pull a box, the force
with which the box pulls on the boy is equal and opposite to T
the force with which the boy pulls the box. In both cases, the
force is the tension in the rope.
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When two objects are in contact, each pushes on the other with an equal and opposite
normal contact force.

A box resting on the floor pushes down on the floor with a vertical contact force and the
floor pushes up on the box with an equal and opposite contact force. If no other forces act,
these contact forces are each equal to the weight of the box.

A box resting on a slope pushes into the slope with a contact normal contact force

force and the slope pushes back with an equal and opposite friction
contact force. When you draw a force diagram, you usually show

only the forces acting on the box, so here you show the normal

contact force from the slope on the box. weight

In Chapters 3 and 4, you studied the forces acting on an object and the motion or equilibrium
of that object. You now do the same thing but for systems made up of connected objects.

5.2 Objects connected by rods

A rod is anything that can be modelled as a rigid connector with no mass. Examples of
objects connected by rods include a car towing a caravan, a truck pulling a trailer, and a
train made up of an engine pulling some carriages. In each of these situations you will only
consider motion in a straight line; that is, in one dimension.

You can analyse the forces and the motion in these systems using Newton’s second law.

110 In a connected system, you can apply Newton’s second law to the entire system or to the individual
components of the system.

When you consider the individual components in a system of two objects connected by a
rod such as a tow-bar, you need to include a tension force in the connecting rod or tow-
bar. In some situations this tension may turn out to be negative. This means that the rod is
under compression and the force is a thrust.

i 7 T T
[, > < 1 1 < = ]

tension (pulling inwards) thrust (pushing outwards)

WORKED EXAMPLE 5.1

A car towing a trailer travels along a horizontal straight road. The car has mass 1500 kg and the trailer has mass
500kg. The resistance to motion is 80 N on the car and 20 N on the trailer. The driving force produced by the
engine of the car is 360 N. Find the tension in the tow-bar.

Answer

trailer and car together: ; . 3 :

spal derbat s It is always a good idea to start with a diagram
R showing the forces.
resistance driving force < .
360N You can treat the system as a single entity
100N 1 1S 1
weight 20 000N to find the acceleration. This is because the

internal tensions and thrusts cancel.

Iewbom 8 ol lew foriie syt There is no motion vertically, so the vertical

360 — 100 = 20004 so a = 0.13ms™ components cancel out.




trailer: car:
normal contact force normal contact force

Ry resistance 80 N TRe  driving

resistance : : - 5 ngécg
20N tension in tow-bar

weight 5000 N weight 15000 N

Newton’s second law for the trailer and car separately:
T —20 = 500a and 360 — 80 — 7 = 1500a
Hence, T = 85N.

Chapter 5: Connected particles

The components must be treated separately
when the internal tensions or thrusts are
required.

Draw separate diagrams to show the forces on
the trailer and the forces on the car.

Note that the force pulling the trailer forwards
is the tension in the tow-bar.

The car and trailer have the same acceleration.

Either eliminate a or substitute a = 0.13.

| WORKED EXAMPLE 5.2

A car towing a trailer travels along a horizontal straight road. The car has mass 1500 kg and the trailer has mass
500 kg. The resistance to motion is 80 N on the car and 20 N on the trailer. The driver applies the brakes, so the
driving force is replaced by a braking force of 100 N opposing the forward motion.

a Find the force in the tow-bar.

The car then descends a hill at 3° to the horizontal. The resistances and braking force are unchanged.

b Find the new force in the tow-bar.

Answer

a trailer:
normal reaction Ry

car:
normal reaction R,

SON
<—#—»T r
AN 100N
weight S000N weight 15000 N
Newton’s second law for the system:

~100 — 80 - 20 = 20004 so a = —0.1ms™
Newton’s second law for the trailer and car separately:

T —20 = 500a and —100 — 80 — T = 1500«
Hence, T = -30 N.
The force in the tow-bar is a thrust of 30 N.

R,
20N

15000 N

Draw the force in the tow-bar as a tension
unless you know that it is a compression.

The resultant horizontal forces on the system
are the braking force and the resistances.

The car and trailer have the same acceleration.

Either eliminate a or substitute ¢ = —0.1.

Draw a new force diagram for the new situation.
The forces labelled R, R, and T will not
necessarily have the same values as in part a.

a11
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Newton’s second law for the system (parallel to the slope): The acceleration is parallel to the slope

15000sin3 + 5000sin3 — 100 — 80 — 20 = 20004 (down the slope). The angle between the

so a =0.423ms™. vertical and the normal to the slope is 3°. The

Newton’s second law for the trailer and car separately: weight of the car has a component 15000sin3

T + 5000sin3 = 20 = 5004 down the slope. The component normal to
the slope (15000 cos 3) is balanced by R..

and 15000sin3 —100 — 80 — 7T = 1500a Slmllarly for the weight of the trailer.

Henee, T' = =30°N.

In this case, the force in the tow-bar is still a thrust of 30 N.

WORKED EXAMPLE 5.3

A model train consists of an engine (locomotive) coupled to a chain of four trucks. The coupling between the
engine and the first truck and each coupling between trucks are modelled as rigid rods. The train is moving on a
straight horizontal track. The engine has mass 0.8 kg and each truck has mass 0.2 kg when empty. The resistance
to motion is 0.06 N on the engine and 0.01N on each truck. The driving force produced by the engine is 3 N.

a A mass of 0.1kg is placed in each truck. Find the tension in each coupling.

b Find the tension in each coupling if, instead, the 0.4 kg is all placed in the last truck.

Answer
a 3N 3N 3N 3N 8N D di h Hon 5
s 001N 00INY  00IN% 001N 006N 3N Drawadiagram to show the forces acting on
‘;LH» ILIA» %—» the engine and each truck.
T Ty 7 T
3N 3N 3N 3N 8N
Newton’s second law for the system: The resultant horizontal forces on the system

3— (0,06 + 0.01+ 0.01 +0.01 +0.01) = (0.8+ 4 x 0.1+ 4 x 0.2)g 2= thsdrivingforesand the fesistances.

3=0:.1=2a !

1.45 ms™2

a

Newton’s second law for the engine and each truck separately:
3-0.06-T; =0.8a T, =1.78N

7, -0.01-T7, = 0.3a T =1335N

7, —0.01-75 = 0.3a T; =0.89N

T3~ 0.01-7; =0.3a T, =0.445N

and 7, —0.01 = 0.3a

b
6N 2N 2N 2N 8N
0.01N 0.0lN 0.01N 0.0l N 0.06 N 3N
EI;" T;‘;?” 7, 1‘5{2» T, :%2" T, Draw a new force diagram.
6N 2N 2N 2N 8N

Newton’s second law for the system: The resultant horizontal forces on the system
are the driving force and the resistances.

The acceleration is the same for the engine
and for each truck.

There are five equations and four unknowns.
The ‘spare’ equation can be used to check the
values.

3-0.1=2a
a=145ms™
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Newton’s second law for the engine and each truck separately:  The acceleration is the same for the engine

3-0.06—-T =0.8a T, = 1.78N and for each truck.

T,-001-T,=02¢ T,=148N
T,-001-T3=024  T,=1.18N
Ty—001-T,=02¢ T, =088N

and 7, — 0.01 = 0.6a

Il

1 A tractor is connected to a trailer by a rigid, light bar. The tractor has mass 10 000 kg and the trailer has mass
2000 kg. The tractor and trailer are moving along a straight horizontal road. The tractor engine produces a
driving force of 400 N. The resistance on the tractor is 40 N and the resistance on the trailer can be ignored.
Find the tension in the bar.

2 A car of mass 1200 kg tows a trailer of mass 300 kg. The car and trailer travel along a straight horizontal
section of road. The engine of the car produces a driving force of 400 N. The car experiences a resistance of
150 N and the trailer experiences a resistance of 100 N.

a Find the acceleration of the car and trailer.
b Find the tension in the tow-bar.

1 3 A box of weight 250 N is pulled across a smooth horizontal floor, using a horizontal rope. The tension in the
rope is 20 N.

a Work out the acceleration of the box.
b What modelling assumptions have been made?

A box of weight 100 N is connected to a second box of mass 150 N, using a connecting rod. The 150 N box
is pulled across a smooth horizontal floor, using a horizontal rope. The tension in this rope is 20 N and air
resistance can be ignored.

¢ Work out the tension in the connecting rod between the two boxes.
d Work out the tension in the connecting rod if the rope is attached to the 100 N box instead, but otherwise

the situation is unchanged.

4 A truck of mass 2000 kg tows a trailer of mass 800 kg. The engine of the truck produces a driving force of
300 N. A resistance of 120 N acts on the truck and a resistance of 40 N acts on the trailer. The truck and
trailer are moving along a straight horizontal road and initially the trailer is empty.

a Find the tension in the tow-bar when the trailer is empty.

A load of mass 1200 kg is then added to the trailer, which increases the resistance on the trailer to 80 N. The
forces on the truck are unchanged. The truck and trailer return along the same straight horizontal road.

b Find the tension in the tow-bar when the trailer carries this load.
@ 5 A car of mass 2000 kg pulls a caravan of mass 1200 kg along a straight horizontal road. The resistance on

the car is 20 N and the resistance on the caravan is 80 N. The maximum possible driving force from the car’s
engine is 1900 N. The tow-bar will break if the tension exceeds 680 N.

a Find the maximum possible driving force before the tow-bar breaks.

b Find the maximum possible acceleration.
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A bucket hangs from a vertical rod. Another rod is attached to the bottom of the bucket and a second bucket
hangs on the end of this rod. Each bucket is partially filled with water and they hang in equilibrium.

a Work out the tension in each rod when:
i each bucket of water has mass 12 kg
ii the first bucket of water has mass 8 kg and the second has mass 16kg.

b What assumptions have been made?

A 15kg mass hangs in equilibrium on a heavy chain. The chain is modelled as ten 1 kg masses joined by short
rods of negligible mass. Including the connection at each end of the chain, this makes 11 short rods. Work out
the tension in each of the 11 short rods.

A horizontal bar of mass 1kg hangs from a pair of parallel vertical rods, of negligible mass, attached to either
end of the bar. A third vertical rod is connected to the middle of the bar and a 4kg mass hangs from this,
below the rod. Work out the tension in each of the rods.

A train consists of an engine and five carriages. The engine has mass 100 000 kg and each carriage has mass
20000 kg. The engine produces a driving force of 350 000 N. The resistance force on the engine is 10 000 N and
the resistance on each carriage is 2000 N. The train moves in a straight line on a horizontal track. Find the
tension in the coupling between the third carriage and the fourth carriage.

A car pulls a caravan up a hill. The slope of the hill makes an angle 8 with the horizontal, where sin6 = %

The car has mass 1900 kg and the caravan has mass 600 kg. The driving force from the engine of the car is
1200 N. The resistance on the car is 20 N and that on the caravan is 80 N. Find the force in the tow-bar and
state whether it is a tension force or a thrust force.

A car tows a caravan down a hill. The slope of the hill makes an angle 6 with the horizontal, where sin6 = %

The car has mass 1900 kg and the caravan has mass 600 kg. The car is braking, so the driving force from the
engine of the car is negative. This braking force is 250 N (a driving force of =250 N). The resistance on the car
is 20 N and that on the caravan is 80 N. Find the force in the tow-bar and state whether it is a tension force or a
thrust force.

A car tows a caravan down a hill. The slope of the hill makes an angle 6 with the horizontal, where

sin@ = 0.05. The force from the car’s engine is a braking force (a negative driving force). The car has mass
1800 kg and the caravan has mass 600 kg. The resistance on the car is 20 N and that on the caravan is 80 N.
The force in the tow-bar is a thrust of 50 N. Show that the force from the car’s engine is —420 N.

5.3 Objects connected by strings

There are three main differences between rods and strings:

® astring can change direction (for example, by passing over a smooth peg or pulley)

® astring can be in tension or be slack (that is, have no tension)

e the force in a string can never be a thrust.

We use the term ‘string’ to mean any rope, chain or cable. You will always assume that
the string is light, so its weight can be ignored.

To keep things simple, you also assume that any strings are inextensible (they do not

stretch).
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@ KEY POINT 5.2

When a string passes over a smooth pulley, the magnitude of the tension is unchanged but the
direction can change.

Smooth pulley Forces on components of system

reaction from pulley

T i T
I
T
reaction from pulley

9 7 4

It is wrong to apply Newton’s second law when the direction of travel changes. (Even
if this gives the right answer, it is mathematically wrong to ‘bend’ a vector round a
corner.)

115

When the acceleration of a system of connected objects is constant, you can use the
equations for constant acceleration to calculate velocities, distance travelled or time
taken.

Archimedes invented many machines as ‘amusements in geometry’, some of which were used to
defend Syracuse when it was attacked in 212 BCE by the Romans. These machines used levers and
pulleys; for example, an ‘iron hand’ that could lift the Roman ships into the air and swing them to
and fro until all the Roman soldiers were thrown out.

He also invented a compound pulley that brought him great fame when he used it to move a fully
laden ship with a crew of many men ‘as smoothly and evenly as if she had been at sea’, by holding
the head of the pulley in his hand and pulling on the cords.
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WORKED EXAMPLE 5.4

A box of mass 3kg is placed on a table. The coefficient of friction between the box and the table is 0.5. A string ‘
is attached to the box and passes over a smooth pulley at the edge of the table. The part of the string between ]
the box and the pulley is horizontal. After passing over the pulley, the string hangs vertically, with the other end :
attached to a ball of mass 2kg. The system is released from rest.

a Find the tension in the string. ’

The ball is initially 8 cm below the table top. The ball hits the ground after 1.2s. The box has not reached the |
pulley at this time.

b Find the height of the table.

Answer ‘

The forces acting on the box are:

e its weight (30 N)

® the normal reaction from the contact with
the table (R)

@ the tension in the string (7)

® the frictional resistance (F').

The forces acting on the ball are:

e its weight (20 N)

sl @ the tension in the string (7).

The two tensions are numerically equal
because the pulley is smooth.

The (horizontal) acceleration of the box is ‘\
numerically equal to the (vertical) acceleration |
of the ball since otherwise the string would

either snap or would go slack.

Resolving vertically for the box: The box does not move vertically so thereisno |
B =3 resultant force vertically. ‘
F=4R The box is moving so friction is at its limiting

= 0.5% 30 value.

=15

Newton’s second law for the box (horizontally, left to right): The box and the ball are moving in different

s f_ s directions, so we must treat the (horizontal)
T'-15=3a motion of the box and the (vertical) motion of M
Newton’s second law for the ball (vertically downwards): the ball separately. L
20-T =2a

Hence, 2T - 30 = 60 - 37 Solve the equations simultaneously by

So T'=18: eliminating a.

The tension in the string is I8 N.
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b a=1 Substitute 7 =18 into 20 — T = 2a.

The box and the ball each accelerate at 1ms™2.

For the ball:

u=0ms2, a=1ms>2, t=12s

s=ut+= at? Use an equation for constant acceleration.

=i><1><1.22
2

= 072
The ball falls 0.72 m. So the height of the table is 72 + 8§ = 80 cm.

You can apply Newton’s second law to any part of the connected system in which all objects are
moving with the same acceleration and in the same direction.

WORKED EXAMPLE 5.5

A crate of mass 500 kg rests on a slope and is attached to a rope that passes over
a smooth pulley. The slope is inclined at 20° to the horizontal. The coefficient of
friction between the slope and the crate is 0.1.
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. . : 20°
What happens to the crate when a force of 2000 N is applied to the vertical part of the rope?
Answer
The pulley is smooth so the tension in the rope at the point of
contact with the crate is also 2000 N.
If the crate slides up the slope: We are not told whether or not the crate moves
R up the slope, is stationary or moves down the

2000N slope.

5000 N
Resolving perpendicular to the slope:

R =5000co0s20
=4700N

The crate is sliding,
so F=0.1R

=470 N
Component of weight down slope = 5000 sin 20

=1710N

Friction is limiting so F = uR.

Resultant force up slope = 2000 — 470 — 1710

=-180N
This means that the acceleration up the slope would be negative,
| and since the crate is initially at rest we can conclude that it does
| not slide up the slope.
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If the crate slides down the slope:
R

The only difference is that the friction now
¥ acts up the slope.
2000N

\
200
5000 N

20°

As before, R = 5000 cos 20

4700 N

andF = 0.1 xR=470N

and component of weight down slope = 1710 N

Resultant force up slope = 2000 + 470 — 1710
760 N

This means that the acceleration up the slope would be positive,
and since the crate is initially at rest we can conclude that it does
not slide down the slope.

Therefore, the frictional force is sufficient to allow the crate to
rest on the slope without sliding.

An alternative approach is to calculate the frictional force needed
for equilibrium and compare it to the limiting value of friction.
The component of the weight down the slope is 1710 N and the
force up the slope is 2000 N, so the forces are in equilibrium when
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the frictional force is 2000 — 1710 = 290 N down the slope.
The limiting (maximum) value of F is uR =470 N.

This is greater than the frictional force needed for equilibrium,
so, in this situation, friction is not limiting and is sufficient to
prevent the crate from sliding.

MODELLING ASSUMPTIONS

In all the problems in this chapter you are making assumptions about the way that objects
are connected.

The mass of a real rod will affect the equation in Newton’s second law, but if the mass is
sufficiently small in comparison to the mass of the objects, the effect in the equation is negligible.

If a string moves around a pulley, the mass of the string moving in the different directions

on either side of the pulley will be constantly changing. This would make the problem much
more complicated but, because strings tend to be much lighter than the objects they pull, you
consider the mass to be negligible.

You are assuming the string is inextensible, which means the objects on either side of the
string accelerate at the same rate in the direction of the string. Strings generally do extend
slightly under tension, but the extension is sufficiently small to ignore.

You are assuming the pulley is smooth. This means that the tension in the string on either
side is the same, and also that the string slides over the pulley. With friction, the pulley
itself may rotate, and factors such as the mass of the pulley would affect the motion. This
makes the problem much more complicated.
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In each of the following diagrams, the blocks are at rest and are connected by light strings passing over
smooth pulleys. Any hanging portion of a string is vertical and any other portion is parallel to the surface.
Unless marked otherwise, the surfaces are rough and horizontal. In each case, find the magnitude of the
tension in each string and the magnitude of any frictional force.

a b
4kg 4kg
kg kg 3kg
3k
C d g
4kg
X
4kg . $<(\°0
(o] 3 o
30 Ike

A bucket of mass 3kg rests on scaffolding at the top of a building. The scaffolding is 22.5m above the ground.
The bucket is attached to a rope that passes over a smooth pulley. At the other end of the rope there is another
bucket of mass 3 kg, which initially rests on the ground. The bucket at the top of the building is filled with

6kg of bricks and is gently released. As this bucket descends, the other bucket rises.

a Find how long it will take the descending bucket to reach the ground.

b What modelling assumptions have been made?

A light inextensible string is fixed to a point on a ceiling. A box of mass 2 kg hangs from the string. Two light
inextensible strings are attached to the box and hang vertically below the box. A particle of mass 0.4kg hangs

from the lower end of one string and a particle of mass 0.6 kg hangs from the lower end of the other string.
Work out the tension in each string.

A block of mass 5kg hangs from one end of a light inextensible string of length 2 m. The string passes over a
small smooth pulley at the edge of a smooth horizontal table of height 70 cm. The other end of the string is
connected to a block of mass 3kg held at rest on the table. The portion of the string between the pulley and
the 3kg mass is horizontal and of length 1.5m. The system is released from rest.

a How long does it take for the 5kg mass to reach the ground?

b What is the speed of the 3 kg mass when the 5kg mass hits the ground?

The 3kg mass continues to slide towards the pulley.

¢ How long does it take, from when the system is released, for the 3kg mass to reach the pulley?

A mass X, of 1kg, hangs from one end of a light inextensible string. The string passes over a small, smooth,

fixed pulley and a mass Y, of 0.6kg, hangs from the other end of the string. Initially X is 0.4 m below the
pulley and Y is 1.8 m below the pulley. The pulley is 3m above the ground. The system is released from rest.

a Find how long it takes from when the system is released until Y hits the pulley.
When Y hits the pulley, the string breaks.

b Find how long it takes from when the system is released until X hits the ground.

119
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@ 6 A block of mass 4kg is held on a rough slope that is inclined at 30° to the horizontal. The coefficient of
friction between the slope and the block is 0.2. A light inextensible string is attached to the block and runs
parallel to the slope to pass over a small smooth pulley fixed at the top of the slope. The other end of the
string hangs vertically with a block of mass 1kg attached at the other end. The system is released from rest.

a Work out the tension in the string.
After 1.2 s the block of mass 4 kg reaches the bottom of the slope. The other block has not yet reached the pulley.

b Work out a lower bound for the length of the string, giving your answer to 2 significant figures.

7 A particle of mass 0.3kg hangs from one end of a light inextensible string. The string passes over a smooth
pulley and a particle of mass 0.5kg hangs from the other end. A second string is tied to the particle of mass
0.5kg, and a particle of mass 0.2 kg hangs from this string, so that the particle of mass 0.2 kg hangs vertically
below the particle of mass 0.5kg. The system is released from rest. Find the tension in each string.

@ 8 Two smooth pulleys are 8 m apart at the same horizontal level. A light inextensible rope P o
e

passes over the pulleys and a box of mass 5kg hangs at each end of the rope. A third box
of mass m kg is attached to the midpoint of the rope and hangs between the pulleys so M
that all three boxes are at the same horizontal level.

The total length of the rope is 16 m. Find the value of m.

@ 9 Two smooth pulleys are fixed at the same horizontal level. A light inextensible rope passes over the pulleys
and a box of mass m kg hangs at each end of the rope. A third box of mass km kg is attached to the midpoint
of the rope and hangs between the pulleys so that all three boxes are at the same horizontal level. The portions
of the string that are not vertical make an angle of 30° with the horizontal. The system hangs in equilibrium.

120 Find the value of k.

10 A mass of 2kg is held on a rough horizontal table. The coefficient of friction between the table and the
mass is 0.05. The 2 kg mass is attached by a light inextensible string to a mass of 3kg and by a second light
inextensible string to a mass of 4 kg. The strings pass over smooth pulleys at the edges of the table. The 3kg
mass hangs on one side of the table and the 4 kg mass hangs on the other side of the table. The system is
released from rest. Find:

a the acceleration of the masses

b the tension in each string.

o @ 11 A wedge has two smooth sloping faces; one face makes an angle 30° with the horizontal and the other makes
an angle 60° with the horizontal. A small smooth pulley is fixed at the apex of the wedge. A light inextensible
string passes over the pulley and lies parallel to the faces of the wedge. At each end of the string there is a
particle of mass 0.3kg. The system is released from rest.
3
N[ A
4(1++3 ) B

b Work out the resultant horizontal force on each of the particles. 30° 60°

a Show that the tension in the string is

o @ 12 A box of mass 3kg hangs from a light inextensible string, which passes over a smooth pulley
fixed below a beam and then under a smooth cylinder of mass 4 kg that is free to move.
The other end of the string is fixed to the beam.

The system is released from rest.

a Explain why the magnitude of the acceleration of the cylinder is half the magnitude of the acceleration of
the box.

b Find the acceleration of the box, including its direction.
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Q @ 13 A horizontal shelf of mass 1kg hangs from four strings. A book of mass 0.2 kg sits on the shelf. Four strings
are attached to the underside of the shelf and a second horizontal shelf of mass 1kg hangs from these strings.

a What modelling assumptions can be made about the strings?
b Find the tension in each of the upper set of strings.

¢ Find the tension in each of the lower set of strings.

The book is moved to the lower shelf.

d How does this change the tensions in the strings?

What would happen in the situation described in question 12 of Exercise 5B if the
string passed over a second fixed pulley and under a second cylinder of mass 4kg
before being fixed to the beam? Investigate what happens if the masses are changed.

5.4 Objects in moving lifts (elevators)

When a person travels up or down in a lift, the floor of the lift acts as a connection
between the person and the lift.
person in lift person lift
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For the system (person in lift), the forces are the weights and the tension in the lift cable.
The forces on the person are their weight and the normal reaction from the floor of the lift.

The forces on the lift are the reaction from the person on the floor (which, by Newton’s
third law, is equal and opposite to the normal reaction from the floor on the person), the
weight of the lift and the tension in the lift cable.

When you consider the lift and the person asa single object, the normal reaction forces cancel out.

When the lift is accelerating, the normal reaction from the person on the lift is not the
same as the weight of the person.

Suppose that the tension in the cable is T, the normal reaction is R, the weight of the lift is
W and the weight of the person is w, where these forces are all measured in newtons.
T T

A )

YY

W w

T€>x

vYv
W R

If the lift is accelerating upwards with acceleration a ms~2, you can apply Newton’s second
law to the system:

T-W-w=(M+m)a
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where m is the mass of the person and M is the mass of the lift, both in kg.

You can also apply Newton’s second law to the person and the lift separately:
R-w=ma and T - R-W = Ma

You can then calculate the acceleration of the lift, the tension in the cable or the normal

reaction between the person and the floor.

If a is negative it could be because the lift is travelling upwards but slowing down or
because it is travelling downwards and speeding up.

If a is positive it could be because the lift is travelling upwards and speeding up or because
it is travelling downwards and slowing down.

WORKED EXAMPLE 5.6
A woman of mass 50 kg is travelling in a lift of mass 450 kg. The tension in the cable pulling the lift upwards is
5250 N. Calculate the acceleration of the lift.
Answer
lift and woman lift woman
5250 N 5250 N
+ %
? 500
]
4500N 500N 4500N R
For the system: Apply Newton’s second law to the whole system.
5250 — 4500 — 500 = (450 + 50)a
250 = 500a
a=05ms>

To find the acceleration you can work either with the entire system or with the individual
components. In Worked example 5.6 we used the system and in Worked example 5.7 we
show the same idea but using the individual components. To find the reaction forces you
need to consider the individual components.

WORKED EXAMPLE 5.7

A man of mass 80 kg and a woman of mass 70 kg are travelling in a lift of mass 500 kg. The tension in the cable
pulling the lift upwards is 6890 N. Calculate the acceleration of the lift and the reaction forces between the lift
floor and each of the passengers.

Answer
i . To find the reaction forces we need to use the
ift man woman e
6890N i R individual components.
A $ 1
800N 700N

\Bi
5000N R, + R,
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For the lift: 6890 — 5000 — R} — R, = 500a Apply Newton’s second law to the individual
For the man: R, — 800 = 80a components.
For the woman: R, — 700 = 70a

1890 — 800 — 700 = 6504 Add the equations to eliminate R, and R,

a=0.6ms™

R, —800 =80 x 0.6 R, =848 N reaction from floor on man Substitute @ = 0.6 back into the previous
R, =700 =70%0.6 R, =742N reaction from floor on woman equations to find R, and R

1 A crate of mass 20 kg is put into a lift. The lift accelerates upwards at 0.3ms™. The tension in the lift cable is
5000 N.

a Find the contact force between the lift floor and the crate.
b Find the mass of the lift, giving your answer to the nearest kg.

2 A crate of mass 20 kg is put into a lift. The mass of the lift is 300 kg. Find the tension in the lift cable:

a when the lift accelerates upwards at 0.3 ms™>

b when the lift travels at constant speed 123
¢ when the lift accelerates downwards at 0.3 ms™2.

@ 3 A man of mass 80 kg stands in a lift. The mass of the lift is 400 kg. The lift starts to travel downwards with an
acceleration of 8 ms™2. The tension in the lift cable is kR, where R is the contact force between the man and
the lift floor. Find the value of k.

4 A crate of mass 40kg is put into a lift. The lift accelerates upwards at 0.4 ms=2. The mass of the lift is 460 kg.
a Find the tension in the lift cable.
b Find the contact force between the lift floor and the crate.

5 A box of mass 20kg sits on the floor of a lift. A second box of mass 10 kg sits on top of the first box and a
third box of mass 5kg sits on top of the second box. When the tension in the lift cable is 4620 N, the lift is
accelerating upwards at 0.5 ms™.

a Work out the mass of the lift.
b Work out the reaction between the floor of the lift and the first box.
¢ Work out the reaction between the first box and the second box.
d Work out the reaction between the second box and the third box.
@ 6 The mass of a lift is 200 kg and the maximum tension in the lift cable is 2500 N.
a Work out the maximum upwards acceleration of the lift when it is empty.
The lift carries a load of 40 kg. The lift accelerates upwards with the maximum upwards acceleration possible.

b Work out the contact force between the lift floor and the load.
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A crate of mass mkg is put into a lift. The lift accelerates upwards at @ ms=. The mass of the lift is M kg.

a Find the tension in the lift cable.

b Find the contact force between the lift floor and the crate.

A box of mass 5kg sits in a lift. A second box of mass 3 kg sits on the first box. The lift accelerates upwards
with acceleration 0.7 ms™2.

a Work out the contact force between the two boxes.

The tension in the lift cable is unchanged but the boxes are swapped over, so the first box sits on the
second box.

b Show that this increases the contact force between the boxes.
A passenger lift has mass 500 kg. The breaking tension of the cable is 12000 N. The maximum acceleration of
the lift is 0.75 ms™.
a Ifthe lift travels at its maximum acceleration, calculate the maximum mass of the passengers:
i when the lift is accelerating upwards
ii when the lift is accelerating downwards.
b Taking the average mass of a person to be 75kg, what is the maximum number of passengers that should

be allowed to travel in the lift?

The tension in a lift cable is 11070 N. The lift is accelerating upwards at ams~'. A man of weight 800 N stands
in the lift on a set of bathroom scales. The scales suggest that the weight of the man is 820 N. Assuming that
the scales have negligible weight, find the weight of the lift.

Two masses, 4 of 2kg and B of 3kg, are connected by a light inextensible string that passes over a small,
smooth, fixed pulley. Initially, the masses are held stationary and are then released.
a Find the acceleration of each mass.

The pulley is fixed to the wall of a lift. The lift is initially stationary. The lift has mass 400 kg and a man of
mass 75kg is travelling in the lift, along with the pulley system. There is nothing else in the lift. The lift starts
to move upwards, from rest, by a tension in the lift cable of 4992 N.

b Find the acceleration of the lift.

¢ Find the acceleration of each of 4 and B, as viewed by a person standing stationary outside the lift.

@ Newton’s third law states that for every action there is an equal and opposite reaction. This
means that in every interaction there is a pair of forces that have the same magnitude, but which
act in opposing directions.

When a string passes over a smooth pulley, the magnitude of the tension is unchanged but the
direction can change.

Newton’s second law can be applied to a system of connected objects, either to the entire system
or to individual components of the system, provided they move with the same acceleration and
in the same direction.
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A 10 m long slope makes an angle 30° with the horizontal. A box of mass § kg is pulled up the slope by a rope
that is parallel to the slope. The coefficient of friction between the box and the slope is % At the top of the

slope, the rope passes over a smooth pulley. A ball of mass 12 kg hangs from the other end of the rope. The ball
is initially 2m above the ground. The system is released from rest.

a Find how long it will take for the box to travel 1.5m up the slope. [3]
b Find the tension in the rope. 12]

A car is travelling along a straight horizontal road. The car has mass 1800 kg and is towing a trailer of mass 600 kg.
Resistance forces are 30 N on the car and 10 N on the trailer. Find the size and type of force in the tow-bar:

a when the driving force from the engine is 400 N [3]
b when the driving force from the engine is 20 N. 12]

A crate of mass 15kg rests on a platform. The platform has mass 5kg. It is lowered using a rope. The tension in
the rope is 10 N.

a Find the acceleration of the crate. 2]
b Find the contact force between the platform and the crate. 3]

Particles P and Q, of masses 0.6kg and 0.4 kg, respectively, are joined by a light inextensible string that

passes over a small, smooth, fixed pulley. The particles are held at rest with the string taut and its straight parts
vertical. Initially, both particles are 1.45m above the ground and 0.25 m below the pulley. The system is released
from rest.

a Find the speed of P when Q reaches the pulley. [4]
The string then breaks and P falls to the ground.
b Find the time from when the system is released to when P hits the ground. [4]

Particles 4 and B, each of mass 0.5kg, are attached to the ends of a light inextensible string. Particle 4 is held
on a smooth slope inclined at 30° to the horizontal. The string passes over a small smooth pulley at the top of
the slope and particle B hangs vertically below the pulley. Particle 4 is released and moves up the slope.

a Find the acceleration of particle 4 up the slope. I3]

Particle B hits the ground after 1.2s. It then stays on the ground and particle 4 travels further up the slope.
Particle 4 does not reach the pulley in the subsequent motion.

b Find the distance travelled by particle 4, from when it is released to when it comes to instantaneous rest. [5]

Particles 4 and B, of masses 0.5kg and 2.5 kg, respectively, are attached to the ends of a light inextensible
string. Particle 4 is held on a rough horizontal surface with coefficient of friction 0.2. The string passes over

a small smooth pulley at the edge of the surface, at a distance 5m from particle 4. Particle B hangs vertically
below the pulley. Particle A is released and particle B descends 1m to reach the ground. When particle B reaches
the ground, it stays there. Find the time taken from the start until particle 4 comes to instantaneous rest. 18]

125



Cambridge International AS & A Level Mathematics: Mechanics

126

@D w

A crate of mass 20kg is pulled vertically upwards using a rope that passes over a first pulley, under a second
pulley and over a third pulley. At the other end of the rope there is a ball of mass 30kg. Each pulley has mass
mkg. The first and third pulleys are fixed at the same horizontal level and are 4 m apart. The second pulley is
an equal distance from the first and third pulleys and hangs at a distance 2 m below them. It is not fixed, but it
does not move.

a What modelling assumptions need to be made? Which of these assumptions is unlikely to affect the
equilibrium of the second pulley? [3]

b Find the value of m. 151

< 4m >

—
M |

A light inextensible string of length 5.28 m has particles 4 and B, of masses 0.25kg and 0.75 kg respectively,
attached to its ends. Another particle, P, of mass 0.5kg, is attached to the mid-point of the string. Two small
smooth pulleys A and P, are fixed at opposite ends of a rough horizontal table of length 4 m and height Im. The
string passes over P, and P, with particle A4 held at rest vertically below B, the string taut and B hanging freely
below B . Particle P is in contact with the table halfway between A and P, (see diagram). The coefficient of fric-
tion between P and the table is 0.4 . Particle 4 is released and the system starts to move with constant accelera-
tion of magnitude @ ms=. The tension in the part AP of the string is 74 N and the tension in the part PB of the
string is 73 N.

"
~
~

i Find 7, and Ty in terms of a. [3]
ii  Show, by considering the motion of P that a = 2. [3]
iii Find the speed of the particles immediately before B reaches the floor. 2]
iv Find the deceleration of P immediately after B reaches the floor. 12]

Cambridge International AS & A Level Mathematics 9709 Paper 42 Q7 June 2014

Particles 4 and B, of masses 0.5kg and 2.5 kg, respectively, are attached to the ends of a light inextensible
string. Particle 4 is held on a rough slope. The slope is inclined at 30° to the horizontal and the coefficient of
friction between the slope and particle 4 is 0.3. The string passes over a small smooth pulley at the top of the
slope and particle B hangs vertically below the pulley. The length of the slope is 4m and the length of the
string is 3m. Particle B is 1 m above the ground. Particle 4 is released and moves up the slope. When particle B
reaches the ground the string is cut. Show that particle 4 does not reach the pulley. [11]

Particles 4 and B, of masses 0.2kg and 0.45kg respectively, are connected by a 2.1m

light inextensible string of length 2.8 m. The string passes over a small smooth Ao
)

pulley at the edge of a rough horizontal surface, which is 2 m above the floor.
Particle 4 is held in contact with the surface at a distance of 2.1 m from the pulley
and particle B hangs freely (see diagram). The coefficient of friction between 4 and
the surface is 0.3. Particle 4 is released and the system begins to move.

2m

i  Find the acceleration of the particles and show that the speed of B
immediately before it hits the floor is 3.95 ms™!, correct to 3 significant figures. [7]

ii  Given that B remains on the floor, find the speed with which A reaches the pulley. [4]
Cambridge International AS & A Level Mathematics 9709 Paper 42 Q6 June 2010
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0.5m

Particles A and B, of masses 0.3kg and 0.7 kg respectively, are attached to the ends of a light inextensible
string. Particle A4 is held at rest on a rough horizontal table with the string passing over a smooth pulley fixed at
the edge of the table. The coefficient of friction between A and the table is 0.2. Particle B hangs vertically below
the pulley at a height of 0.5m above the floor (see diagram).

The system is released from rest and 0.25s later the string breaks. 4 does not

reach the pulley in the subsequent motion. Find

i the speed of B immediately before it hits the floor, 9]
i the total distance travelled by A. 31

Cambridge International AS & A Level Mathematics 9709 Paper 41 Q7 June 2015

A slope is inclined at 30° to the horizontal. A small box A4, of mass 2kg, is held on the slope. Box A4 is attached
to one end of a light inextensible string. The string passes over a small smooth pulley, P;, fixed at the top of the
slope and then passes under a small smooth pulley, P,, fixed near ground level. The other end of the string is
attached to a small box B, of mass 2 kg, at rest on the ground. The ground is horizontal and the portion of the
string between pulley P, and box B is horizontal (see diagram). The coefficient of friction between box A4 and
the slope is 0.2 and the coefficient of friction between box B and the ground is .

The distance from the bottom of the slope to 4 is Im and the distance from pulley P,to B is 0.6 m. Box A4 is
released and the system begins to move. It takes 1s for box B to reach pulley P,.

PI
i P, B
1]
a Find the speed of box B just before it hits the pulley. 12]
b Show that the tension in the string is 4.14 N, to 3 significant figures. 13]
¢ Find the value of p. 131

When box B hits the pulley, the string breaks.

d Find the speed of box A just before it reaches the bottom of the slope. [6]
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General motion in a straight line

In this chapter you will learn how to:

m use differentiation to calculate velocity when displacement is given as a function of time
m use differentiation to calculate acceleration when velocity is given as a function of time
m use integration to find displacement when velocity is given as a function of time

m use integration to find velocity when acceleration is given as a function of time.
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PREREQUISITE KNOWLEDGE

Where it comes from | What you should be able to do Check your skills
Chapter 1 Calculate velocity and displacement | 1 A particle travels in a straight line. It has
when acceleration is constant. initial velocity of 8ms™' and a constant

acceleration of 2ms™.
a Find the speed of the particle after it has
been travelling for 3s.

b Calculate the distance travelled in the
first 3s.

¢ Calculate the time it takes for the particle
to travel 65 m.

Pure Mathematics 1 | Differentiate expressions of the 2 y=5x3—60x+2
form kx", where n may be a fraction d
or may be negative_ a Find d—y and find the coordinates of the
%
Integrate expressions of the form stationary points of y.
kx"(n # —1),

2

b Find J' ydx andJ 7 i
Evaluate definite and indefinite v
integrals.

129
How do objects move when acceleration is not constant?

When someone drives a car through a town centre, they will need to brake and accelerate
to deal with traffic conditions. You might want to know the speed of the car at any moment
or how quickly the car is speeding up or slowing down.

In Chapter 1 you learnt about displacement, velocity and acceleration and how these are
connected when acceleration is constant, however, for the driver in town, acceleration is
not likely to be constant. For example, the driver may gradually increase the braking force,
so the rate of deceleration gradually increases, as the car comes to a stop at traffic lights.

In this chapter you will learn that if acceleration can be written as a function of time, you
can use calculus (differentiation and integration) to deal with variable acceleration.

Other examples of non-constant acceleration include objects attached to springs,

objects moving in circles, pendulums, and rockets leaving the Earth’s surface (where air
resistance, driving force and gravity are all changing during the motion). In many of
these situations the direction of motion is changing, however, in this chapter you will just
consider one-dimensional motion.
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6.1 Velocity as the derivative of displacement with respect to time

On a displacement—time graph the velocity is represented by the gradient of the graph.
This is true whether the graph is made of straight lines or curves.

EXPLORE 6.1

A car travels in a straight line. The diagram shows the displacement—time graph for
the car as it slows down to approach a red traffic light.

5 (m)
A
100

80
60
40

20 4

1(s)
Use the graph to estimate the velocity of the car:

a between 7 = 1s and ¢ = 3s
b att=2s
¢ between ¢ =4s and 1 = 9s
d at?=6s.

change in displacement
change in time

Average velocity is found by . If these changes are small; for

example, if the change in displacement is s during a time 8¢, then the average velocity over

this small time is §
ot
s

ot
with respect to time 7. We call this the instantaneous velocity or simply the velocity of the

object. The velocity is represented by the gradient of a displacement—time graph, whether
or not it is a straight line. If you know the displacement as a function of time, you can
differentiate with respect to time to find the velocity at any instant.

0)

Velocity is the rate of change of displacement and is the derivative of displacement with respect
to time:

As Ot gets smaller, — approaches the limit %, which is the derivative of displacement s

L_ds
T dr

£)) WEB LINK

Chapter 1, Section 1.4
if you need a reminder
of displacement-time

graphs.

You saw in Pure
Mathematics 1,
Chapter 7, that the
derivative of y with
respect to x gives the
gradient of the graph
of y against x ata
point.

You may want to
have a go at the
resource Walk-sorting
at the Introducing

Cal culus station on
the Underground
Mathematics website.
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WORKED EXAMPLE 6.1

A particle moves in a straight line so that its displacement, s m, at time s is given by s = #> — 14¢. Find an
expression for its velocity at time ¢.

Answer
s= =14 Differentiate this with respect to time to get velocity.
ds
B = —
dr
=32 -14)ms™! Remember to give units.

WORKED EXAMPLE 6.2

A ball moves in a straight line so that its displacement, s m, at time ¢s is given by s = 2¢> — 10¢%. Find its speed
when ¢ = 2.
Answer
s =2 =104 Differentiate this with respect to time to get velocity.
ds
VY=m
dt
= 612 - 20¢ 131
When t =2, v=24-40 =-16 Substitute ¢ = 2.
So speed = 16ms~. Speed = |velocity |
Remember to give units.

WORKED EXAMPLE 6.3

A particle moves forwards and backwards along a straight line so that its
displacement, s metres from the initial position, at time z seconds is given by
s = 2t> —12¢% + 18t¢. Find the distance that it travels in the first 5s.

Answer

§=20% ~12¢% 4+ 18¢ You can calculate the displacement
‘ when ¢ = 5, but this is not necessarily

Displacement when t = 5 i .
. gyl - the same as the distance travelled.

250 — 300 + 90 = 40 m.
Although the particle moves in a
straight line, it is moving backwards
as well as forwards along the line.

Displacement measures how far an
object is from the start; distance
measures how far it has travelled to
get to that position.
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y = ds Differentiate s with respect to ¢ to
dc get an expression for v.
= 61" — 247 + 18
Stationary when v = 0 Set v = 0 to find any times when
612 — 24t +18 = 0 the particle is stationary.
6(-1)(-3)=0 These are the times when the
t=lorf=3 particle momentarily stops, before

possibly changing direction.

Setz=1and =3 in

\
1

Ex

=

Displacement when

| 2-12+18 =8m. s =213 —12¢% +18¢ to find the
,3 , : displacement at each stationary
| Displacement when ¢ = 31s .
| 'Y point.
54— 108 + 54 = Om.
| Distance travelled = 8 + 8 + 40 Particle travels from s = 0 to s = 8§,
= S6m then from s = 8 back to s = 0, and
" 1 finally from s = 0 to s = 40.
t: t —

9 DID YOU KNOW?

In 1684 Edmund Halley asked Isaac Newton what orbit would be followed by a body under an
inverse square force. Newton replied immediately that it would be an ellipse and that he could prove
this using his new methods (essentially calculus methods applied to situations from mechanics).

Halley then encouraged Newton to write up his work and in 1687 Newton published his
Philosophiae Naturalis Principia Mathematica (which is usually called the Principia). In the
Principia Newton analysed the motion of bodies, including orbits, projectiles, pendulums and
objects in free-fall near the surface of the Earth.

o 1 A particle moves along the x-axis so that its x-coordinate at time # s is given
by s m, where s = 20¢ — 4. Show that the particle is moving with constant
velocity and find the value of this velocity.

2 A particle moves in a straight line so that its displacement, s m from the start
position, at time ¢ s is given by s = 2¢* + 3t + 10z. Find its velocity when ¢ = 2.

»"r 3 A tennis ball travels vertically upwards in a straight line. The displacement of the
ball, measured from the initial position in metres, is modelled as s = —5¢> + 20¢,
where ¢ is the time from the start, in seconds.

a What modelling assumptions have been made?

Sometimes an object
travels back the way

it came. It is useful

to consider when it is
momentarily at rest
(the times when v = 0)
as these are the times
when it could change
direction.

Throughout this
chapter you may be
able to check numerical
derivatives on your
calculator. If you have
an equation solver

on your calculator,
you may also find

this helpful. However,
you will need to show
full working in the
examination.
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Find the speed of the ball:

b when =0

¢ when ¢t =2.

A child on a fairground ride moves in a straight line. The position of the child,
measured from the start, at time ¢ s is given by s = 0.5¢* — 2 for 0 <t <2.
Find the speed of the child:

a whent=0

b when =1

¢ when ¢t =2.

The position of a particle as it moves along a line is modelled as s = 3+ 4¢ — 1%,

where s is the displacement, in metres, from a fixed point O and ¢ is the time, in
seconds, from the start.

a Show that the particle started 3m from O.
b Find how far the particle is from O when it is instantaneously at rest.
A tennis ball is projected vertically upwards. The vertical displacement of

the ball, in metres, from the point of projection at time ¢ seconds is given by
s =5t +8t.

a Find the time when the ball returns to its starting point.
b Find the displacement when the ball is momentarily stationary.

A small stone is dropped into a lake. The stone descends vertically so that
ts after entering the water it is s m below the surface of the water, where

s = 41> — /283 . The stone lands at the bottom of the lake with speed 13ms~".

a Show that the stone takes 2s to reach the bottom of the lake.

b Work out the depth of the lake at the point where the stone lands.

In a drag race, two cars, A and B, line up side by side at the start point.

When the starting flag is waved, both cars are driven as fast as possible in a
straight line. The first car to cross the finish line is the winning car. At time 7 s

from when the cars start to move, the distance travelled by car A is given by
s = 4t + 1. Car A takes 16s to reach the finish line.

a Work out the distance from the start to the finish.
b Find the speed of car A when it crosses the finish line.

At time ¢ s from when the cars start to move, the distance travelled by car B is
given by s = 1.2¢%.
¢ Find the speed of car B when it crosses the finish line.

d When the winning car crosses the finish line, how far behind it is the other car?

A burglar moves along a straight corridor from one door to the next door.

At time s his distance, s m, from the door of the first room is given by

s = 1.8¢ — 0.3t*. He starts and finishes with speed v = 0ms~'. Find the distance
between the two doors.
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0 @ 10 Attime ¢s after jumping from a plane, the distance fallen by a parachutist is
modelled as s m, where

5¢2 0 <t<4
s =14 AJt + Bt <4 £1=75
Ct+30 125 <t=150

A, B and C are constants.
a Explain why 4+ 2B = 40.

The parachute is opened at ¢ = 4 and the speed of the parachutist is immediately

reduced by xms™.

b Show that 0.254+ B =40 — x.
At ¢ = 25 the speed of the parachute becomes constant.
¢ Write down two equations that connect 4, B and C.

d Find the value of x.

@ 11 A particle moves forwards and backwards along a straight line. The
displacement of the particle, s m, from its initial position O is given by
s = —0.6t* + 2.4t> — 3.6t> + 2.4¢ for 0 <t <4, where ¢s is the time for which the
particle has been travelling.

a Show that the particle starts moving along the line in the positive direction.

134 The particle comes to instantaneous rest at point A4, returns to pass through O
and continues to point B, where the distance OB is the same as the distance OA.

b Find the speed of the particle when it is at B.

(Note: you will need an equation solver for this question. You will not be allowed
an equation solver in the examination.)

0 12 A robot moves along a straight line for 10s. The displacement of the robot, sm,
from its initial position is given by s = —0.01#* + 0.2¢3 — 1.32¢2 + 3.2¢, where ¢ is
measured in seconds and 0 <z < 10.

a Show that the robot is stationary when t =2, t =5 and ¢ = 8.

b Find the distance that the robot travels in the 10s.

6.2 Acceleration as the derivative of velocity with respect to time

change in velocity = S
— . If these changes
change in time £ Look back to

are small, for example, the change in velocity is dv during a time 8¢, then the average Chapter 1, Section 1.5
if you need a reminder

o s i B
approaches the limit d—v, of velocity-time graphs %
s and acceleration. i

You learnt in Chapter 1 that average acceleration = 1
|
& &
ot ot
which is the derivative of velocity with respect to time. We call this the instantaneous
acceleration or just the acceleration of the object. This means that the acceleration is
represented by the gradient of a velocity—time graph, whether or not the graph is made up
of straight lines. If you know the velocity as a function of time, you can differentiate with
respect to time to find the acceleration at any instant.

acceleration over this small time is —. As &t gets smaller,
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Acceleration is a vector quantity, like velocity. Although the magnitude of the velocity is
called speed, there is no term for the magnitude of the acceleration. In this chapter you will
consider only examples of one-dimensional motion along a line. One direction along the
line will be the positive direction and the other will be the negative direction.

Acceleration is the rate of change of velocity and is the derivative of velocity with respect to time.
Acceleration is the second derivative of displacement with respect to time.

o _ &

de  de?

EXPLORE 6.2

Positive acceleration means that the velocity is increasing. In each of the following

velocity—time graphs the acceleration is positive. Give a possible description of the The sign of the
motion in each case. What other shapes could a velocity—time graph have for there to velocity determines the
be positive acceleration? direction of travel.
B C D If the velocity is
v(ms) v(ms!) v(ms) v (ms!) positive then when it
1 # 4\ i increases the object
speeds up, but if the
] / / velocity is negative
—> > > > then when it increases
. £ i / SO e 0 28 it becomes less negative
_ /_ and the object slows
/ down but in the

negative direction.

Negative acceleration (deceleration) means that the velocity is decreasing. In each If the velocity is

of the following velocity—time graphs the acceleration is negative. Give a possible positive then when it
description of the motion in each case. What other shapes could a velocity—time decreases the object
graph have for there to be negative acceleration? slows down, but if the
velocity is negative
B (& D ;
v (ms) v (ms) v (ms1) v (ms) then when it decreases
4 A A A it becomes more

negative and the object
speeds up but in the

— - _\ _ negative direction.

0 ts) 0 (s O \(;)

2
S
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A particle moves in a straight line so that its velocity, vms™, at time ¢ s is given by
v=1>-4t

Find an expression for its acceleration at time .

Answer
b=l = Differentiate this with respect to time to get
acceleration.
d
a=—
ds
=(2t—4)ms™* Remember to give units.

A car moves in a straight line so that its velocity, vms~., at time ¢s is given by v = 5¢> — £3, for 0 <¢ < 4. Find its
acceleration when ¢ = 2.
Answer
i v=512—¢3 Differentiate this with respect to time to get
acceleration.
dv
ad ==
dt
= 10t — 3¢2
When ¢ = 2: Substitute ¢ = 2.
a=20-12
=3
So acceleration = §ms~, Remember to give units.

WORKED EXAMPLE 6.6

A particle moves in a straight line so that its displacement, s m, at time ¢s (0 <¢=<10) is given by

S:%t3—6t2+15t.

a Sketch the shape of the velocity—time graph for the particle.

b Hence, find the maximum speed of the particle.
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Answer
a s= 1 2 =612 +15t First differentiate to find v as a function of 7.
3
ds
e e
dr
=¢* 12t +15
v(ms) The velocity—time graph is a parabola.
k «

1 5ﬂ You could use a graphic calculator or a graph-
drawing package to check the shape of the
graph.

> £ (s)
0 0 .
b Speed is the magnitude of v, so to find the maximum From the graph you can see that the minimum
speed we need to find the maximum positive value value occurs at the turning point and the
and the minimum negative value of v. maximum value occurs when ¢ = 0.
v=1t>-12t+15 Differentiate again to find the acceleration.
& 137
a=s——
dr
=2r—12
dv " . e
1—; =0 when 2t-12=0s0 t = 6. This is the time when the velocity—time graph
C

has its turning point.
Alternatively, complete the square for the quadratic to get

v -6 21
nen ¢ = 6: 18 18 v at the minimum turning point on the
Wi 6 This i he mini ing poi h
te=B6=—T2415 graph. The minimum value of v is —21 (and the
=_91 speed at this point is 21ms™).
‘ When ¢ = 0 These are the values of v at the end points of
\ G2 O 1% the graph. (We only really need to work out the
_ 15 value when ¢ = 0 because we can see from the
W;en e il graph this is where the velocity is greatest.)
b =100 —120 + 15 The maximum value of v is 15 (and the speed at
Sb - ) this time is 15ms™).

Hence, the maximum speed = 21ms™. Speed = | velocity|
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1 A particle moves in a straight line so that its velocity, vms™, at time s ( > 0) is given by v = 5¢2 — 20.
Find the time when the particle is stationary.

2 A particle moves in a straight line so that its velocity, vms™, at time ¢s is given by v = ¢> + 3¢> — 8¢ + 1. Find
its acceleration when ¢ = 2.

3 A tennis ball travels vertically upwards in a straight line. The velocity of the ball in the upwards direction,
vms~, at time zs is given by v = 20 — 10z.
a Find the acceleration of the ball.
b Interpret your result.

4 A car moves in a straight line. The velocity of the car, vms™, at time #s is given by v = 5¢ + 0.5¢2 for 0 <1 <2.
Find the acceleration of the car:
a whent=0

b when =1

¢ when 7 =2.
O 5 A boy runs in a straight line. The velocity of the boy, vms™, at time ¢s is given by:

243t 0=sr=<1

iy
138 - 6—t* :1=st=12 for 0<t<T

k
S5——t:12=t<sT
30

The boy has velocity 0ms™ at time 7.

a Work out the value of k.

b Show that 7 is just under 14s.

¢ Work out the average acceleration of the boy over the period 0-7'.

d Show that there is no time at which the acceleration of the boy is the same as his average acceleration.
6 The motion of a cat, moving along a straight line, is modelled as s = 6¢ — ¢ for small values of 7, where s is

measured in metres and ¢ in seconds.

a Find an expression for the velocity of the cat as a function of time.

b Describe the motion of the cat.

¢ When does the cat come to momentary rest?

d Find the acceleration of the cat.

7 A particle moves forwards and backwards along a straight line. The velocity of the particle, vms™, at time ¢s
is given by v = —> + 75¢ for 0 <t < 10. Find the maximum speed of the particle.
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8 A robot moves along a straight line for 3s. The displacement of the robot, s m, from its initial position
is given by s = A2 + Bt*> + Ct for constants 4, B and C, where ¢ is measured in seconds and 0 < ¢ < 3.
The robot starts with velocity 2ms™'. It travels 6 m before coming to rest at time # = 3. Work out the
values of 4, B and C.

o 9 A particle moves along a straight line. The displacement of the particle, sm, at time s is given by
s =412 —0.25¢ for 0<1<12.
a Find the maximum speed of the particle.

b Work out the difference between the time when the speed is greatest and the time when the speed is least.

1

10 A ball moves in a straight line. The velocity of the ball, vms™, at time ¢s is given by v = 5+ 4¢ — t> for

0<r<Ss.
a Write down the initial velocity of the ball.
b Work out the maximum velocity of the ball.
¢ Find the average acceleration between the start and the end of the motion.
11 A train is travelling in a straight line. Alice is sitting on the train and is using her mobile phone, which is being
tracked. The position of the phone, measured from when the tracking began, is given by s = 1> — 2¢3 + 75t,

where s is measured in km and ¢ is measured in hours. The phone is tracked for 2hours, so 0 <7 < 2. Initially
the train speeds up but then it slows down again.

a After how long is the train travelling at its fastest speed?

b Find the maximum velocity. =

¢ Find how far the train travels before it starts to slow down.

6.3 Displacement as the integral of velocity with respect to time

You can differentiate displacement (as a function of time) to find velocity. Reversing this
means that if you integrate velocity (with respect to time) you will get a function for the

displacement.
Displacement measures how far the object is from an origin. In this chapter the origin will You know that
be at the initial position for the motion, unless a question states otherwise. This means integrating a function

gives the area under
its graph and that the
area under a velocity—
time graph gives the
displacement. So,
integrating velocity
with respect to time
will give displacement.

that the displacement, s, will usually be 0 when ¢ = 0 (and the constant of integration will
usually be 0, unless the velocity function is made up of different pieces).
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This is the velocity—time graph for a particle:
v(ms')

A

> £ (s)

You can interpret the motion as follows:

® The particle starts at 4 with positive velocity.

e Velocity is initially decreasing so the particle is slowing down. However, the velocity is
positive so displacement is increasing and the particle is moving away from the starting
point.

e When the graph crosses the horizontal axis (at B) the particle has velocity 0ms™ and is
momentarily at rest.

@ The particle’s velocity continues to decrease and is now negative, so it is now travelling in
the opposite direction (back towards where it started from).

e The velocity decreases to a minimum (at C) and then starts to increase, but remains
negative. This means that the particle continues to travel in the negative direction
(towards the start point) but is slowing down.

@ When the graph again crosses the horizontal axis (at D), the particle is once more
momentarily at rest before it changes direction. The velocity continues to increase, but
now in a positive direction.

140

Suppose that the equation for the velocity is:
v=12-13t+22=(t-2)t-11)
then the graph crosses the horizontal axis (v = 0) when ¢ =2 and when ¢ = 11.

The particle starts with velocity 22ms™!. For 0 <¢ <2 the particle moves in the positive
direction, for 2 <t =11 it moves in the negative direction, and for # =11 it moves in the
positive direction again.

To find the displacement from the starting point, you integrate the equation for v.
s=J.vdt:J(tZ—13t+22)dt:%t3—17312+22t
(the constant of integration will be 0 because s = 0 when ¢ = 0).

The following table shows the displacement for some values of .

0 | 158|207 | 165 | 53 |-10.8|-30.0| -50.2| —69.3| -85.5| -96.7 | —101 | —-96.0
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You can see that the displacement increases as the particle travels away from s=0 -
the start for the first 2 seconds. It then decreases as the particle returns the way 4 @ BY =)
—- 5=20.7

displacement continues to decrease until the particle is a distance of 101 from z:gl -
the start, but in the negative direction. The direction then changes again as the
particle travels back towards the start.

it came and passes through the start point (when displacement is zero). The t=11 C
D

Displacement and distance travelled are not necessarily the same thing. The displacement
at time 7 is the position of the object from the origin at that time, but the distance travelled
at time ¢ is the sum of the distances travelled in the positive and negative directions up

to that time. For example, when ¢ = 3 the displacement of the particle is 16.5. However,
the object has travelled 20.7 in the positive direction and 20.7 — 16.5 = 4.2 in the negative
direction, so the total distance travelled is 20.7 + 4.2 = 24.9.

Unless you are told
otherwise, in work
involving calculus
the displacement
will be measured
from the initial
position, so s will be

The distance travelled is the area between the curve and the horizontal axis, but in this 0w £ o

example some of the curve is below the horizontal axis. To find the total distance travelled
we need to find the times when the graph crosses the axis and then integrate the parts
above and below the axis separately to find the distances travelled in the positive and
negative directions. The total distance travelled is the sum of these distances.

A particle moves in a straight line so that its velocity, vms™

for its displacement from the initial position at time ¢.

, at time 75 is given by v = #> — 4¢. Find an expression

Answer

p= 3 —4¢ Integrate this with respect to time to get
displacement.

§= J(ﬂ —4r) dt

1 2
2 e =26+ ¢
Displacement is measured from the initial

§ = I ti= 0,80 g =10, e
R =8 e ey 8 =8 position, so s =0 when ¢ = 0.

|
s=—1t"-22m

Alternatively:

= J. ' (,3 _ 4,) dt Here we are using ¢ as a variable within the
0 integration and also as a constant in the limit.
1
= [ Laoop }
4 0

141
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WORKED EXAMPLE 6.8

A particle moves in a straight line so that its velocity, vms™, at time ¢s is given by v = 3 — 5¢2.

a Find the displacement of the particle after 5s.
b Sketch the velocity—time graph for 0 =<7 = 10.
¢ Work out the distance that the particle travels in the first 10s.
d Find the time when the particle passes through the start position.
Answer
a vep =572 Integrate this with respect to time to get
displacement.
In the first 5 seconds the displacement is s
p The limits are # =0 and ¢ = 5.
5= J {# — 52 Yde
0
I £ 4T
i3]
4 3 0
=-52.1m Displacement can be positive or negative.
b The particle is at instantaneous rest when #* — 5¢2 = 0.

2(t=5)=0 Bring out common factor #2.
t = 0 corresponds to the start of the motion.
=0 ot ¢=3

Hence, it is at instantaneous rest when ¢ = 5.

v (ms!)
\

t = 0 is a repeated root so the graph has a
stationary point at ¢ = 0.

v is negative for small values of 7.

The graph is part of a cubic curve.

0 5 107




¢ The distance travelled is the distance travelled
from r =0 to t = 5, added to the distance
travelled from =5 to ¢t = 10.

5

J(z3-5r3)dr:[

0

=885.42

Total distance travelled = 52.08 + 885.42
=938 m

Alternative method:

s:_[(ﬂ—Srl)dr

_14_§3
—4[ 31‘ +c
P oo 5.y
=—tt-=f
4" 3

When ¢t = 5,5 = =52.08.

When ¢= 10,8 =833.33.

Total distance travelled = 52.08 + 52.08 + 833.33

='038mi
: l 4 8.3
d Displacement = ) when — ¢ —gr' =i
Li‘(3t—20) 0
12 N
)
12001£

Particle passes through start position after 62 seconds.
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The particle is momentarily at rest when ¢ = 5.

From ¢ = 0 to ¢t = 5 the particle moves
52.08 m (in the negative direction).

From ¢ =5 to ¢t = 10 the particle moves
885.42m (in the positive direction).

s =0 when ¢ = 0,50 ¢ =0.

Particle moves 52.08 m in the negative
direction, then turns and travels through the
start position to finish 833.33 m from the start
in the positive direction.

Particle travels 52.08 twice, but this rounds up
to 104.17 when exact values are used.

Set s =0.

Bring out common factor 3.
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WORKED EXAMPLE 6.9

A circus performer rides a unicycle along a stretched tightrope. The tightrope is modelled as a straight horizontal
line and the velocity, yms™, is modelled as:

v=1 for0sr<?
v=2t-3 for2=st<4
v=T-t ford<¢<T

where ¢ is the time, in seconds, from when the performer starts to cycle along the tightrope.
The performer stops at time 7's, having just reached the other end of the tightrope.
a Find the value of 7.

b Calculate how far the performer cycles.

Answer
a 7-JT =0 v=0 at time 7.
T = 49 Performer stops after 49s.
b For 0<t<2: 5=+ Integrate v with respect to z.
s is measured from the start of the tightrope.
144 s =0 when t =0,s0 ¢ = 0.

Henee, 5= t.

So when ¢ = 25, the distance cycled is s = 2m.
For 2<t<& s=t*=3t+0 Integrate 2¢ — 3 with respect to .
s =2 when t = 2,50 ¢, = 4.

Hence, s = 1> — 3t + 4.

So when ¢ = 4s, the total distance cycled is s = 8 m.

— 405

9 .
For 4 <t <49: s =7t - % 1+ e Integrate 7 with respect to .

s=8 when 1 =4,50 ¢; =—14 2.
2

i c
Hence, s = 7t - % A5 14 2,

So when ¢ = 49s the total distance cycled is s = 99 Zm.
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Alternatively, we can integrate each of the expressions for
v with limits, and add the distances obtained.

J.ldr
0

Il
—
~
(=
oSN

2t-3)de=[ 7 —3r]j

|~J'—,$~—

=6
49 -
J‘( 03 df [ }
4
=91

The total distance travelled = 2 + 6 + 91 %

=99%m

L,Jll\.)

,a|u

WORKED EXAMPLE 6.10

A particle moves in a straight line so that its velocity, vms™, at time ¢ seconds after it starts to move is given by
v = u + at, where u and «a are constants. Find the displacement after ¢ s.

Answer
vV=u+at Integrate this with respect to time to get displacement.
8= J(u + at) dt u and a are constants.

1
=t +—at” +¢
2

But 5 = 0 when ¢ =0, so ¢ = 0.

1, You should recognise this as one of the constant
Hengce, &= ut+—at. )
2 acceleration formulae from Chapter 1.
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A particle moves in a straight line so that its velocity, vms™, at time ¢s (¢ > 0) is given by v = 5t — 20. Find
the displacement of the particle when it is stationary.

A particle moves in a straight line so that its velocity, vms™, at time s is given by v = #> + 3> — 8¢ + 1. Find
its displacement when ¢ = 3.

A tennis ball is hit vertically upwards. The upward velocity, vms™, of the ball at time s is given by
v = 20 — 10z. Find the upward displacement of the ball, from the initial position, when v = 0.

A speed skater moves in a straight line with velocity vms™ at time ¢s, given by v = 2¢ + ¢%, for 0 < =< 2. Find
the displacement of the skater:

a when =0

b when =1

¢ when 7 =2.

A small stone is dropped into a well. It falls down the well, from rest, with no resistance for 2s. It then hits the
surface of the water and continues to fall vertically through the water until it reaches the bottom of the well.
In the water the downwards velocity of the stone, vms™, is given by v = 20 — ¢, where ¢ is the time, in seconds,

measured from when the stone hits the surface of the water. The stone takes 2.5s in total to reach the bottom
of the well.

a Calculate the depth of the well.

b If air resistance is taken into account, would you expect the depth of the well to be greater or smaller than
your answer from part a?

A ball bearing is fired vertically upwards in a straight line through a tub of butter. The upward velocity of the

ball bearing is given by v = 13 — 107 — 3> cms~, where ¢ is the time from when it was fired upwards.

a Find the time when the ball bearing comes momentarily to rest.

b Find how far the ball bearing has travelled upwards at this time.

The ball bearing then falls downwards through the hole it has made in the butter. The downward velocity of
the ball bearing is given by v = 107 cms™, where T is the time from when it was momentarily at rest.

¢ Find the time that the ball bearing takes (from when it was momentarily at rest) to fall to its original
position.

d What assumptions have been made in the model used in part ¢, and how could the model be improved?

|

A particle moves on a straight line. The velocity of the particle, vms™, at time #s is given by v = —£*> + 97ms™!

for 0 <r<5.
a Find the displacement of the particle, from its original position, when ¢ = 5.

b Work out the distance that the particle travels from ¢t =0 to 7 = 5.

A car moves in a straight line with velocity vms™ at time s, given by v = 16 — 0.5¢1° + ¢ for 0 <¢=<25.
a Find the displacement of the car, from its original position, when ¢ = 25.

b Work out the distance that the car travels from ¢ = 0 to ¢ = 25. (Note: you will need an equation solver for
this question. In the examination you will only be asked to solve the equations that can be done using
algebraic methods.)
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o 9 A ball rolls forwards and backwards in a long straight tube. The velocity, vms™, at time ¢ s after measurement
starts is given by:

v=6+1% for 0=<r=<25
| v=A-t for =25
for some constant 4.
a Show that 4 = 36.

b Find the distance from the start when the ball changes direction.

10 A particle moves in a straight line, starting from rest. At time ¢ s after the start, the velocity, vms™, of the
particle is given by:

v=2t for 0=<t=<4
v G— [ —5) ford<r=<10
a Find the maximum speed of the particle.

b Work out the distance that the particle moves in the time interval 0 < <10.

@ 11 Two cars travel towards one another on the two sides of a long straight road. They start 300 m apart and each
car stops when its speed is 0 ms~!. The time, in seconds, after the first car starts to move is ¢. The velocity,
vy ms~!, of the first car is given by v; = 7.5t — 0.5¢%. The second car starts 2s after the first, at r = 2. The
velocity, v, ms™, of the second car is given by v, = (¢ —2)? — 16.

a Write down the initial speed of each car.
b How far does the first car travel? 147
¢ How far does the second car travel?

d For what value of ¢ are the cars alongside one another? (Note: you will need an equation solver for this
question. You will not be allowed an equation solver in the examination.)

12 A car travels in a straight line, starting and finishing at rest. At time ¢s after the start, the velocity of the car is
modelled as:

V=1 for 0=r=<2

v=rkt-0.055(-2)7 for2<t<T

a Find the value of k.

b Show that there is no change in the acceleration of the car at ¢ = 2.
¢ Find the maximum velocity of the car during its journey.

\

|

|

! d Find the time, T's, at which the car stops.

i e Work out the distance that the car travels from the start to the end of the journey.
J
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6.4 Velocity as the integral of acceleration with respect to ti————

In Section 6.2 you saw that you can differentiate velocity as a function of timu
acceleration. Reversing this means that if you integrate acceleration with resy
you will get a function for the velocity.

~ sis given by a

th respect to ti

The object is not necessarily at rest when =0, so you need to include a constar
integration. If you know the velocity at some time (which may be =0 or some ¢

can use this to find the constant of integration. An alternative strategy is to find

in the velocity by integrating (between, say, =0 and a general time #) and addin 2 m gt
the velocity at the beginning of the interval. Both of these approaches are demo
Worked example 6.11.

MODELLING ASSUMPTIONS =

8-
When acceleration is not constant, is it reasonable to assume the displacer
velocity and acceleration follow a neat formula? =
Forces may vary according to the speed or position of an object, or accorc b )
E

time. When used with Newton’s second law, this creates an equation that 1
one or more of these variables with acceleration. In many cases this sort o
can be solved by integration, so the displacement, velocity and acceleratio
have a neat formula. However, the integration of some functions is not po
sometimes you need to make approximations to allow the problem to be s«

In this chapter you have only looked at the formulae for displacement, vel
acceleration, not at the situations they come from. ne

g to find
rect to time,

WORKED EXAMPLE 6.11 |

A particle moves in a straight line so that its acceleration, a ms™, at time
velocity 2ms™'. Find an expression for its velocity at time 7.

Answer
=Bl Integrate this w
. ¥ & it of
, ither time) you
y = J(b —41) dt |the change
= B B e ig this to '
7 o . mstratedin
v=2 when t = 0,s0 ¢ = 2. Initial velocity
So v=8t-2+2
nent, A
ling to ‘
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EXPLORE 6.3 WEB LINK

. : . . . . . . You may want to have
A particle moves in a straight line so that its acceleration at time  seconds is ams™, a go at the resource

where a is constant. The initial velocity of the particle is ums™.

Use calculus to find the velocity of the particle as a function of z.

2

Thinking constantly
at the Calculus meets
functions station on

P

the Underground
Mathematics website.

A particle moves in a straight line so that its acceleration, @ ms2, at time #s is given by a = 2¢* + 31> — 12¢.
The particle starts from rest. Find its speed when ¢ = 2.

A particle moves in a straight line so that its acceleration at time s is given by a = 10¢ — 4m s~2. The initial
velocity of the particle is 15ms~. Find the minimum velocity of the particle in the subsequent motion.

A body moves in a straight line so that its acceleration, a ms ™2, at time #s is given by a = 2¢3 + 61> — 18¢. The
body starts with velocity Sms™.

a Find the velocity when ¢ = 3.
b Find the displacement when 7 = 3.

¢ When 7 = 3, is the body travelling towards its original position or away from it?

A bird moves in a straight line from point 4 to point B and back to point A.

The bird has speed 5m s~ when it starts and moves with acceleration, given by a = % (92 — 32t - 10). At
point B the bird has velocity 0ms™.

a Show that the bird takes 2s to travel from 4 to B.

b Find the distance from 4 to B.

¢ Show that the bird returns to A4 after about 4.25s.

d Find the speed of the bird when it returns to 4.

A block slides down a sloped surface with a varying coefficient of friction. The acceleration, a ms™, of the

block (measured down the surface) is given by a = 0.01(10z — 3), where 7 is the time in seconds. At ¢ = 0 the

block is at rest at the top of the surface. The block reaches the bottom of the surface with speed 2.24ms™".
How far does the block travel down the sloped surface?

A ball moves with acceleration given by a = 0.01(4¢ + 3t%°), where ¢ is the time, in seconds. At ¢ = 1 the ball is
moving with velocity 0.5ms™". Find the displacement of the ball between ¢ = 0 and ¢ = 4.

A robot moves in a straight line with acceleration ams™ at time s, given by @ = 40(z — 1)>. The minimum
velocity of the robot in the subsequent motion is 0ms™ (the velocity is never negative).
a Show that the robot is stationary (v = 0) when ¢ = 1.

b Find the displacement of the robot, measured from the initial position, when the robot is stationary.

A particle starts at the origin and moves along the x-axis. The acceleration of the particle in the direction of
the positive x-axis is a = 6¢ — ¢ for some constant c¢. The particle is initially stationary and it is stationary
again when it is at the point with x-coordinate= —4. Find the value of c.
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A goods train starts from rest at point 4 and moves along a straight track. The train moves with acceleration
ams~2 at time s, given by a = 0.1£2(6 — ) for 0 <t < 6. It then moves at constant velocity for 6 <t <156
before decelerating uniformly to stop at point B at ¢ = 165. Calculate the distance from 4 to B.

Two cars are travelling towards one another on the two sides of a long straight road. Each car stops when its
speed is 0ms~.. The time, in seconds, after the first car starts to move is . The acceleration, a;ms2, of the
first car is given by @, = 5 — 2¢. The maximum velocity that the first car achieves is 26.01ms™.

a Work out the initial velocity of the first car.

b Find the time when the first car stops moving.

The velocity, v, ms™, of the second car is given by v, = > — 16.
¢ How far does the second car travel?

Initially the cars are 200 m apart.

d Show that the cars stop before they meet.

An ice hockey player hits the puck so that it moves across the ice in a horizontal straight line with acceleration
ams™ at time ¢s, where a = —0.0372. The initial speed of the puck, along the direction of motion, is 40 ms~.

a Find the distance that the puck travels in the first 2 seconds (between t = 0 and 7 = 2).
b Find the speed of the puck after 2 seconds.

When ¢ =2 the puck is stopped by an opposing player. This player then hits the puck back the way it came,
giving it an initial speed of 30 ms™'. The acceleration of the puck, in its direction of travel, is still given by
a = —0.03¢>. The puck returns to its original starting point.

¢ Find, to 3 significant figures, how long it takes for the puck to return to its original starting point.

A girl bowls a ball along a straight and horizontal skittle alley. The forces acting on the ball are its weight, the
normal contact force, friction and air resistance. The coefficient of friction between the ball and the surface of
the skittle alley is 0.01. The girl models the air resistance, in newtons, as m(0.9 — 1.5¢), where m is the mass of
the ball, in kg, and ¢ is the time, in s.

a Show that the velocity of the ball along the skittle alley, vms™, is given by v = 0.75t> — t + C for some
constant C.

The initial velocity of the ball is 8 ms™. The skittle alley is 7.25m long and the ball reaches the end of the
skittle alley with velocity 2ms™.

b Show that the ball takes just over 2.3s to reach the end of the skittle alley.

(Note: you will need an equation solver for this question. You will not be allowed an equation solver in the
examination.)

¢ Why is the model for air resistance unreasonable?
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Checklist of learning and understanding

differentiate with respect to ¢ differentiate with respect to ¢
I R
displacement velocity acceleration

- A —.
integrate with respect to ¢ integrate with respect to #

You may be able to check numerical differentiation and numerical integrals on your calculator.
If you have an equation solver on your calculator, you may also find this helpful. However, you
will need to show full working in the examination.
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END-OF-CHAPTER REVIEW EXERCISE 6

00

©0

1

A woman on a sledge moves in a straight line across horizontal ice. Her initial velocity is 2 ms~'. Throughout
the journey her acceleration is given by a = —0.01# ms~2, where ¢ is the time from the start, in seconds. Find the
distance that she travels before coming to rest. [4]

A particle moves on a straight line, starting from rest at the point O. It travels from O to A with constant
acceleration 0.2ms™2, taking 16s to reach 4. The acceleration of the particle then changes so that the velocity,
in ms™, is given by v = 1 — 0.8 for 7 > 16, where 7 is the time, in seconds, from the start of the motion.

a Find the acceleration of the particle immediately after passing through A4. 1]
b Find the distance travelled from ¢ = 0 to ¢ = 36. I3]

A particle, P, starts from rest at a point O and travels in a horizontal straight line. For 0 <t < 20, where ¢ is the
time in s, the velocity of P in ms™'is given by v = 1.2¢ — 0.03¢2. When ¢ = 20, P collides with another particle.
After the collision the direction of travel of P is reversed. For 20 < ¢ < 30, the velocity of P in ms™' is given by
v = 0.3z — 9. The particle comes to rest and stops when ¢ = 30.

a Find the speed of P immediately before the collision and immediately after the collision. 2]
b  Find the total distance travelled by the particle. 2]
A sledge moves down a slope in a straight line. At time s the displacement of the sledge from the start is s m,
where s = 0.4¢% for 0<t <10 and s = (7t— 1?—20) for 10 < ¢ < 50.

a Find maximum velocity of the sledge. [3]

b Show that the acceleration instantaneously reduces by Ims2 at ¢ = 10. 12]

A particle travels in a tube, starting from rest. The particle does not come to rest again in the subsequent
motion. At time s, the particle has acceleration a ms™, given by a = 9000 until it reaches a velocity of
28125ms~!, along the direction of the tube. How far does the particle travel while it is accelerating? l6]

A particle moves in a straight line, starting at time ¢ = 0 and continuing until it comes to rest. While it is
moving the particle has acceleration @ ms~2, in the positive direction along the line. This acceleration is given by
a = 0.1-0.01¢, where ¢ is the time from the start, in seconds. The particle starts with speed 4 ms~' and finishes
with speed O ms™.

a Find the maximum speed of the particle. (4]
b  Find the time when the particle comes to rest. 12]
A car is moving in a straight line. The acceleration, « ms™2, at time 7s after the car starts to move is modelled as
a=A(1+4t)for0<¢t<land a = B(30 - II—?) for 1<t =35, where 4 and B are constants.

a Show that 4 =4B. 12]
At t = 5 the velocity of the car is 31.8 ms™.

b Show that 4= 1. 12]
¢ Work out the distance travelled in the time interval 0 <¢ < 5. 12]
d By considering the acceleration—time graph at ¢ = 1, criticise the model. 1]

A particle P moves on a straight line, starting from rest at a point O of the line. The time after P starts to move

is ts, and the particle moves along the line with constant acceleration —m s~ until it passes through a point 4
2
. . . 1=
at time ¢ = 8. After passing through 4 the velocity of P is 7 13 ms~L,
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i  Find the acceleration of P immediately after it passes through A. Hence show that the acceleration of P
decreases by % ms~2 as it passes through 4. 12]
ii  Find the distance moved by P from ¢ = 0 to ¢ = 27. 131
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A hockey ball is hit so that it moves in a horizontal straight line with acceleration @ ms2, along the direction of
travel; a = —0.61, where ¢ is the time from when the ball was hit, in seconds. The initial speed of the ball is 14ms™".

a Find the speed of the ball when it has travelled 57.5 m. (4]
b Find the distance that the ball has travelled when the ball is first momenta<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>